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Abstract

The eigenchannel method, generalizing the familiar phaseshift method, is formulated for
scattering from a Hermitian short range potential. Scattering eigenchannels are defined as ei-
genstates of some generalized (weighted) operator spectral problem. Eigenvalues of that prob-
lem define eigenphaseshifts, the former being the negative of cotangents of the latter.
Eigenchannel representations of generalized scattering states, transition operators, and Green
operators are constructed. A variational approach to the method is also presented. The gen-
eral theory is illustrated by applications to scattering of Schrodinger and Dirac particles.
© 2003 Elsevier Inc. All rights reserved.

PACS: 03.65.Nk

1. Introduction

The idea to generalize the well-known phaseshift method [1-10] to quantum scat-
tering from arbitrary potentials may be traced back to a work of Lippmann and
Schwinger [11]. These authors observed that scattering cross-sections might be con-
veniently expressed in terms of eigenvectors of a scattering matrix and so-called ei-
genphaseshifts J,, related to eigenvalues s, of the scattering matrix through
s, = exp(2id,). The matter was pursued further by Biedenharn and co-workers
[12-14] (cf. also more recent works by Newton [15-18]). However, the results of
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[11-14] were perceived as an interesting theoretical detail and did not find applica-
tions until Danos and Greiner [19] proposed a practical approach enabling one to
find eigenvectors of the scattering matrix and eigenphaseshifts, hence also cross-sec-
tions, without prior knowledge of the scattering matrix. This approach, termed t/he
eigenchannel method, was subsequently used in nuclear physics [20-28] and, usually
in conjunction with the quantum defect theory, in atomic and molecular physics
[29-37].

The purpose of this paper is to present a consistent, self-contained, formulation of
the eigenchannel method for quantum scattering from a Hermitian short range po-
tential. Our approach, which is technically different from that proposed by Danos
and Greiner [19], has been inspired by ideas contained in works of Garbacz
[38,39] and Harrington and Mautz [40-42] on so-called characteristic modes in the
electromagnetic theory (cf. also works of Katsenelenbaum et al. [43—47] on the clas-
sical diffraction theory). Some of the results presented in this paper have been antic-
ipated by results which may be found in works of Demkov et al. [48,49] on the
quantum scattering theory and Ziesche et al. [S0-54] on the quantum solid state
theory.

The arrangement of the paper is as follows. Section 2 contains definitions and
summarizes basic properties of principal mathematical objects (Green operators,
generalized scattering states, and transition operators) used in later considerations.
In Section 3 we define so-called eigenchannels as eigenstates to an abstract general-
ized spectral problem and investigate some of their properties. Next we use the eigen-
channels as an expansion basis, constructing series representations of the generalized
scattering states, generalized transition operators, and Green operators. In Section 4
we introduce eigenphaseshifts. Rather than defining them through their relationship
to eigenvalues of the scattering matrix, we relate them to eigenvalues of the spectral
problem introduced in Section 3. In Section 5 the variational approach to the eigen-
channel method is discussed. Sections 6 and 7 illustrate the utility of the general the-
ory exposed in the preceding sections and present its applications to spatial
coordinate descriptions of scattering processes involving Schrodinger and Dirac par-
ticles, respectively. Section 8 contains concluding remarks. The paper ends with three
appendices.

2. Preliminaries
2.1. Free-particle Green operators

Let H, denote a free-particle Hamiltonian and let £ € R be a number from a (con-
tinuous) spectrum of H,. We define the related outgoing (G(()H (E)) and ingoing
(G(()_>(E)) Green operators as

GYNE) = [Hy— EFie " (2.1)

Here and throughout the rest of the paper, it is understood that e € R, and € | 0.
The two Green operators are mutually Hermitian adjoint:
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GyU(E) = Gy (E). (2.2)

A general Green operator G(()'“ (E) for the Hamiltonian H, is defined as the follow-
ing linear combination of the outgoing and ingoing Green operators:

. 1 - 1 Ao

Gy (E) =51+ mGy (E) +5 (1 = )Gy (B), (23)
where # € C. From Egs. (2.2) and (2.3) it follows that:

Gy'(E) = Gy " (B), (24)
where the asterisk denotes the complex conjugation. Evidently, the going Green
operators Ggi)(E) are particular cases of G(()”)(E), corresponding to the choices
n==l:

Gy (E) = Gy (E). (2.5)

Still another choice, 7 = 0, results in the Hermitian standing (or Principal Value)
Green operator

R 1. - - N _

Gy (B) =5 (G4 (B) + G ()] = PV, — E)”". (26)
The Green operator GE;” (E) may be decomposed as follows:

GV (E) = G(E) + inDy (E), 27

G (E) = G (E) F i(1 F m)Do(E), (28)

with the Hermitian operator

€

A L@ e A
Dy(E) G, '(E) — G, (E)F[go_E}erGz-

= I (2.9)

Evidently, eigenstates of Dy(E) coincide with those of Hy. If E' is in the spectrum of
Hy then ¢/[(E' — E)* + €2] > 0 is in the spectrum of Dy(E). Since eigenvalues of Dy(E)
are positive, this operator is positive definite.

In virtue of the definitions (2.9), (2.6), and (2.1), the operator Dy(E) obeys

[Hy — E]Do(E) = G (E). (2.10)
From Eq. (2.7) one deduces

6B =16 )+ 6 1) @1
and

Du(E) = 5 16 () ~ G £)), (2.12)

which generalize Egs. (2.6) and (2.9), respectively. Finally, operating on Eq. (2.8)
from the left with Hy — E F ie, with the aid of the definition (2.1) and the relation
(2.10), we find that Gg") (E) is a solution to the inhomogeneous operator equation
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[Hy — E i G (E) = 1 ¥ ie(1 T )Gy (E), (2.13)
where / is the identity operator.

2.2. Generalized scattering states and transition operators

Let the state |@(E)) be a solution to the stationary free-particle Schrodinger equa-
tion
[Hy — E]|®(E)) =0 (2.14)
and let 7 be a short range Hermitian potential operator such that £ € R is in the
continuous spectrum of the Hamiltonian
H=H+V. (2.15)

For the Hamiltonian (2.15) and energy E, a generalized scattering state |¥"(E)),
induced by the state |@(E)) and associated with the free-particle Green operator
G(()") (E), is defined as a solution to the Lippmann—Schwinger equation

[PU(E)) = |@(E)) — Gy (E)P [P (E)). (2.16)

Operating on Eq. (2.16) from the left with Hy — E T ie and exploiting Eq. (2.13), we
arrive at the following Schrodinger equations equivalent to Eq. (2.16):

[H — E Fie Fie(1 5 )Gy (B)V)| P (E)) = Fie|®(E)). (2.17)
The generalized transition operator 7 (E), defined through the relationship
TW(E)|®(E)) = V|P"(E)), (2.18)
obeys the operator equation
TU(E) =V — VG (E)T"(E) (2.19)

and is formally given by
-1 -1

) = VI +GPE] =i+ 760 ®E)] 7. (2.20)
In terms of 7" (E), the Lippmann—Schwinger equation (2.16) is

In virtue of Egs. (2.20) and (2.4), and the Hermiticity of ¥, the operators 7" (E) and
TC1)(E) obey

TWHE) = TET(E). (2.22)
Moreover, from Eq. (2.20) we have

T0(E) — T(E) = T(E) |G (E) — Gy (E) | T"(E) (223)
or equivalently, after exploiting Eq. (2.12),

TO(E) — TNE) = i(y — n)T™(E)Do(E)T™)(E). (2.24)
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Equation (2.24) expresses the generalized optical theorem.

The parameter # may be arbitrary complex. However, three special cases, namely
n = £1 and n = 0, are of particular importance and need a brief discussion here. The
states |P*V(E)) are identical with the standard going states |¥*)(E)) obeying

[PE)) = |@(E)) — Gy (E)V|¥H(E)), (2.25)
while |#'”(E)) is the standard standing state and obeys
PO(E)) = |9(E)) — Gy (E)V|#O(E)). (2.26)

Similarly, the operator

TH(E) = TEV(E) (2.27)
is the standard transition operator T (E) from the potential scattering theory, the
operator

TO(E) = TCV(E) (2.28)
is its Hermitian adjoint (cf. Eq. (2.22)), while the Hermitian (cf. again Eq. (2.22))
operator 7% (E) is related to the standard reactance operator K (E) through

TOE) = —K(E). (2.29)
For n = +1, ' = F1, Eq. (2.24) reduces to the standard optical theorem

T(E) — TT(E) = =2iT(E)Dy(E)T'(E), (2.30)

T(E) — TT(E) = =2iT"(E)Do(E)T(E), (2.31)
while for y =1, 1 = 0 and for n =0, 5’ =1 it yields the Heitler equations

T(E) = —K(E) +iT(E)Dy(E)K (E), (2.32)

T(E) = —K(E) +iK(E)Dy(E)T (E). (2.33)

2.3. Green operators

The Green operator G"(E) is defined as a solution to the equation

G"(E) = GI(E) — G\ (E)PG™(E). (2.34)
From Egs. (2.34) and (2.20) it follows that:
G (E) = GY(E) — G (E)T™ (E)G," (E). (2.35)

The equation
A~ Exiexic £ G V]GV (E) = 1% ie(1 ¥ 067 (B), (2.36)

eguivalent to Eq. (2.34), is obtained after operating on the latter from the left with
Hy — E F ie and exploiting Eq. (2.13). From either of Egs. (2.34) or (2.36), for the
operators
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GH(E) = GHV(E) (2.37)
we have
GH(E)=[H-ETidg " (2.38)

3. Eigenchannels
3.1. Definition and basic properties
We define eigenchannels {|X,(E))} as eigenstates of the spectral problem
[+ G (E)P|X,(B)) = 7, (E)D(E)V1X,(E)), (3.1)

in which £ € R is from the continuous spectra of both Hy and H and is fixed, while
2,(E) is an eigenvalue. It should be emphasized that the eigenproblem (3.1) belongs
to the category of weighted (generalized) eigenproblems. Throughout the rest of this
work, we shall be assuming that, in addition to what has been said about the po-
tential operator ¥ at the beginning of Section 2.2, ¥ is also such that a spectrum to
the eigenproblem (3.1) is nonempty and purely discrete.

For the sake of later applications, it is convenient to rewrite Eq. (3.1), with the aid
of Eq. (2.7), in the form

[+ G EYP 1, (E)) = [44(E) + inlDo(E)P1X, (E)). (32)

Moreover, making use of Eqgs. (2.11) and (2.12), it is possible to express Eq. (3.1) in
A(£n)
terms of G, " (E) as

X, (E)) = ﬁ [14(E) = n]G{Y (B) = DE) + in Gl " (E)] 71X,(E)) (3.3)

or equivalently as

() = in] [+ G (B)P | IX,(B)) = D (E) + ][ + G (EYP |1, (B)). (3.4)
Finally, after operating on Eq. (3.1) from the left with A, — E T ie, one finds

[ — EFidX,(E)) = el4,(E) £ ]G5 (B) X, (E)), (3.5)

which shows that the eigenstates {|X,(E))} satisfy the Schrodinger equation at the
energy E. We shall make use of Egs. (3.2)—(3.5) in later considerations.

Evidently, the eigenproblem (3.1) is non-Hermitian. By acting on Eq. (3.1) from
the left with the potential operator ¥, we arrive at an eigenproblem

7+ VG EY 1, (E)) = 2 (E)V Do) X, (E)) (3.6)

possessing the same eigensolutions as the eigenproblem (3.1). However, as opposed
to the latter, the eigenproblem (3.6) is manifestly Hermitian. Moreover, since the
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operator l:)OA(E) is positive definite (cf. the remark following Eq. (2.9)), the weight
operator VDo (E)V is also positive definite, i.e., it holds

(X, () 7 Du(EYP1X,(E)) > 0. (3.7)
Hence, in the standard manner one may show that the eigenvalues {1,(E)} are real:
Mo (E) = 1,(E), (3.8)

and that eigenchannels associated with different eigenvalues satisfy the weighted
orthogonality relation

X (E)NPDEVIX,(E)) =0 ((E) # 2 (E)). (39)
Normalizing the eigenchannels to unity according to

(X(E) [V Dy(E)P1X,(E)) = 1 (3.10)
from Egs. (3.6) and (3.10) we have

3 (E) = (X,(E)V + VG (E)VX,(E)). (3.11)

If eigenchannels associated with degenerate eigenvalues (if there are any) have also
been orthogonalized in the sense of Eq. (3.9), from the latter equation and from Eq.
(3.10) we have the orthonormality relation

(X, (E) P Do(E)P X (E)) = 5, (3.12)

Throughout the rest of the paper, the relation (3.12) will be assumed to hold.
The explicit form of the generalized Hermitian eigenproblem (3.6) suggests that
the eigenchannels may obey the following closure relations:

P Do(E)V X, (E)) (X, (E)| P = 7, (3.13)
D

S V() KB DAE) = 7, (3.14)

and in fact the considerations of Section 3.2 rely on the assumption that these re-
lations do hold. However, it should be clearly stated here that at the present stage
these relations are conjectures which remain to be proved.

3.2. Expansions in eigenchannels and applications

Although the eigenchannels are interesting for themselves, their importance lies
primarily in the fact that they are useful for solving scattering problems. Below we
shall illustrate this by finding eigenchannel representations of the generalized scatter-
ing state | (E)), the generalized transition operator 7" (E), and the Green oper-
ator G (E).

To find the eigenchannel representation of [P (E)), consider the equation

[17 + PG (E) 17} PO (E)) = V|O(E)) (3.15)
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resulting from Eq. (2.16) after acting on the latter from the left with 7. Since ¥ has
been assumed to be of the short range character, one should solve Eq. (3.15) for
V|®"(E)) rather than for [P (E)). We shall seek V|®?"(E)) in the form of the
following series:

VYU (E Za” WX, (E)), (3.16)

where {aif’ (E)} are coefficients to be determined. On substituting this series into Eq.
(3.15) and making use of Eq. (3.2), we find

> ) (E) + VD)X (B)) = V10/E)) (3.17)

Then, after projecting Eq. (3.17) onto the eigenchannels and making use of the
orthonormality relation (3.12), we deduce

1 .
4 (E) = 1757y KONV IP(E), (3.18)
and next, after substituting this result into the expansion (3.16), we arrive at
PIwOE) = 37— P, () (X, () 7| 9(E)). (3.19)
7 M (E) +1in

Finally, after substitution of the expansion (3.19) into the second term on the right-
hand side of Eq. (2.16), we obtain
1 A . .

PO(E)) = |DE)) =Y G (E)V|X,(E))(X,(E)|V|®(E 3.20

|V(E)) = [P(E)) Z,:iy(EHwO(H'())('()l'())’ (3.20)
which is the sought representation of the generalized scattering state |¥"(E)) in
terms of eigenchannels.

As a by-product, the above considerations yield the eigenchannel representation

of the generalized transition operator 7 (E). Indeed, on comparing Eqs. (3.19)
and (2.18), we find

1 N
T2y BT 21
2 im v HENEEP o)
The eigenchannel representation of the Green operator é(n)( E):
G (E) Z o G (E) D1, (E)) (X.(E)| P G (E) a2

follows directly from Egs. (3.21) and (2.35). It may be instructive, however, to derive
this representation without referring to Eq. (2.35). To this end, consider the equation
for VG (E):

v+ VG0 (E) 17} GU(E) = VG (E) (3.23)

stemming from Eq. (2.34). We shall seek its solution in the form
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VG(E) =Y VIX,(E){A(E), (3.24)
v

where the bras {<A§,’7) (E)|} are expansion coefficients. After substituting the expan-
sion (3.24) into Eq. (3.23), making use of Eq. (3.2), and projecting the resulting
equation

> 14 (E) +inlVDy(E)V|X,(E) (AP (E)| = V Gy (E) (3.25)

7

from the left onto the eigenchannels, we find

00 = gy BN G0 (3.26)
hence
PGE) = Y o T EN BTG (B) 6.27)

Substitution of this result into the second term on the right-hand side of Eq. (2.34)
leads to the representation (3.22).

The eigenchannel representation (3.21) may be considered as a definition of the
generalized transition operator 7 (E), alternative to that provided in Eq. (2.20).
Therefore, one expects it should be possible to prove various properties of 7 (E)
using only Eq. (3.21) and relevant properties of the eigenchannels. This is indeed
the case. For instance, on performing the Hermitian conjugation of Eq. (3.21), in vir-
tue of reality of the eigenvalues {4,(E)}, we obtain

. 1 . A
TWHE) =Y VX (E)X,(E)|V = T""N(E 2
®) = X 75— T ENED) (B), (3.8)
i.e., the property (2.22). Similarly, from Eq. (3.21) we have
. n 1 . N
TW(E) — TU(E) =i(n — — — VX, (E))(X,(E)|V
®) = 1@ =it -0 Y i E | e E)
(3.29)
and, after exploiting the orthonormality relation (3.12),
. . Ny 1 . N
TW(EYDy(E)T")(E) = . VX, (E))(X,(E)|V, 3.30
EDUETE) = 3 s g VBN EP, (330)

hence, the generalized optical theorem (2.24) follows immediately.

Before concluding this section, a remark concerning the meaning of the expansion
(3.21) is in order: this expansion is not a spectral expansion of 7" (E). The reason for
this is that the kets {V'|X,(E))} are eigenstates of neither 7" (E) nor T"!(E). How-
ever, let us define a modified generalized transition operator

TW(E) = TW(E)Dy(E). (3.31)
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From Egs. (3.31), (3.21), and (3.12) one infers the eigenequation

a0} (3.32)

(Eq. (3.32) follows also from the definitions (2.20) and (3.31) and from the eigen-
equation (3.2)). Consequently, {V|X,(E))} are eigenstates of 7" (E) and
{[4(E) + in] '} are associated eigenvalues. From Egs. (3.31) and (2.22) we find that the
Hermitian adjoint of 7 (E) is

TOEIX(E)) =

TN E) = Dy(E)T")(E) (3.33)
and from Egs. (3.33), (3.28), and (3.12) one deduces the eigenequation

A A 1 . A

g~ () —

TEDE)(E) = 77— DoEV X)) (3.34)

It is seen that {Dy(E)V|X,(E))} are eigenstates of 7 "'(E) and {[1,(E) — i)'} are
associated eigenvalues. From the eigensolutions to Egs. (3.32) and (3.34), keeping in
mind the orthonormality relation (3.12), one constructs the spectral expansions of
F(E) and 7W(E):

SR> ST O EDE) (3.35)
TONE) = 3 5 DU BN X BT (3.36)

4. Eigenphases

When # =0 or n=+l1, instead of working with the eigenvalues {/,(E)}, as
we have been doing in Section 3, it is convenient to introduce so-called eigenphases
(eigenphaseshifts) {0,(E)}, related to the eigenvalues {1,(E)} through

J,(E) = — cot 8,(E). (4.1)

We have already argued in Section 3 that the eigenvalues {4,(E)} are real. Conse-
quently, from the definition (4.1) it follows that the eigenphases are also real:

5'(E) = 6,(E). (4.2)

y

In terms of the eigenphases, the defining eigenequation (3.1) becomes
[+ G (B)P | IXE)) = = cot 8, (E)Du(E) V1, (E), (4.3)

while Egs. (3.2)-(3.4), specialized to the cases y = +1, read
e¥i57<E)

7+ GBI E) = - G5

Dy(E)V|X,(E)), (4.4)
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B = g [© 68 () = 067 () P 8), (45)
O 1+ G (B)P I, (B)) = &) [+ G (B) P | X, (E)). (4.6)
Further, for n = 0, from Egs. (3.20), (3. 22) (2.29), and (3.21), we infer
1#(E)) +Ztan5 (EYVIX,(E))(X,(E)|V|®(E)), (4.7)
GO(E) +Z tan &,(E) G (E)V |X,(E))(X,(E)|V G (E), (4.8)
K(E) = Z tan 8,(E)V|X,(E)) (X, (E)|V . (4.9)
Similarly, for n = +1, from Egs. (3.20), (3.22), and (3.21), we find
PH(E)) +Ze*“’ sin 8,(E)Gy” (E)V X, (E)) (X, (E)|V|®(E)),
(4.10)
G (E) +Zei‘b 'sin 8,(E) Gy (E)V |X,(E)) (X, (E)|V Gy (E),
(4.11)
Zei‘o sin 6,(E)V|X, (E)) (X,(E)|V (4.12)

5. Variational approach

In actual applications of the general theory presented above the potential opera-
tor V may be such that exact solutions to the spectral problem (3.1) will not be avail-
able. In such cases one may resort to the variational approach which we shall discuss
in this section at some length.

Three variational principles appear to be particularly useful for the present pur-
poses. The first principle, constructed in Appendix B, is the one for eigenvalues to
the spectral system (3.1) (for brevity, throughout the rest of this section we shall omit
labels at eigensolutions):

o7 [|X(E)), (X(E)]] =0, (5.1)
ME) = F[IX(E)), (X (E)]], (52)

with the functional

Fi [T, (x)) = ST S (53)
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Here |X) is some estimate of [X(E)) and (X| is its Hermitian adjoint. Next, let
|®,(E)) and |@4(E)) be two solutions to the free-particle Schrodinger equation (2.14),
both corresponding to the same energy £ and otherwise arbitrary, and let

Ty (E) = (®(E)| T (E)|,(E)). (54)
The second variational principle we consider is the Schwinger principle [55]

ST W (E)) (" (B)] =0, (5:5)

Tyl (E) = o[ P (E), (¥ (B)]), (5.6)

with the linear functional

NS AN I
FAE,), (T ) = (p(E) V[T, + (¥ " V]2 (E))

— (@ VG E) TP, (5.7)

The third principle is the Schwinger principle [55]
OF (W (B)), () (E)] =0, (5:8)
T (E) = 75| P (E)), (2" (E)]), (5.9)

with the fractional functional
AN ")
(@ (E) VP ) (P, " 1P| (E))

@+ Aé"><E>Wi”)>
In thg functionals (5.7) and (5.10), |?§7>> and ( ;} | are estimates of |P\"(E)) and
(?’;{' J(E)|, respectively, where the state |PU(E)) is a solutlon to the Lippmann—
Schwinger e uatlon (2.16) with |®(E)) = |®,(E)) and (¥ 5 "N(E )| is a Hermitian
adjoint to [ '(E)), the latter being defined analogously to [P (E)). Tt is worth

noticing that, since the functional (5.10) has the property that for arbitrary
tys g € €\ {0} it holds

[P, (") = (5.10)

Z3l [P 1y (P ) = 70,0, (7, (5.11)
the principle (5.8) and (5.9) may be replaced by the following more general one:

ST 3| PV (E)), (W (E)[] = 0, (5.12)

Ty (B) = 731, | W (E)), 1y 2 " ()] (5.13)

To see how the variational method works in practice, let us approximate [X (E))
as a linear combination of # linearly independent (but not necessarily orthogonal)
vectors {|y)}:

X) ="zl (5.14)

i=l1
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where {¢;} are yet unknown coefficients which remain to be optimized. Substitution
of this estimate, and its adjoint, into the functional (5.3) yields
_ TA(E)C

Fildd = ¢B(E)’

(5.15)

where € is an n-component column matrix with elements {¢;}, €' is an n-component
row matrix with elements {¢;}, while A(E) and B(E) are n x n Hermitian matrices
with elements

Ay(E) = (ulV + VG (E)V 1) (5.16)
and
By(E) = (1:\VDo(E)V |,), (5.17)

respectively. We shall denote by ¢(E) and ¢(E) these vectors € and ¢! for which
the functional (5.15) is stationary with respect to variations in their components,
1e.,

37\ [EH(E), &(E)] = 0, (5.18)
and define
WE) = 7, [ef(E), E(E)}. (5.19)

Eqgs. (5.15), (5.18), and (5.19) lead to the generalized matrix eigensystem
A(E)E(E) = J(E)B(E)E(E) (5.20)

and to its Hermitian adjoint. In general, the eigensystem (5.20) will have v<n ei-
genvalues {4,(E)} and associated eigenvectors {¢,(E)} (the index y serves to distin-
guish between eigenvectors, i.e., in the case of degeneracy some eigenvalues with
different indices will coincide). Since both the matrices A(E) and B(E) are Hermitian
and B is positive definite, the eigenvalues to the system (5.20) possess the desired
property of being real:

IH(E) = J,(E), (5.21)

while eigenvectors belonging to different eigenvalues are orthogonal in the sense of
SEBENE(E) =0 (L(E) # 4 (E)), (5.22)

In what follows, we shall be assuming that eigenvectors belonging to degenerate
eigenvalues (if there are any) have been also orthogonalized in the sense ana-
logous to Eq. (5.22) and that all eigenvectors have been normalized so that it
holds

ET,,(E)B(E)E;,/(E) = Opy. (5.23)
With this assumption, from Eq. (5.20) we infer

HE)A(E)E, (E) = 7,(E)dyy. (5.24)

i
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The eigenvalues {/,(E)} are variational estimates of the eigenvalues {,(E)} and
the vectors

Zc, i), (5.25)

where {¢;,(E)} are components of ¢,(E), are the best estimates of the associated
eigenvectors {|.X,(E))} obtainable within the class (5.14). With the aid of Eqgs. (5.17)
and (5.23), it is easily verifiable that the states (5.25) are orthonormal in the sense of

(X, (E)VDo(EYV X, (E)) = 6, (5.26)

(cf. the orthonormality relation (3.12)). Moreover, from Egs. (5.25), (5.16), and
(5.24) one infers

(K AE)V + VG (E)P Xy (E)) = T, (E)d,. (5.27)

Hence, on combining the relations (5.26) and (5.27) with the definition (2.7), one also
obtains

X (E)NV + VG (EY X (E)) = [4(E) + in)d,. (5.28)

From elements of the sets {/,(E)
struct the following operator:

X,(E))}, and {(X,(E)|} one may directly con-

b

500 N T AN
r (E)_;}Z,(E)+inV|X"”(E)><X”(E)|V (5.29)

approximating 7" (E) (cf. Eq. (3.21)). Below we shall show that the operator (5.29)
is optimal in the sense that it is a variational approximation to 7" J(E). To this end,
consider the functional (5.7) with

)y =3 al vk (E)), (5.30)
y=1

—*) | A v ) o ~
V=" a, X (E)P, (5.31)
y=1

where {@!'} and {E,f,;"*)*} are as yet undetermined constants. After making use of Eq.
(5.28), we have

7, {5&’“,5};“”} = Vi(E)aY + 3, "V,(E) — 3, " AE) + inlal!. (5.32)

Here A(E ) is a v x v diagonal matrix with elements {2,(E)d,y}, | is the v x v unit

matrix, 3" and V,(E) are, respectively, v-element column matrices with elements
{a }and{ .(E)}, where

Vil E) = (X,(E)|V|®,(E)), (5.33)

while éﬁ_"* and VT( ) are v-element row matrices with elements {E _”*)*} and

{V*( )}, respectlvely In what follows, we shall denote by 3 (E) and a a ) (E) these
vectors a<”) and a ~)T which make the functional (5.32) statlonary w1th respect to
variations in thelr components, i.e.,
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67 |3 (E), 3 (E)| =0, (5.34)
and define
T(E) = 7, [%’”(E% é};’”*”(E)] (5.35)

The stationarity condition (5.34) leads to the following algebraic systems for alm(E)
and 5;['7 E):

INE) + inl]a! (E) = V,(E), (5.36)

a " E)ME) + inl] = Vi(E), (5.37)
with solutions

3 (E) = [ME) +inl] 'V, (E) (5.38)
and

a " \(E) = VI(E)AE) +inl) (5.39)

respectively. Invoking the definition (5.32) and substituting the results (5.38) and
(5.39) into Eq. (5.35) gives

Ty(E) = VI(E)AE) +inl]”'V,(E) (5.40)
or equivalently

T (E) = Z L (Ps(E)|VIX(E)) X, (E)|V|9,(E)). (5.41)

=1 )“/(E) + 17]
Eq. (5.41) provides a variational estimate of the matrix element (5.4). However,

Eq. (5.41) may also be rewritten in the form

(7 :( )

T (E) = (@y(E)|T" (E)|@.(E)), (5.42)

where 7" (E) is the operator defined in Eq. (5.29). Since |®,(E)) and (®s(E)| are
arbitrary (cf. the remark preceding Eq. (5.4)), the operator (5.29) may be considered
to be a variational approximation to 7 (E).

It is interesting that considerations analogous to those presented above but with
the functional (5.7) replaced by the fractional functional (5.10) also yield the opera-
tor (5.29) as a variational approximation to 7" (E).

6. Application to Schrodinger particles
6.1. Eigenchannel wave functions and eigenchannel harmonics

Consider a Schrodinger particle in three spatial dimensions. The free-particle
Green functions
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Gy (E,r.r') = (G (B)Ir) (6.1)
are those solutions to the inhomogeneous Schrodinger equation (£ > 0, ¥ fixed)
hz 2 (£) / 3 /
{—EV —E]G0 (E,r,¥)=06"(r—7), (6.2)
which asymptotically obey the Sommerfeld conditions
0 roo
<§¥%y#WmM%ao (63)
with
2mE

The functions G(()i) (E,r,r) are explicitly given by

m eiik\l‘fﬂ

G\ Ery)=—s—— 6.5
0 ( ) 2nh2 |V—l",| ( )
and may be rewritten as
Gy (E,r,¥) = GV (E,r,¥) £ iDy(E, 1, F), (6.6)
where
A klr — )
GOE,r.) = (IGO(E)) = - 6.7
VE ) = G @) = 57 (67)
and
. in(klr — ¢
Do(E,r,¥) = (r|Dy(E)|¥) = m_sin(klr = ) (6.8)

2nk? | — |

Let ¥ be a potential operator with a short range Hermitian kernel V(r,r).
Following Egs. (3.1) and (4.1), the spatial representations of the eigenchannels,
X(E,r) = (rX,(E), (69)

Y

hereafter called eigenchannel wave functions, are defined as eigenfunctions of the
integral equation

X,(E,r) = — / d’v [Gg‘”(E, r,F) 4 cot 8,(E)Dy(E, v, )| VX, (E,¥), (6.10)
R3

where —cotd, (E) is an eigenparameter. Equivalently, in terms of the Green func-
tions G(()i> (E,r,¥) the eigenequation (6.10) reads

! 3 | o= (E) g(-) /
= — "y E
2isind, (E) X/Rgdr [e Gy '(E,r.r)

— B G (E, y')} VX, (E,¥). (6.11)

X,(E, )
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Still another form of Eq. (6.10) resulting from employing Egs. (6.7) and (6.8), is

m 3 sin AC|V V,| 5 ( )] % /
X, (E _— d’r VX,(E,r). 12
/( ,V) 27Eh2 S1n5 / |V — r" }’( 7,’) (6 )

From Egs. (6.11) and (6.2) it follows that the eigenchannel wave functions are so-
lutions to the Schrodinger equation

[—zh—Vz—&-V E} (E,r) = 0. (6.13)

In accordance with Eq. (3.12), hereafter we shall be assuming that the eigenchan-
nel wave functions are orthonormal in the sense of

/ d3r/ d3r’X;‘(E,r)I7D0(E, 1)V Xy(E ¥) =5, (6.14)
RS R3
If Eq. (6.14) holds, from Eq. (6.10) one has

cotd,(E) = — / &ErXx:(E,r)VX,(E,r)
R !

- / d’r / & X (E, 1)V G (E,r, V)V X,(E,¥). (6.15)
[R3 R} ‘
From Eq. (6.11) and from the asymptotic relations
r—»oo m Eikr
GSE, 1) —hd)*(E, +n,v) (6.16)
where
O(E,n,¥) = (¢|PE,n)) = (6.17)
with n = r/r, one deduces that asymptotically
T 1 o—ikr—id, (E) gikr+i,(E)
X, (E,r — Y.(E, —n) — Y.(E,n)|. (6.18
EN s |y WE-m -S| 619

In Appendix C.1 we show that the angular functions

Y,

L(E,n) =4/ 2752/ &’ & (E,n,¥)VX,(E,¥), (6.19)

hereafter termed the eigenchannel harmonics, form an orthonormal set on the unit
sphere:

d&’n Y (E,n)Y, (E,n) = 5,,. (6.20)

4n

6.2. Eigenchannel expansions of wave functions and Green functions

The wave functions

PYE(E, ng,r) = (| PH(E, ny)) (6.21)
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are solutions to the Schrodinger equation

W 5
—— V4V —E|YH(E ny,r)=0 (6.22)
2m
with the asymptotic forms
oo +ikr
YE(E, ny,r) = lim ®(E, ng,r) + AD (E, n, ny) — (6.23)

where the far-field amplitudes 4®)(E,n,ny) are to be determined. The functions
(6.21) obey also the Lippmann-Schwinger equations

PE(E, ny,r) = O(E, ng, r) —/ & G E, r ¥ )P WPE (E, ny, ¥). (6.24)
R3

In view of Egs. (4.10), (6.1), (6.9), (6.17), and (6.21), the representations
of Y*)(E,my,r) in terms of the eigenchannel wave functions and eigenchannel
harmonics are

8n2hi? 5
T > P sin g, (E)Y, (E.m)

lP(i)(E,nO,r) = @(E, ny,r) +

X / & G E, r ¥ VX, (E,F). (6.25)
[R3

The Green functions
GH(E,r,¥) = (F|GHD(E)|F) (6.26)

are solutions to the inhomogeneous Schrodinger equation

2
{ - 2h—V2 +V - E] GH(E,rr)=258@r—r) (6.27)
m
satisfying
r(% F ik) GH(E,r, ) =00, (6.28)

they obey also the integral equations
GH(E, r¥) = GS(E, 1) — / & G5 (E, 1, ¥\ WGH (E, ¥ r). (6.29)
R3
In view of Egs. (4.11), (6.1), (6.9), and (6.29), G*)(E,r,r) may be represented as
GH(E,r,¥) =G (E,rr) + Zei“) )sin 6, (E)
X / d3r”G(gi>(E,r,r")I7)Q,(E,V")
R3

X / & X (E VG (E ). (6.30)
R3
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From Eq. (6.30) and from the property (cf. Eq. (6.5))

GSY(E,r¥) = G(E, ¥, ¥) (6.31)
it follows immediately that also

GH(E,r,¥) = GI(E, ¥, ). (6.32)
Moreover, from Egs. (6.30), (6.16), (6.19), (6.25), and from the relation

" (E,+n,¥) = ®(E, Fn,r) (6.33)

one infers that

GH(E,r,¥) o YE(E, +n,r) (6.34)
and
Vs m et
GH(E,r V) Pl PYE(E, T, r). (6.35)

6.3. Far-field amplitudes

On passing in Eq. (6.25) to the limit » — oo, employing Egs. (6.16) and (6.19), and
making comparison of the result with Eq. (6.23), we arrive at the following represen-
tations of the far-field amplitudes in terms of the eigenchannel harmonics and the
eigenphases:

AP (E, n,ny) = Zeila 'sin &, (E)Y,(E, £n)Y; (E, o). (6.36)

It is worth observing that, in virtue of the orthonormality relation (6.20), one has

d’ng AP (E, £n,m) Y, (E, ny) = %eii“ sin d,(E) Y, (E, n), (6.37)
4n
i.e., if the amplitudes 4™ (E, +n, ny) are considered as integral kernels, the eigen-
channel harmonics {Y,(E,n)} are their orthonormal eigenfunctions associated with
the eigenvalues {(4n/k) exp[+id, (E)]sin J,(E)}. Consequently, after replacing n with
+n, Eq. (6.36) provides the spectral expansions of 4®)(E, £n, n).

The expansions (6.36) may be used to deduce, in an elementary way, various
properties of A®)(E, n, ny). Examples are: the reciprocity relationships

A(i)*(E7n7n0) :A(¥>(E7 :Fn()?in)) (638)
and the optical relations
2
j'{ &' A9 (E, n,n) A (E, o, n') = i—;: (A (E,n, & ny) — AD*(E, my, £ )],
4n

(6.39)

2
&’ AP (E 0 ) A (E, 0, ny) = :I:,—]? [AP(E, £ n,ng) — AP (E, + ng, m)],
47 1

(6.40)
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which in the particular case n = n, reduce to

4
&2 |4 (E, ny,n)|? = :l:%lmA(i) (E, ny, £ny) (6.41)
4n
and
4
f d*n |AD(E, i m)|* = i%ImA(i) (E,£ng, ny), (6.42)
4n

respectively. We leave derivations of Egs. (6.38)—(6.40) from Eqgs. (6.36) and (6.20) to
the reader.
Concluding this section, we note that Egs. (4.12), (6.19), and (6.36) imply that

m

A(i)(E,n,no) = —ﬁ
T

(D(E, +n)|TH) (E)|®(E, np)). (6.43)

6.4. Scattering kernel

Let W(E,r) be an arbitrary regular solution to the Schrodinger equation

W 5
-—V —E|¥Y(E,r)=0. 44
5V E| e =0 (6.44)
Asymptotically, Y(E,r) is of the form
oo —ikr ikr
Y(E, 1) ~SF (E,n)S— — F.(E,n) . (6.45)
r r
The scattering kernel S(E,n,n’) is defined so that
F.(E,n)= ¢ &’ S(E,n,—n\F_(E,n). (6.46)
4
Let us make the following particular choice:
VY(E,r) = YO(E,n,p). (6.47)
Employing Eq. (6.23) and making use of the fact that
: —ikr 3 ikr
OE A 2 ) 2 ) (6.48)
k k r
we have
oo 2 ek 2mi el
(+) / rooo st o2 / 2 s2 — o) AN
OB )= SR8 ) e S8 P — ) + A ()| S
(6.49)
hence, on combining Eqs. (6.45)-(6.47) and (6.49), we obtain
S(E,n,n) =& (n—n') + iAH)(E, nn). (6.50)

271

Then, utilizing the expansion (6.36), we find the following representation of
S(E,n,n') in terms of the eigenchannel harmonics:
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S(E,n,n) =& (n—n') + Z[GZM::(E) — 1Y, (E,n)Y; (E, ). (6.51)

With the aid of this representation, one easily proves that
7{ d&*n' S(E,n,n\Y,(E,n) = *OY,(E, n), (6.52)
4n

i.e., that the eigenchannel harmonics {Y,(E,n)} are eigenfunctions of the scattering
kernel associated with the eigenvalues {exp[2id,(E)]}, and that

j{ d&*n" S(E,n,n"\S*(E,n',n") = 5*(n — 1), (6.53)
4n

d&*n’ S*(E,n" ,n)S(E,n" ,n') = 5*(n— 1), (6.54)

4n

which means that the scattering kernel is unitary. Finally, we observe that if the
potential V' is such that the eigenchannel harmonics form a complete set on the unit
sphere (which is not the case for finite-rank separable potentials!):

> Y(E.mY;(En) = 8 (n—n), (6.55)
Eq. (6.51) becomes
S(E,n,n) Zez"’ Y(E,n)Y(E,n). (6.56)

6.5. Scattering cross-sections

The function P (E,ng,r) is the physical scattering function induced by the
monochromatic plane wave @(E, ny,r) and 4 (E, n, ny) is the corresponding scatter-
ing amplitude. Accordingly, the differential cross-section for scattering from the di-
rection ny into the direction n is

d*Q(E,n,n
% — A E, m,mo) - (6.57)
It follows from Egs. (6.57), (6.36), and (6.20) that the total cross-section
2
E
O m) = § dn LLEMM) (6.58)
4n d°n

may be expressed in terms of the eigenchannel harmonics and the eigenphases in the
following way:

Q(E, ny) Z sin® &, (E)|Y,(E, ny)|’. (6.59)

Averaging Q(E,ny) over all directions of incidence n, yields the average total
cross-section
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o(E) = in &’ny O(E, my), (6.60)
T Jan
for which, from Egs. (6.59) and (6.20), one finds
47 .
E)=13 Z sin 0, (E). (6.61)

6.6. Potential with a real symmetric kernel

Thus far, we have been assuming only that the potential 7 is of the short range
nature and that its kernel V' (r,#) is Hermitian. Below we shall investigate briefly con-
sequences of making an additional assumption that V' (r, ') is also real (hence, in vir-
tue of the Hermiticity, symmetric).

It is seen from Eq. (6.10) that in the case considered here the complex conjugate of
any eigenchannel wave function is also an eigenchannel wave function, both being
associated with the same real eigenvalue. This implies that the eigenchannel wave
functions may be chosen to be real:

)(:(E7 l‘) :)Q(Ea V), (662)
and throughout the rest of this subsection we shall be assuming that Eq. (6.62) holds.

With this assumption, from Egs. (6.19) and (6.33) one finds that the eigenchannel
harmonics obey

Y (E,n) =Y, (E,—n). .
/* g 6.63
Then

Y,(E, £n) = |¥,(E,m)|e* ), (6.64)

where ¢, (E) is a real phase, and it follows from Egs. (6.18) and (6.64) that asymp-
totically the eigenchannels are of the form

e [Tusinlr + 0,(E) + 3,(E)
K(E’ l") - = ﬂ Sil’léy(E) |Y,,(E,Il>| (665)

In the case considered here, in addition to the reciprocity relations (6.38), the far-
field amplitudes obey also the reciprocity relations

ASNE, Fny, ¥n) = AP (E, n,ny). (6.66)

Indeed, from the expansion (6.36) one has

A®(E, Fny, Fn) z:ei"S sin 0,(E) Y, (E, ¥n)Y,(E, —ny). (6.67)

After employing the property (6.63), one sees that the right-hand side of Eq. (6.67) is
identical with the right-hand side of Eq. (6.36), hence the relations (6.66) follow.
With the aid of Eqgs. (6.31), (6.33), (6.62), (6.63), and the symmetry relations

Gy (E,r,¥') = Gy (E. ¥ 1), (6.68)
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following directly from Eq. (6.5), from Eq. (6.25) one easily deduces that in the case
considered here it holds

P (E, my,r) = VO (E, —m, ). (6.69)
Similarly, application of (6.31), (6.62), (6.63), and (6.68) to Eq. (6.30) yields
GH(E,r,¥) = GH(E ¥, r). (6.70)

Combining Eq. (6.70) with the asymptotic relations (6.34) and (6.35) is another way
of obtaining Eq. (6.69).

7. Application to Dirac particles
7.1. Eigenchannel bispinor wave functions and eigenchannel bispinor harmonics

For a free Dirac particle in three spatial dimensions the matrix Green functions
G5 (E,r,v') = (]G5 (V) (7.1)

are these 4 x 4 matrix solutions to the inhomogeneous Dirac equation (|E| > mc?, ¥
fixed)

[—icha -V +mc*p — ES)GS (B v v) = 8 (r —¥).s (7.2)

which asymptotically obey the following counterparts of the Sommerfeld conditions
(6.3):

chk (%) r—00
{ R m—mﬁ} Gy (E,r,¥) =0 (7.3)
or equivalently
hik r—o0
r{” et ﬁﬁ} G (E,r ') =50, (7.4)

In Eq. (7.2) @ and f§ are the standard 4 x 4 Dirac matrices, .# is the 4 x 4 unit matrix,

the 4 x 4 matrices . and f§, appearing in Eqgs. (7.3) and (7.4) are defined as
1
fo=5(FEB),  a=fia (75)

while the Dirac wave number is
. E? — (mc?)’
= E
sgn(E) 7
Explicitly one has

—ichio -V + mczﬂ L ES e:tik\r—r’\
G (E i) = 1c ) .
0 ( ,V,V) 4TC(32hZ |r_,,/| (7 7)
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The functions (7.7) may be represented as

GV E, 1) = G0 (E,r¥) £120(E, r,¥) (7.8)
with
: 2 /
O (F 1 ) = (el GO (B |y :—1cha-V+mc/3+Efcos(k|r—r|) 79
Gy (E.r,r') = (r|Gy  (E)|V) . P (7.9)
and
. —icha-V 4+ mc*B+ EJ sin(k|r — ¥
Go(E,rr) = (Dy(E)) = NPT sk ) g )

4nc2h? r— |

For a given Hermitian short range potential operator ¥, the eigenchannel bis-
pinor wave functions

X,(E.p) = (rIX,(E)) (7.11)

are solutions to the integral eigenproblem
X,(E,r) = — / d*v [sﬁg” (E, ¥, ¥') + cot 8,(E)Zo(E, v, ¥) | VX,(E,¥) (7.12)
[R3

with —cot d,(E) being the eigenvalue. In virtue of Eqgs. (7.7)—(7.10), Eq. (7.12) may
be equivalently rewritten as

_ 1 30 | a=i6,(E) qp(—) / i0,(E) qp(+) /

,X;,(E,l")—m)(/ﬂ@dr |:e gO (E,V,l’) [§ gO (E,I",V):|

x VX, (E,¥) (7.13)

or
1 —icha -V B+ ES
X(E.r) = —— icha +m§[3+
’ sin d,(E) 4nc?h
. o (BN
X / oy Skl = r |;T S%ENpx ,). (7.14)
R3 r—

It follows from Egs. (7.13) and (7.2) that the eigenchannel wave functions obey
the Dirac equation

[~icha -V 4+ mc*p + V — ESIX,(E,r) = 0. (7.15)

Hereafter, we shall be assuming that the eigenchannel wave functions have been
orthonormalized in the sense

/ d3r/ d3r/X}T(E, OV D(E, v, ¥ VX, (E,¥) =0,y (7.16)
R3 R3

(cf. Eq. (3.10)), where the dagger denotes the matrix Hermitian conjugation. Then
Eq. (7.12) yields

cotd,(E) = — / &ErX(E, r)VX,(E,r)
R} !

- /R3 d3r/R} d3r/)QT(E,r)Vgéo)(E7r, YV X,(E,¥). (7.17)



R. Szmytkowski | Annals of Physics 311 (2004) 503-540 527

To investigate behaviors of the eigenchannel wave functions for » — oo, one needs
the asymptotic representations of the Green functions (7.7). The representations
+ikr

L P, +n)eTr C (7.18)

G (E, p¥) =
o ( ) 2ne2 i’ r

where

P(E.n) = chkn - a—i—mczﬁ—i—Ef,
2F

following directly from Eq. (7.7), must be transformed before they become conve-

nient for our purposes. To this end, we introduce two bispinors

u,»(E,n):(1+82)‘/2( i ) (i=1,2), (7.20)

en - ou;

(7.19)

where n = r/r,

[E — mc?
=\/— 7.21
¢ E 4+ mc? (7.21)
while the two-component r-independent spinors {u;} obey

wuy =05 (i1 =1,2), (7.22)

i

2
> wul =1, (7.23)
i=1

where [ is the 2 x 2 unit matrix. It is easy to verify that the bispinors (7.20) are
solutions to the homogeneous algebraic system

[chkn - & + mc*B — ES|U(E,n) =0 (7.24)
and possess the properties
U(E,mU(E,n) =06y (i,i =1,2), (7.25)
2
> U(E, UL (E,n) = P(E,n). (7.26)

i=1

The property (7.26) allows us to rewrite Eq. (7.18) in the sought convenient form

o E 2 . ej:ikr
GENE r ) = = (E, +n)®!(E, £n,v¥ 7.27
0 ( ’VJ)_}ZT[Cth ;M( ’ ”) l( ’ ”7r) r ) ( )
with A
®,(E,n,r') = U,(E, n)e"", (7.28)

Then, with the aid of Eq. (7.27), from Eq. (7.13) we deduce that for » — oo it
holds

r—00 E 1 g ikr—id,(E) eikr+id, (E)
X,(E,r) = sgn(E) >k ising, (E) [ ——V,(E.—m) ————V,(E.m)
(7.29)
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with the eigenchannel bispinor harmonics defined as

Ek 2 3 T N\ 17 /
y"/(Ean) = \/m;ui(E7n) /[de rl(pi(E7n7r)VXy(E7r)' (730)

For the sake of later applications, we observe here that the bispinor harmonics (7.30)
have the structure

_ 212 (B m)
YV, (E,n) = (1+¢) (gn oY (E,m) )’ (7.31)
where the eigenchannel spinor harmonics Y, (E,n) are
B d&*r @1(E,n, ¥\ VX, (E,F) (7.32)
87[2027%2;”[ . ¥ O (E n v )VX,(E,F). .

In Appendix C.2 we prove the orthonormality relation

EnYI(E )Y,y (E,n) =5,y (7.33)

4n

which, in virtue of Eq. (7.31), is equivalent to the relation

&n Y (E,n) Y, (E,n) =0,y (7.34)

4n

7.2. Eigenchannel expansions of bispinor wave functions and matrix Green functions

Consider the wave functions

PE(E, vy, ny,r) = (K| PH(E, vy, n)) (7.35)
defined as these solutions to the Dirac equation

[—icha -V +mc*p+ V — EJ|PH (E, vy, my,r) =0 (7.36)
for which asymptotically it holds

+ikr
PEE, v, o, r) = lim ®(E, v, ng, ¥) + AS (E, v, n, ny) ¢ (7.37)
r—00 r

In Eq. (7.37)

D(E, vy, ny,r) = (r|P(E,vo,ny)) = U(E, vy, my)e™" (7.38)

is a monochromatic Dirac plane wave, while A(i)(E, vo,n,ny) are bispinor far-field
amplitudes. The bispinor plane-wave amplitude appearing in Eq. (7.38) is of the form

_ 212 u(vo)
() = (142 (100, (7.39)
where ¢ is the vector composed of the Pauli matrices, while the two-component
spinor u(vy), describing particle’s spin pointing in the direction vy, is normalized
according to
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UT(V())M(V()) =1 (740)
and obeys
Vo - O'u(V()) = u(V()). (741)

Alternatively, the functions (7.35) are defined as solutions to the Lippmann—Schw-
inger equation

YE(E, vy, m, 1) = D(E, v, mo, 1) — / d3r’{4 (E,r,r’)I}‘I’<i)(E,vo,no,r/).
R

(7.42)

It follows from Egs. (7.42), (2.25), (7.11), (7.30), and (4.10) that the eigenchannel
representations of the functions (7.35) are

82 2h
lp(i)(Eav()anO,r) = (D(E’ Vo, Ny, I ne Z il(3

X sin 0, (E )yi(E, ng)U(E, vy, ng)

& G (E, v, ¥ ) VX, (E,¥). (7.43)

R3

It is also of interest to find eigenchannel representations of the Green functions

GEE, r¥) = (r|GH(E)F), (7.44)
defined as these solutions to the Dirac equation (+ fixed)

[—icha -V +mc*p+V — ES)GD (E,r.¥) =8 (r—¥)s (7.45)
for which

s 2 o= (7.46)
or equivalently

hk r—00
”{" - jFﬁﬁ—} G (E,r¥) =0 (7.47)

(cf. Egs. (7.2)~(7.4)). Alternatively, ¥*) (E,r,r') may be defined as solutions to
GEE, 1) =G5 (E,rv) — /3 & G E, v Y VGD (E ¥ r). (7.48)
R

In view of Egs. (7.48), (2.34), (7.44), (7.11), and (4.11), the sought eigenchannel
representations of ¥*)(E, r,r) are

GO (E,rv) =45 (Erv)+ > e sing, (E) / & G (E e VX, (E )
7 R3

& XIE VWG E N ). (7.49)

R3
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From Eq. (7.49) and from the relations
G E, v ¥) = G F ) (7.50)

easily deducible from Eq. (7.7), one finds that ¥(E r,#) obey the analogous
relations:

GENE r¥) = GD(E . r). (7.51)

Moreover, shifting in Eq. (7.49) either the source (#) or the observation (r) point to
the infinity and making use of Eqs. (7.27) and (7.30) yields

ikr 2
GH(E,r r)’*“% ? ;u J(E, +n) V' (E, £n,¥) (7.52)
and
GH(E,r r')"i?"L e 22: PEE, +n 1)U (E, T1) (7.53)
s 2nc2h2 ” i ’ ’ i ) )

i=1

with the functions ¥ (E,n',r) defined as

(%) / / 87'[202h +id, ( T / ’
YN E A r) = &(E, ) Ze B sin &,(E) VI (E, n Ui (E, n')
X / & G E, v )V X, (E, ) (7.54)
R3
(cf. the definition (7.43)).

7.3. Far-field amplitudes

If the limiting passage r — oo is made in Eq. (7.43) and the result is transformed
with the aid of Egs. (7.27) and (7.30), comparison with Eq. (7.37) shows that the far-
field amplitudes A® (E,vo,n, ny) may be expressed as

ADE vo,n,n0) = oS (E, n,n))U(E, vo, no) (7.55)
with

o (E n,ny) = Zei‘é 8in 6, (E)Y,(E, £n) VI(E, ny). (7.56)

From the definition (7.56), in the way completely analogous to that adopted in
Section 6.3, one may infer the following properties of the matrix amplitudes
A D (E, n,ng):

d’*ny .o/ ) (E, +n,m0) Y, (E, ny) = %eii‘s‘f@ sin d,(E)Y,(E, n), (7.57)

4n
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A NE, n,n) = o/ P (E, Fny, +n), (7.58)

?{ & A E, n 0t DNE, no, 1)
4n

L2 )
- 1]’: [/ (B, n, + ny) — o/ S (E, mg, + m)], (7.59)

j{ & A ONE W n).od P (E 0 ny)
4

27t

+ [/, £n,n0) — /“(E, £ no,m)). (7.60)

Moreover, from Egs. (7.56) and (7.31) it follows that .o/*) (E, n,ny) may be written in
the form

AS(E, n,ny) eAD (E n,m)ny - 6
+en-6AD (E,n,ny) +&’n-64AY) (E, n,ny)ny - 6
(7.61)

where A®)(E n,ny) are the 2 x 2 matrix amplitudes defined through the expan-
sion

o (E, n,m) = (1 + 82)1(

AR (E, n,ny) = Zei“) )sin 6, (E) Y, (E, £n) Y(E, ny). (7.62)

Concluding, we observe that the counterpart of the nonrelativistic formula (6.43)

is
AHB(E, vy, n,my) = __E XZ:Z/{»(E +n)(P,(E, +n)| T (E)|B(E, vo, mo)).
T ekt = o T
(7.63)
7.4. 2 x 2 scattering kernel
Let W(E,r) be an arbitrary regular solution to the Dirac equation
[—ictia - V 4+ mc*p+V — ES]P(E,r) = 0. (7.64)
Asymptotically, ¥Y(E,r) is of the form
e —ikr ik
Y(E,r) — F_(E,n) — F.(E, n)T’ (7.65)

where F.(E,n) are angle-dependent bispinor amplitudes.
In the complete analogy with the nonrelativistic case (cf. Section 6.4), one might
look for a 4 x 4 scattering kernel ¥ (E, n,n’) such that

F(E,n) = f{ d&’n S (E,n,—n')F_(E,n). (7.66)
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It may be shown, however, that because F(E,n) are of the forms

Fi(E.m) = (iff%S%Z;n))’ (7.67)

where F. (E, n) are spinor amplitudes, Eq. (7.66) does not define ¥ (E, n,n") uniquely.
Therefore, rather than working with &(E,n,n’), one introduces a 2 x 2 scattering
kernel S(E,n,n’) such that

F.(E,n)= ¢ d*W' S(E,n,—n)F_(E.n). (7.68)
4n

To determine S(E,n,n’'), we choose
P(E,r) = PO (E, vo, 1, r) (7.69)

and employ Eq. (7.37) together with the asymptotic formula

F—00 27'[1 —ikr

O(E,vo,ul 1) =5 =257 (n+ WYUE, vo, 1) S

and Eq. (7.55). This gives

o0 2T —ikr

YO (B, vo,nl,r) 3 752( WYU(E, vo,n') S

C2mif ik o . .\ e
- {5( )<¢+E¢M (E,n,n’) Z/l(E,vo,n)T. (7.71)

Hence, after invoking Egs. (7.39) and (7.61), one finds that in this particular case

F(E,n) = %(1 + )26 (n 4 Yu(vo), (7.72)
2mi n—1/2] 2 / ik (+) /
F+(E,n):7(l+8 ) 0 (n—n)l—&—EA (E,n, 1) |u(vy), (7.73)

and substitution of Egs. (7.72) and (7.73) into the definition (7.68) leads to

S(E,n,n Yu(vy) = {52(n —n)I + 2i—l;A(+) (E, n, n’)] u(vo). (7.74)
Since the initial spin orientation vy may be arbitrary, from Eq. (7.74) we infer that

S(E,n,n') = &*(n—n')I + ;—];A”) (E,n,n'), (7.75)
and further, after applying the expansion (7.62),

S(E,n,n') =& (n—n')I + Z [ — 1] Y, (E,n)Y(E,n). (7.76)

Exploiting the representation (7 76) and the orthonormality relation (7.34), one
easily deduces the following properties of the Dirac 2 x 2 scattering kernel:
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d&’n S(E,n, 0 )Y, (E,n) = ¥¥EY (E,n), (7.77)
4n

&’ S(E,n,n)ST(E, no,n') = 8% (n — ny)I, (7.78)
4n

d’n ST(E, 0/ ,n)S(E, W ,ny) = 6" (n— my)I, (7.79)
4n

analogous to the properties (6.52)-(6.54) of the Schrodinger scattering kernel.
Moreover, if the potential " is such that the eigenchannel spinor harmonics obey
(cf., however, the remark preceding Eq. (6.65))

> Y (E,m)YNE,n) = 8 (n—n)l, (7.80)

Eq. (7.76) simplifies to
S(E,n,n') Zem n)YH(E,n). (7.81)

7.5. Scattering cross-sections

Similarly to the nonrelativistic case, knowledge of the asymptotics of the wave
function Y™ (E, vy, n, my) enables one to obtain the differential cross-section:

d*O(E, vy, n, my) B AH)T(E, Vo, 1, o) - O!.AH)(E, Vo, B, 1)

= , 7.82
d’n U'(E,vo, mo)ng - aU(E, vy, mo) (782)
Since
hk
UT(E, V(),n())n() : MM(E, V(),”()) = % (783)
and
()1 ) chk )
ATNE vo,n,np)n - a A (E vy, n,my) = .A (E, vo,n,m) A (E, vy, n, ng),
(7.84)
Eq. (7.82) may be simplified to
2
E
W = AYNE, vo, n, ) AT (E, vo, n, no) (7.85)
n
and further, after applying Eqs. (7.55), (7.20), and (7.61), to
2
LOE V0 0) (1) A, m,m) A (E, m,m (v, (7.56)

d’n
The total cross-section, for the given direction of incidence ny and the given initial
spin orientation v, is
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2
O, vo.mo) = ¢ a2n TEE: Vo, m)
4n d n

which, after combining with Eq. (7.62) and the orthogonality relation (7.54), be-
comes

) (7-87)

O(E, vo, my) Z sin’ &, (E) |u' (vo) Y, (E, mo)|*. (7.88)
Since
1
u(vo)u' (vy) = 5 [l + 6w, (7.89)
the equivalent form of Eq. (7.88) is

O(E, vy, np) E3 Z sin® d,( YT E,m)[l + 6 - vo|Y,(E, ny). (7.90)

From Eq. (7.90) one finds that the total cross-section averaged over all initial spin
orientations,

O(E, ) = % d*vo O(E, vo, mo), (7.91)

47
is

O(E, ny) k2 Z sin® 8, (E) X! (E, ny) X, (E, ny). (7.92)

From this, after employing the orthonormality relation (7.34), the total cross-section
averaged over initial spin orientations and directions of incidence,

1
O(E) = an &’y O(E, my), (7.93)

4r

is found to be

(E) = %’2‘ D sin® 6, (E). (7.94)

8. Conclusions

Augusiak [57] has applied the approach presented in this work to scattering of
Schrodinger and Dirac particles from a class of separable potentials. His results will
be published elsewhere.

There are at least four directions in which the formalism proposed in the present
work may be extended. First, it would be desirable to generalize it so that it becomes
also applicable to scattering from long range potentials, in particular from potentials
with Coulomb tails. Although in principle such a generalization does not seem dif-
ficult, being formally realized by including a long range component of the potential
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into the Hamiltonian Hy, in practice some subtleties appear which require a more
thorough study. Second, the formalism might be extended to scattering from non-
Hermitian potentials. Third, it would be interesting to study consequences on the
formalism resulting from admitting complex energies. Finally, the approach pre-
sented in this work deserves generalization to reactive scattering. We work on these
subjects and any significant progress will be reported in future publications.
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Appendix A. Dependencies of 4,(E) and 6,(E) on the potential strength
In this appendix we shall investigate the dependence of eigenvalues of the eigen-

channel spectral problem (3.1) on the strength of the potential V.
The following substitutions:

Pl (e R\{0}), (A1)

1X,(E)) — [X,(E, 1), (A2)

3 (E) = A (E.p), (A3)
transform Egs. (3.1), (3.10), and (3.11) into

(17 + G (BYP| 1%, (B, ) = 24, 1) Do(E) P15, (E, 1), (A4)

12X, (, 1)| VDo (B) VX, (E, ) = 1, (A.5)
and

I (E, 1) = (X, (E, )|V + @2V G (E)V|X, (E, p)), (A6)

respectively. Differentiating Eq. (A.6) with respect to the potential strength pu, after
making use of Eq. (A.4), yields

oA, (E, . 0 o a .
BB (B IV B, 0) + 2 [ E 0P DE) VX B )]
(A7)
which, in virtue of Eq. (A.5), simplifies to
04 (E, 1 N
OB ) _ (i, ) V1%, . ). (A8)

Ou
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Since

/l}’ (E7 lu') = —cot 5}' (E7 ,Lt), (A9)
Eq. (A.8) implies

00,(E, . .

'éu“) — —sin 6, (E. ) X, (E. 1|V 1X, (E. ). (A.10)
From Egs. (A.8) and (A.10) one infers that if the potential V is definite then the
eigenvalues {4,(E, u)} and the eigenphases {0,(E, u)} are monotonic functions of the
potential strength y; in particular:

V positive definite = O4(E 1) <0, 0%,(E, 1) <0, (A.11)
ou ou

V negative definite = w >0, w = 0. (A.12)
It u

Appendix B. Construction of the functional (5.3)

We begin with rewriting the spectral problem (3.1) as
[+ Gy (E)V — AE)Do(E)V]|X (E)) = 0 (B.1)

(for brevity, throughout this appendix indices labeling eigensolutions will be omit-
ted). Following the prescription of Gerjuoy et al. [55], considering Eq. (B.1) as a
constraint, we shall seek the functional % in the form

F\[7,1X), (@] = 7+ (@ + GV (E)YV — ZDy(E)V|X). (B.2)

Here / and |X) are some estimates of A(E) and |X(E)), respectively, while (@] is a
Lagrange bra which at this stage is arbitrary. It is evident that if eigensolutions to
Eq. (B.1) are substituted into the functional (B.2), for arbitrary (@| we have

F1[ME), IX(E)), (O] = A(E). (B.3)

Consider now the first variation of the functional (B.2) due to unconstrained vari-
ations in its arguments around A(E), |[X(E)), and some (®| (which is at our disposal),
respectively. The variation is

SF\[AME), |X(E)), (@]
= 644 (60| + GV(EYV — A(E)Do(E)V|X (E)) — 51(O|Dy(E)V|X (E))
+ (0| + GP(E)V — AE)Do(E)V|6X) (B.4)
and, because of Eq. (B.1), may be simplified to
ST\ [ME), X (E)), (0]] = 64[1 — (O|Do(E)V|X (E))]
+ (0|1 + GV (EYV — A(E)Dy(E)V|6X). (B.5)
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At this moment we demand that (@] is such that

0T [ME), |X(E)), (@] = 0. (B.6)
In view of arbitrariness of the variations 04 and |0X), this yields

L= (OIDo(E)PIX(E)) = 0 (B.7)
and

(Ol + GY(E)V — ME)Dy(E)V] = 0. (B.8)
Since A(E) is real and ¥ is Hermitian, the Hermitian adjoint to Eq. (B.8) is

[ + VG(E) — ME)VDy(E)]|®) = 0. (B.9)
Comparison of Egs. (B.1) and (B.3) shows that |@) may be chosen as

0) = nV|X(E)), (B.10)
where # is some numerical constant. Hence, we deduce that

(O] = xEW (B.11)
and substitution of Eq. (B.11) into Eq. (B.7) yields

. 1
n=n"= (B.12)

(X(E)VDo(E)VIX(E))

Consequently, we infer that

1 5
= (X(E)|VDy(E)V|X(E)) K ENW. (B.13)

Guided by Eq. (B.13), in the functional (B.2) we choose
1 _

= Srbaeim T (B.14)

which results in

7\ [[X), (X|] = ST Z0 AT (B.15)

Appendix C. Orthonormality of eigenchannel harmonics

C.1. Schrodinger eigenchannel harmonics

Consider the scalar product of two Schrodinger eigenchannel harmonics over the
unit sphere:

Ly(E) = 4 d’nY; (E,n)Y,(E,n). (C.1)
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On making use of the definitions (6.19) and (6.17), we rewrite this integral as

d3 / d3r//X* E V dZnelkn ¥—r VX (E r//)
87‘E2h2 RrR3 R3

Elementary integration yields

i) _ gy S — 1))
4n o k

which, after making use of Eq. (6.8), becomes

252
Sn: Dy(E, ¥, r").

)

P |

2 Teme (1 !
d ne""’ w'=r") =
4n

Consequently, we have
Ly (E) = / d/ &*r' X (E,v )V Do(E, ¥ ")V Xy (E, 1),
R R3 ‘

which, in virtue of Eq. (6.14), gives
Ly (E) = 6,,.
C.2. Dirac eigenchannel bispinor harmonics
Application of Egs. (7.30) and (7.26) transforms the integral
L,(E)= ¢ d’n JJI,(E7 n)Y,(E, n)

4n
into

Ek , X o
LyE)=——= [ &F | PV XNE )V dEn2(E,n)e"™ ") \ VX, (E,¥").
. 8m2c2h’ Jw ”3 ’ 4n '

In virtue of Eq. (7.19) one has

J

d*n 2 (E, n)e """ = —icha -V +mc*p+EI
4n 3 b

which, after employing Egs. (C.3) and (7.10), may be converted into

J I 8 2 zhz
% dan(E, ) 1kn (=) _ TEEC]‘C go(E, V/,VH).
4n

Equations (C.8) and (C.10) imply that
Ly(E) = / d*r / & XHE ¥V Do(E, ¥ ¥ )V X,y (E,¥")
R3 R3 !

VY

and combining this result with Eq. (7.16) leads to

Ly (E) = 57}"-

2
d’n 1knr —r")

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)
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