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Abstract

The eigenchannel method, generalizing the familiar phaseshift method, is formulated for

scattering from a Hermitian short range potential. Scattering eigenchannels are defined as ei-

genstates of some generalized (weighted) operator spectral problem. Eigenvalues of that prob-

lem define eigenphaseshifts, the former being the negative of cotangents of the latter.

Eigenchannel representations of generalized scattering states, transition operators, and Green

operators are constructed. A variational approach to the method is also presented. The gen-

eral theory is illustrated by applications to scattering of Schr€odinger and Dirac particles.

� 2003 Elsevier Inc. All rights reserved.

PACS: 03.65.Nk
1. Introduction

The idea to generalize the well-known phaseshift method [1–10] to quantum scat-

tering from arbitrary potentials may be traced back to a work of Lippmann and

Schwinger [11]. These authors observed that scattering cross-sections might be con-

veniently expressed in terms of eigenvectors of a scattering matrix and so-called ei-

genphaseshifts dc, related to eigenvalues sc of the scattering matrix through
sc ¼ expð2idcÞ. The matter was pursued further by Biedenharn and co-workers

[12–14] (cf. also more recent works by Newton [15–18]). However, the results of
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[11–14] were perceived as an interesting theoretical detail and did not find applica-

tions until Danos and Greiner [19] proposed a practical approach enabling one to

find eigenvectors of the scattering matrix and eigenphaseshifts, hence also cross-sec-

tions, without prior knowledge of the scattering matrix. This approach, termed the

eigenchannel method, was subsequently used in nuclear physics [20–28] and, usually
in conjunction with the quantum defect theory, in atomic and molecular physics

[29–37].

The purpose of this paper is to present a consistent, self-contained, formulation of

the eigenchannel method for quantum scattering from a Hermitian short range po-

tential. Our approach, which is technically different from that proposed by Danos

and Greiner [19], has been inspired by ideas contained in works of Garbacz

[38,39] and Harrington and Mautz [40–42] on so-called characteristic modes in the

electromagnetic theory (cf. also works of Katsenelenbaum et al. [43–47] on the clas-
sical diffraction theory). Some of the results presented in this paper have been antic-

ipated by results which may be found in works of Demkov et al. [48,49] on the

quantum scattering theory and Ziesche et al. [50–54] on the quantum solid state

theory.

The arrangement of the paper is as follows. Section 2 contains definitions and

summarizes basic properties of principal mathematical objects (Green operators,

generalized scattering states, and transition operators) used in later considerations.

In Section 3 we define so-called eigenchannels as eigenstates to an abstract general-
ized spectral problem and investigate some of their properties. Next we use the eigen-

channels as an expansion basis, constructing series representations of the generalized

scattering states, generalized transition operators, and Green operators. In Section 4

we introduce eigenphaseshifts. Rather than defining them through their relationship

to eigenvalues of the scattering matrix, we relate them to eigenvalues of the spectral

problem introduced in Section 3. In Section 5 the variational approach to the eigen-

channel method is discussed. Sections 6 and 7 illustrate the utility of the general the-

ory exposed in the preceding sections and present its applications to spatial
coordinate descriptions of scattering processes involving Schr€odinger and Dirac par-

ticles, respectively. Section 8 contains concluding remarks. The paper ends with three

appendices.
2. Preliminaries

2.1. Free-particle Green operators

Let Ĥ0 denote a free-particle Hamiltonian and let E 2 R be a number from a (con-

tinuous) spectrum of Ĥ0. We define the related outgoing (ĜðþÞ
0 ðEÞ) and ingoing

(Ĝð�Þ
0 ðEÞ) Green operators as
Ĝð�Þ
0 ðEÞ ¼ ½Ĥ0 � E � i���1

: ð2:1Þ

Here and throughout the rest of the paper, it is understood that � 2 Rþ and � # 0.

The two Green operators are mutually Hermitian adjoint:
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Ĝð�Þy
0 ðEÞ ¼ Ĝð�Þ

0 ðEÞ: ð2:2Þ

A general Green operator ĜðgÞ

0 ðEÞ for the Hamiltonian Ĥ0 is defined as the follow-

ing linear combination of the outgoing and ingoing Green operators:
ĜðgÞ
0 ðEÞ ¼ 1

2
ð1þ gÞĜðþÞ

0 ðEÞ þ 1

2
ð1� gÞĜð�Þ

0 ðEÞ; ð2:3Þ
where g 2 C. From Eqs. (2.2) and (2.3) it follows that:
ĜðgÞy
0 ðEÞ ¼ Ĝð�g�Þ

0 ðEÞ; ð2:4Þ

where the asterisk denotes the complex conjugation. Evidently, the going Green

operators Ĝð�Þ
0 ðEÞ are particular cases of ĜðgÞ

0 ðEÞ, corresponding to the choices

g ¼ �1:
Ĝð�Þ
0 ðEÞ ¼ Ĝð�1Þ

0 ðEÞ: ð2:5Þ

Still another choice, g ¼ 0, results in the Hermitian standing (or Principal Value)

Green operator
Ĝð0Þ
0 ðEÞ ¼ 1

2
½ĜðþÞ

0 ðEÞ þ Ĝð�Þ
0 ðEÞ� ¼ PV½Ĥ0 � E��1

: ð2:6Þ
The Green operator ĜðgÞ
0 ðEÞ may be decomposed as follows:
ĜðgÞ
0 ðEÞ ¼ Ĝð0Þ

0 ðEÞ þ igD̂0ðEÞ; ð2:7Þ

ĜðgÞ
0 ðEÞ ¼ Ĝð�Þ

0 ðEÞ � ið1� gÞD̂0ðEÞ; ð2:8Þ

with the Hermitian operator
D̂0ðEÞ ¼
1

2i
½ĜðþÞ

0 ðEÞ � Ĝð�Þ
0 ðEÞ� ¼ �

½Ĥ0 � E�2 þ �2
: ð2:9Þ
Evidently, eigenstates of D̂0ðEÞ coincide with those of Ĥ0. If E0 is in the spectrum of

Ĥ0 then �=½ðE0 � EÞ2 þ �2� > 0 is in the spectrum of D̂0ðEÞ. Since eigenvalues of D̂0ðEÞ
are positive, this operator is positive definite.

In virtue of the definitions (2.9), (2.6), and (2.1), the operator D̂0ðEÞ obeys
½Ĥ0 � E�D̂0ðEÞ ¼ �Ĝð0Þ
0 ðEÞ: ð2:10Þ
From Eq. (2.7) one deduces
Ĝð0Þ
0 ðEÞ ¼ 1

2
½ĜðgÞ

0 ðEÞ þ Ĝð�gÞ
0 ðEÞ� ð2:11Þ
and
D̂0ðEÞ ¼
1

2ig
½ĜðgÞ

0 ðEÞ � Ĝð�gÞ
0 ðEÞ�; ð2:12Þ
which generalize Eqs. (2.6) and (2.9), respectively. Finally, operating on Eq. (2.8)

from the left with Ĥ0 � E � i�, with the aid of the definition (2.1) and the relation

(2.10), we find that ĜðgÞ
0 ðEÞ is a solution to the inhomogeneous operator equation
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½Ĥ0 � E � i��ĜðgÞ
0 ðEÞ ¼ Î � i�ð1� gÞĜð�Þ

0 ðEÞ; ð2:13Þ

where Î is the identity operator.

2.2. Generalized scattering states and transition operators

Let the state jUðEÞi be a solution to the stationary free-particle Schr€odinger equa-
tion
½Ĥ0 � E�jUðEÞi ¼ 0 ð2:14Þ

and let V̂ be a short range Hermitian potential operator such that E 2 R is in the

continuous spectrum of the Hamiltonian
Ĥ ¼ Ĥ0 þ V̂ : ð2:15Þ

For the Hamiltonian (2.15) and energy E, a generalized scattering state jWðgÞðEÞi,
induced by the state jUðEÞi and associated with the free-particle Green operator

ĜðgÞ
0 ðEÞ, is defined as a solution to the Lippmann–Schwinger equation
jWðgÞðEÞi ¼ jUðEÞi � ĜðgÞ
0 ðEÞV̂ jWðgÞðEÞi: ð2:16Þ
Operating on Eq. (2.16) from the left with Ĥ0 � E � i� and exploiting Eq. (2.13), we

arrive at the following Schr€odinger equations equivalent to Eq. (2.16):
½Ĥ � E � i�� i�ð1� gÞĜð�Þ
0 ðEÞV̂ �jWðgÞðEÞi ¼ �i�jUðEÞi: ð2:17Þ
The generalized transition operator T̂ ðgÞðEÞ, defined through the relationship
T̂ ðgÞðEÞjUðEÞi ¼ V̂ jWðgÞðEÞi; ð2:18Þ

obeys the operator equation
T̂ ðgÞðEÞ ¼ V̂ � V̂ ĜðgÞ
0 ðEÞT̂ ðgÞðEÞ ð2:19Þ
and is formally given by
T̂ ðgÞðEÞ ¼ V̂ Î
h

þ ĜðgÞ
0 ðEÞV̂

i�1

¼ Î
h

þ V̂ ĜðgÞ
0 ðEÞ

i�1

V̂ : ð2:20Þ
In terms of T̂ ðgÞðEÞ, the Lippmann–Schwinger equation (2.16) is
jWðgÞðEÞi ¼ jUðEÞi � ĜðgÞ
0 ðEÞT̂ ðgÞðEÞjUðEÞi: ð2:21Þ
In virtue of Eqs. (2.20) and (2.4), and the Hermiticity of V̂ , the operators T̂ ðgÞðEÞ and
T̂ ð�g�ÞðEÞ obey
T̂ ðgÞyðEÞ ¼ T̂ ð�g�ÞðEÞ: ð2:22Þ

Moreover, from Eq. (2.20) we have
T̂ ðgÞðEÞ � T̂ ðg0ÞðEÞ ¼ T̂ ðgÞðEÞ Ĝðg0Þ
0 ðEÞ

�
� ĜðgÞ

0 ðEÞ
�
T̂ ðg0ÞðEÞ ð2:23Þ
or equivalently, after exploiting Eq. (2.12),
T̂ ðgÞðEÞ � T̂ ðg0ÞðEÞ ¼ iðg0 � gÞT̂ ðgÞðEÞD̂0ðEÞT̂ ðg0ÞðEÞ: ð2:24Þ
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Equation (2.24) expresses the generalized optical theorem.

The parameter g may be arbitrary complex. However, three special cases, namely

g ¼ �1 and g ¼ 0, are of particular importance and need a brief discussion here. The

states jWð�1ÞðEÞi are identical with the standard going states jWð�ÞðEÞi obeying
jWð�ÞðEÞi ¼ jUðEÞi � Ĝð�Þ
0 ðEÞV̂ jWð�ÞðEÞi; ð2:25Þ
while jWð0ÞðEÞi is the standard standing state and obeys
jWð0ÞðEÞi ¼ jUðEÞi � Ĝð0Þ
0 ðEÞV̂ jWð0ÞðEÞi: ð2:26Þ
Similarly, the operator
T̂ ðþÞðEÞ � T̂ ðþ1ÞðEÞ ð2:27Þ

is the standard transition operator T̂ ðEÞ from the potential scattering theory, the
operator
T̂ ð�ÞðEÞ � T̂ ð�1ÞðEÞ ð2:28Þ

is its Hermitian adjoint (cf. Eq. (2.22)), while the Hermitian (cf. again Eq. (2.22))

operator T̂ ð0ÞðEÞ is related to the standard reactance operator K̂ðEÞ through
T̂ ð0ÞðEÞ ¼ �K̂ðEÞ: ð2:29Þ

For g ¼ �1, g0 ¼ �1, Eq. (2.24) reduces to the standard optical theorem
T̂ ðEÞ � T̂ yðEÞ ¼ �2iT̂ ðEÞD̂0ðEÞT̂ yðEÞ; ð2:30Þ

T̂ ðEÞ � T̂ yðEÞ ¼ �2iT̂ yðEÞD̂0ðEÞT̂ ðEÞ; ð2:31Þ

while for g ¼ 1, g0 ¼ 0 and for g ¼ 0, g0 ¼ 1 it yields the Heitler equations
T̂ ðEÞ ¼ �K̂ðEÞ þ iT̂ ðEÞD̂0ðEÞK̂ðEÞ; ð2:32Þ

T̂ ðEÞ ¼ �K̂ðEÞ þ iK̂ðEÞD̂0ðEÞT̂ ðEÞ: ð2:33Þ
2.3. Green operators

The Green operator ĜðgÞðEÞ is defined as a solution to the equation
ĜðgÞðEÞ ¼ ĜðgÞ
0 ðEÞ � ĜðgÞ

0 ðEÞV̂ ĜðgÞðEÞ: ð2:34Þ

From Eqs. (2.34) and (2.20) it follows that:
ĜðgÞðEÞ ¼ ĜðgÞ
0 ðEÞ � ĜðgÞ

0 ðEÞT̂ ðgÞðEÞĜðgÞ
0 ðEÞ: ð2:35Þ
The equation
Ĥ
h

� E � i�� i�ð1� gÞĜð�Þ
0 ðEÞV̂

i
ĜðgÞðEÞ ¼ Î � i�ð1� gÞĜð�Þ

0 ðEÞ; ð2:36Þ
equivalent to Eq. (2.34), is obtained after operating on the latter from the left with

Ĥ0 � E � i� and exploiting Eq. (2.13). From either of Eqs. (2.34) or (2.36), for the

operators
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Ĝð�ÞðEÞ ¼ Ĝð�1ÞðEÞ ð2:37Þ

we have
Ĝð�ÞðEÞ ¼ ½Ĥ � E � i���1
: ð2:38Þ
3. Eigenchannels

3.1. Definition and basic properties

We define eigenchannels fjXcðEÞig as eigenstates of the spectral problem
Î
h

þ Ĝð0Þ
0 ðEÞV̂

i
jXcðEÞi ¼ kcðEÞD̂0ðEÞV̂ jXcðEÞi; ð3:1Þ
in which E 2 R is from the continuous spectra of both Ĥ0 and Ĥ and is fixed, while

kcðEÞ is an eigenvalue. It should be emphasized that the eigenproblem (3.1) belongs

to the category of weighted (generalized) eigenproblems. Throughout the rest of this

work, we shall be assuming that, in addition to what has been said about the po-

tential operator V̂ at the beginning of Section 2.2, V̂ is also such that a spectrum to

the eigenproblem (3.1) is nonempty and purely discrete.
For the sake of later applications, it is convenient to rewrite Eq. (3.1), with the aid

of Eq. (2.7), in the form
Î
h

þ ĜðgÞ
0 ðEÞV̂

i
jXcðEÞi ¼ ½kcðEÞ þ ig�D̂0ðEÞV̂ jXcðEÞi: ð3:2Þ
Moreover, making use of Eqs. (2.11) and (2.12), it is possible to express Eq. (3.1) in

terms of Ĝð�gÞ
0 ðEÞ as
jXcðEÞi ¼
1

2ig
½kcðEÞ
h

� ig�ĜðgÞ
0 ðEÞ � ½kcðEÞ þ ig�Ĝð�gÞ

0 ðEÞ
i
V̂ jXcðEÞi ð3:3Þ
or equivalently as
½kcðEÞ � ig� Î
h

þ ĜðgÞ
0 ðEÞV̂

i
jXcðEÞi ¼ ½kcðEÞ þ ig� Î

h
þ Ĝð�gÞ

0 ðEÞV̂
i
jXcðEÞi: ð3:4Þ
Finally, after operating on Eq. (3.1) from the left with Ĥ0 � E � i�, one finds
½Ĥ � E � i��jXcðEÞi ¼ �½kcðEÞ � i�Ĝð�Þ
0 ðEÞV̂ jXcðEÞi; ð3:5Þ
which shows that the eigenstates fjXcðEÞig satisfy the Schr€odinger equation at the

energy E. We shall make use of Eqs. (3.2)–(3.5) in later considerations.

Evidently, the eigenproblem (3.1) is non-Hermitian. By acting on Eq. (3.1) from
the left with the potential operator V̂ , we arrive at an eigenproblem
V̂
h

þ V̂ Ĝð0Þ
0 ðEÞV̂

i
jXcðEÞi ¼ kcðEÞV̂ D̂0ðEÞV̂ jXcðEÞi ð3:6Þ
possessing the same eigensolutions as the eigenproblem (3.1). However, as opposed

to the latter, the eigenproblem (3.6) is manifestly Hermitian. Moreover, since the
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operator D̂0ðEÞ is positive definite (cf. the remark following Eq. (2.9)), the weight

operator V̂ D̂0ðEÞV̂ is also positive definite, i.e., it holds
hXcðEÞjV̂ D̂0ðEÞV̂ jXcðEÞi > 0: ð3:7Þ

Hence, in the standard manner one may show that the eigenvalues fkcðEÞg are real:
k�cðEÞ ¼ kcðEÞ; ð3:8Þ
and that eigenchannels associated with different eigenvalues satisfy the weighted

orthogonality relation
hXcðEÞjV̂ D̂0ðEÞV̂ jXc0 ðEÞi ¼ 0 ðkcðEÞ 6¼ kc0 ðEÞÞ: ð3:9Þ

Normalizing the eigenchannels to unity according to
hXcðEÞjV̂ D̂0ðEÞV̂ jXcðEÞi ¼ 1 ð3:10Þ

from Eqs. (3.6) and (3.10) we have
kcðEÞ ¼ hXcðEÞjV̂ þ V̂ Ĝð0Þ
0 ðEÞV̂ jXcðEÞi: ð3:11Þ
If eigenchannels associated with degenerate eigenvalues (if there are any) have also

been orthogonalized in the sense of Eq. (3.9), from the latter equation and from Eq.

(3.10) we have the orthonormality relation
hXcðEÞjV̂ D̂0ðEÞV̂ jXc0 ðEÞi ¼ dcc0 : ð3:12Þ

Throughout the rest of the paper, the relation (3.12) will be assumed to hold.

The explicit form of the generalized Hermitian eigenproblem (3.6) suggests that

the eigenchannels may obey the following closure relations:
X
c

V̂ D̂0ðEÞV̂ jXcðEÞihXcðEÞjV̂ ¼ V̂ ; ð3:13Þ

X
c

V̂ jXcðEÞihXcðEÞjV̂ D̂0ðEÞV̂ ¼ V̂ ; ð3:14Þ
and in fact the considerations of Section 3.2 rely on the assumption that these re-

lations do hold. However, it should be clearly stated here that at the present stage

these relations are conjectures which remain to be proved.

3.2. Expansions in eigenchannels and applications

Although the eigenchannels are interesting for themselves, their importance lies

primarily in the fact that they are useful for solving scattering problems. Below we

shall illustrate this by finding eigenchannel representations of the generalized scatter-

ing state jWðgÞðEÞi, the generalized transition operator T̂ ðgÞðEÞ, and the Green oper-

ator ĜðgÞðEÞ.
To find the eigenchannel representation of jWðgÞðEÞi, consider the equation
V̂
h

þ V̂ ĜðgÞ
0 ðEÞV̂

i
jWðgÞðEÞi ¼ V̂ jUðEÞi ð3:15Þ
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resulting from Eq. (2.16) after acting on the latter from the left with V̂ . Since V̂ has

been assumed to be of the short range character, one should solve Eq. (3.15) for

V̂ jWðgÞðEÞi rather than for jWðgÞðEÞi. We shall seek V̂ jWðgÞðEÞi in the form of the

following series:
V̂ jWðgÞðEÞi ¼
X
c

aðgÞc ðEÞV̂ jXcðEÞi; ð3:16Þ
where faðgÞc ðEÞg are coefficients to be determined. On substituting this series into Eq.

(3.15) and making use of Eq. (3.2), we find
X
c

aðgÞc ðEÞ½kcðEÞ þ ig�V̂ D̂0ðEÞV̂ jXcðEÞi ¼ V̂ jUðEÞi: ð3:17Þ
Then, after projecting Eq. (3.17) onto the eigenchannels and making use of the

orthonormality relation (3.12), we deduce
aðgÞc ðEÞ ¼ 1

kcðEÞ þ ig
hXcðEÞjV̂ jUðEÞi; ð3:18Þ
and next, after substituting this result into the expansion (3.16), we arrive at
V̂ jWðgÞðEÞi ¼
X
c

1

kcðEÞ þ ig
V̂ jXcðEÞihXcðEÞjV̂ jUðEÞi: ð3:19Þ
Finally, after substitution of the expansion (3.19) into the second term on the right-

hand side of Eq. (2.16), we obtain
jWðgÞðEÞi ¼ jUðEÞi �
X
c

1

kcðEÞ þ ig
ĜðgÞ

0 ðEÞV̂ jXcðEÞihXcðEÞjV̂ jUðEÞi; ð3:20Þ
which is the sought representation of the generalized scattering state jWðgÞðEÞi in

terms of eigenchannels.

As a by-product, the above considerations yield the eigenchannel representation

of the generalized transition operator T̂ ðgÞðEÞ. Indeed, on comparing Eqs. (3.19)

and (2.18), we find
T̂ ðgÞðEÞ ¼
X
c

1

kcðEÞ þ ig
V̂ jXcðEÞihXcðEÞjV̂ : ð3:21Þ
The eigenchannel representation of the Green operator ĜðgÞðEÞ:
ĜðgÞðEÞ ¼ ĜðgÞ
0 ðEÞ �

X
c

1

kcðEÞ þ ig
ĜðgÞ

0 ðEÞV̂ jXcðEÞihXcðEÞjV̂ ĜðgÞ
0 ðEÞ ð3:22Þ
follows directly from Eqs. (3.21) and (2.35). It may be instructive, however, to derive

this representation without referring to Eq. (2.35). To this end, consider the equation

for V̂ ĜðgÞðEÞ:
V̂
h

þ V̂ ĜðgÞ
0 ðEÞV̂

i
ĜðgÞðEÞ ¼ V̂ ĜðgÞ

0 ðEÞ ð3:23Þ
stemming from Eq. (2.34). We shall seek its solution in the form
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V̂ ĜðgÞðEÞ ¼
X
c

V̂ jXcðEÞihAðgÞ
c ðEÞj; ð3:24Þ
where the bras fhAðgÞ
c ðEÞjg are expansion coefficients. After substituting the expan-

sion (3.24) into Eq. (3.23), making use of Eq. (3.2), and projecting the resulting
equation
X

c

½kcðEÞ þ ig�V̂ D̂0ðEÞV̂ jXcðEÞihAðgÞ
c ðEÞj ¼ V̂ ĜðgÞ

0 ðEÞ ð3:25Þ
from the left onto the eigenchannels, we find
hAðgÞ
c ðEÞj ¼ 1

kcðEÞ þ ig
hXcðEÞjV̂ ĜðgÞ

0 ðEÞ; ð3:26Þ
hence
V̂ ĜðgÞðEÞ ¼
X
c

1

kcðEÞ þ ig
V̂ jXcðEÞihXcðEÞjV̂ ĜðgÞ

0 ðEÞ: ð3:27Þ
Substitution of this result into the second term on the right-hand side of Eq. (2.34)

leads to the representation (3.22).

The eigenchannel representation (3.21) may be considered as a definition of the

generalized transition operator T̂ ðgÞðEÞ, alternative to that provided in Eq. (2.20).
Therefore, one expects it should be possible to prove various properties of T̂ ðgÞðEÞ
using only Eq. (3.21) and relevant properties of the eigenchannels. This is indeed

the case. For instance, on performing the Hermitian conjugation of Eq. (3.21), in vir-

tue of reality of the eigenvalues fkcðEÞg, we obtain
T̂ ðgÞyðEÞ ¼
X
c

1

kcðEÞ � ig�
V̂ jXcðEÞihXcðEÞjV̂ ¼ T̂ ð�g�ÞðEÞ; ð3:28Þ
i.e., the property (2.22). Similarly, from Eq. (3.21) we have
T̂ ðgÞðEÞ � T̂ ðg0ÞðEÞ ¼ iðg0 � gÞ
X
c

1

½kcðEÞ þ ig�½kcðEÞ þ ig0� V̂ jXcðEÞihXcðEÞjV̂

ð3:29Þ

and, after exploiting the orthonormality relation (3.12),
T̂ ðgÞðEÞD̂0ðEÞT̂ ðg0ÞðEÞ ¼
X
c

1

½kcðEÞ þ ig�½kcðEÞ þ ig0� V̂ jXcðEÞihXcðEÞjV̂ ; ð3:30Þ
hence, the generalized optical theorem (2.24) follows immediately.

Before concluding this section, a remark concerning the meaning of the expansion

(3.21) is in order: this expansion is not a spectral expansion of T̂ ðgÞðEÞ. The reason for

this is that the kets fV̂ jXcðEÞig are eigenstates of neither T̂ ðgÞðEÞ nor T̂ ðgÞyðEÞ. How-

ever, let us define a modified generalized transition operator
T̂ðgÞðEÞ ¼ T̂ ðgÞðEÞD̂0ðEÞ: ð3:31Þ
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From Eqs. (3.31), (3.21), and (3.12) one infers the eigenequation
T̂ðgÞðEÞV̂ jXcðEÞi ¼
1

kcðEÞ þ ig
V̂ jXcðEÞi ð3:32Þ
(Eq. (3.32) follows also from the definitions (2.20) and (3.31) and from the eigen-

equation (3.2)). Consequently, fV̂ jXcðEÞig are eigenstates of T̂ðgÞðEÞ and

f½kcðEÞ þ ig��1g are associated eigenvalues. FromEqs. (3.31) and (2.22)wefind that the

Hermitian adjoint of T̂ðgÞðEÞ is
T̂ðgÞyðEÞ ¼ D̂0ðEÞT̂ ð�g�ÞðEÞ ð3:33Þ

and from Eqs. (3.33), (3.28), and (3.12) one deduces the eigenequation
T̂ðgÞyðEÞD̂0ðEÞV̂ jXcðEÞi ¼
1

kcðEÞ � ig�
D̂0ðEÞV̂ jXcðEÞi: ð3:34Þ
It is seen that fD̂0ðEÞV̂ jXcðEÞig are eigenstates of T̂ðgÞyðEÞ and f½kcðEÞ � ig���1g are

associated eigenvalues. From the eigensolutions to Eqs. (3.32) and (3.34), keeping in

mind the orthonormality relation (3.12), one constructs the spectral expansions of

T̂ðgÞðEÞ and T̂ðgÞyðEÞ:
T̂ðgÞðEÞ ¼
X
c

1

kcðEÞ þ ig
V̂ jXcðEÞihXcðEÞjV̂ D̂0ðEÞ; ð3:35Þ

T̂ðgÞyðEÞ ¼
X
c

1

kcðEÞ � ig�
D̂0ðEÞV̂ jXcðEÞihXcðEÞjV̂ : ð3:36Þ
4. Eigenphases

When g ¼ 0 or g ¼ �1, instead of working with the eigenvalues fkcðEÞg, as

we have been doing in Section 3, it is convenient to introduce so-called eigenphases

(eigenphaseshifts) fdcðEÞg, related to the eigenvalues fkcðEÞg through
kcðEÞ ¼ � cot dcðEÞ: ð4:1Þ

We have already argued in Section 3 that the eigenvalues fkcðEÞg are real. Conse-

quently, from the definition (4.1) it follows that the eigenphases are also real:
d�cðEÞ ¼ dcðEÞ: ð4:2Þ
In terms of the eigenphases, the defining eigenequation (3.1) becomes
Î
h

þ Ĝð0Þ
0 ðEÞV̂

i
jXcðEÞi ¼ � cot dcðEÞD̂0ðEÞV̂ jXcðEÞi; ð4:3Þ
while Eqs. (3.2)–(3.4), specialized to the cases g ¼ �1, read
Î
h

þ Ĝð�Þ
0 ðEÞV̂

i
jXcðEÞi ¼ � e�idcðEÞ

sin dcðEÞ
D̂0ðEÞV̂ jXcðEÞi; ð4:4Þ
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jXcðEÞi ¼
1

2i sindcðEÞ
e�idcðEÞĜð�Þ

0 ðEÞ
h

� eidcðEÞĜðþÞ
0 ðEÞ

i
V̂ jXcðEÞi; ð4:5Þ

eidcðEÞ Î
h

þ ĜðþÞ
0 ðEÞV̂

i
jXcðEÞi ¼ e�idcðEÞ Î

h
þ Ĝð�Þ

0 ðEÞV̂
i
jXcðEÞi: ð4:6Þ
Further, for g ¼ 0, from Eqs. (3.20), (3.22), (2.29), and (3.21), we infer
jWð0ÞðEÞi ¼ jUðEÞi þ
X
c

tan dcðEÞĜð0Þ
0 ðEÞV̂ jXcðEÞihXcðEÞjV̂ jUðEÞi; ð4:7Þ

Ĝð0ÞðEÞ ¼ Ĝð0Þ
0 ðEÞ þ

X
c

tan dcðEÞĜð0Þ
0 ðEÞV̂ jXcðEÞihXcðEÞjV̂ Ĝð0Þ

0 ðEÞ; ð4:8Þ

K̂ðEÞ � �T̂ ð0ÞðEÞ ¼
X
c

tan dcðEÞV̂ jXcðEÞihXcðEÞjV̂ : ð4:9Þ
Similarly, for g ¼ �1, from Eqs. (3.20), (3.22), and (3.21), we find
jWð�ÞðEÞi ¼ jUðEÞi þ
X
c

e�idcðEÞ sin dcðEÞĜð�Þ
0 ðEÞV̂ jXcðEÞihXcðEÞjV̂ jUðEÞi;

ð4:10Þ

Ĝð�ÞðEÞ ¼ Ĝð�Þ
0 ðEÞ þ

X
c

e�idcðEÞ sin dcðEÞĜð�Þ
0 ðEÞV̂ jXcðEÞihXcðEÞjV̂ Ĝð�Þ

0 ðEÞ;

ð4:11Þ

T̂ ð�ÞðEÞ ¼ �
X
c

e�idcðEÞ sin dcðEÞV̂ jXcðEÞihXcðEÞjV̂ : ð4:12Þ
5. Variational approach

In actual applications of the general theory presented above the potential opera-
tor V̂ may be such that exact solutions to the spectral problem (3.1) will not be avail-

able. In such cases one may resort to the variational approach which we shall discuss

in this section at some length.

Three variational principles appear to be particularly useful for the present pur-

poses. The first principle, constructed in Appendix B, is the one for eigenvalues to

the spectral system (3.1) (for brevity, throughout the rest of this section we shall omit

labels at eigensolutions):
dF1 jX ðEÞi; hX ðEÞj½ � ¼ 0; ð5:1Þ

kðEÞ ¼ F1 jX ðEÞi; hX ðEÞj½ �; ð5:2Þ

with the functional
F1 jX i; hX j
� �

¼ hX jV̂ þ V̂ Ĝð0Þ
0 ðEÞV̂ jX i

hX jV̂ D̂ ðEÞV̂ jX i
: ð5:3Þ
0
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Here jX i is some estimate of jX ðEÞi and hX j is its Hermitian adjoint. Next, let

jUaðEÞi and jUbðEÞi be two solutions to the free-particle Schr€odinger equation (2.14),

both corresponding to the same energy E and otherwise arbitrary, and let
T ðgÞ
ba ðEÞ ¼ hUbðEÞjT̂ ðgÞðEÞjUaðEÞi: ð5:4Þ
The second variational principle we consider is the Schwinger principle [55]
dF2½jWðgÞ
a ðEÞi; hWð�g�Þ

b ðEÞj� ¼ 0; ð5:5Þ

T ðgÞ
ba ðEÞ ¼ F2½jWðgÞ

a ðEÞi; hWð�g�Þ
b ðEÞj�; ð5:6Þ
with the linear functional
F2½jW
ðgÞ
a i; hWð�g�Þ

b j� ¼ hUbðEÞjV̂ jW
ðgÞ
a i þ hWð�g�Þ

b jV̂ jUaðEÞi

� hWð�g�Þ
b jV̂ þ V̂ ĜðgÞ

0 ðEÞV̂ jWðgÞ
a i: ð5:7Þ
The third principle is the Schwinger principle [55]
dF3½jWðgÞ
a ðEÞi; hWð�g�Þ

b ðEÞj� ¼ 0; ð5:8Þ

T ðgÞ
ba ðEÞ ¼ F3½jWðgÞ

a ðEÞi; hWð�g�Þ
b ðEÞj�; ð5:9Þ
with the fractional functional
F3½jW
ðgÞ
a i; hWð�g�Þ

b j� ¼
hUbðEÞjV̂ jW

ðgÞ
a ihWð�g�Þ

b jV̂ jUaðEÞi

hWð�g�Þ
b jV̂ þ V̂ ĜðgÞ

0 ðEÞV̂ jWðgÞ
a i

: ð5:10Þ
In the functionals (5.7) and (5.10), jWðgÞ
a i and hWð�g�Þ

b j are estimates of jWðgÞ
a ðEÞi and

hWð�g�Þ
b ðEÞj, respectively, where the state jWðgÞ

a ðEÞi is a solution to the Lippmann–

Schwinger equation (2.16) with jUðEÞi ¼ jUaðEÞi and hWð�g�Þ
b ðEÞj is a Hermitian

adjoint to jWð�g�Þ
b ðEÞi, the latter being defined analogously to jWðgÞ

a ðEÞi. It is worth
noticing that, since the functional (5.10) has the property that for arbitrary
la; lb 2 C n f0g it holds
F3½lajW
ðgÞ
a i; lbhW

ð�g�Þ
b j� ¼ F3½jW

ðgÞ
a i; hWð�g�Þ

b j�; ð5:11Þ
the principle (5.8) and (5.9) may be replaced by the following more general one:
dF3½lajWðgÞ
a ðEÞi; lbhW

ð�g�Þ
b ðEÞj� ¼ 0; ð5:12Þ

T ðgÞ
ba ðEÞ ¼ F3½lajWðgÞ

a ðEÞi; lbhW
ð�g�Þ
b ðEÞj�: ð5:13Þ
To see how the variational method works in practice, let us approximate jX ðEÞi
as a linear combination of n linearly independent (but not necessarily orthogonal)

vectors fjviig:
jX i ¼
Xn

i¼1

cijvii; ð5:14Þ
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where fcig are yet unknown coefficients which remain to be optimized. Substitution

of this estimate, and its adjoint, into the functional (5.3) yields
F1 cy; c
� �

¼ cyAðEÞc
cyBðEÞc

; ð5:15Þ
where c is an n-component column matrix with elements fcig, cy is an n-component

row matrix with elements fc�i g, while AðEÞ and BðEÞ are n� n Hermitian matrices

with elements
AijðEÞ ¼ hvijV̂ þ V̂ Ĝð0Þ
0 ðEÞV̂ jvji ð5:16Þ
and
BijðEÞ ¼ hvijV̂ D̂0ðEÞV̂ jvji; ð5:17Þ
respectively. We shall denote by ~cðEÞ and ~cyðEÞ these vectors c and cy for which

the functional (5.15) is stationary with respect to variations in their components,

i.e.,
dF1½~cyðEÞ;~cðEÞ� ¼ 0; ð5:18Þ

and define
~kðEÞ ¼ F1 ~cyðEÞ;~cðEÞ
h i

: ð5:19Þ
Eqs. (5.15), (5.18), and (5.19) lead to the generalized matrix eigensystem
AðEÞ~cðEÞ ¼ ~kðEÞBðEÞ~cðEÞ ð5:20Þ

and to its Hermitian adjoint. In general, the eigensystem (5.20) will have m6 n ei-

genvalues f~kcðEÞg and associated eigenvectors f~ccðEÞg (the index c serves to distin-

guish between eigenvectors, i.e., in the case of degeneracy some eigenvalues with

different indices will coincide). Since both the matrices AðEÞ and BðEÞ are Hermitian
and B is positive definite, the eigenvalues to the system (5.20) possess the desired

property of being real:
~k�cðEÞ ¼ ~kcðEÞ; ð5:21Þ

while eigenvectors belonging to different eigenvalues are orthogonal in the sense of
~cycðEÞBðEÞ~cc0 ðEÞ ¼ 0 ~kcðEÞ
�

6¼ ~kc0 ðEÞ
�
: ð5:22Þ
In what follows, we shall be assuming that eigenvectors belonging to degenerate

eigenvalues (if there are any) have been also orthogonalized in the sense ana-

logous to Eq. (5.22) and that all eigenvectors have been normalized so that it

holds
~cycðEÞBðEÞ~cc0 ðEÞ ¼ dcc0 : ð5:23Þ
With this assumption, from Eq. (5.20) we infer
~cycðEÞAðEÞ~cc0 ðEÞ ¼ ~kcðEÞdcc0 : ð5:24Þ
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The eigenvalues f~kcðEÞg are variational estimates of the eigenvalues fkcðEÞg and

the vectors
n

j ~XcðEÞi ¼
X
i¼1

~cicðEÞjvii; ð5:25Þ
where f~cicðEÞg are components of ~ccðEÞ, are the best estimates of the associated

eigenvectors fjXcðEÞig obtainable within the class (5.14). With the aid of Eqs. (5.17)

and (5.23), it is easily verifiable that the states (5.25) are orthonormal in the sense of
h ~XcðEÞjV̂ D̂0ðEÞV̂ j ~Xc0 ðEÞi ¼ dcc0 ð5:26Þ

(cf. the orthonormality relation (3.12)). Moreover, from Eqs. (5.25), (5.16), and

(5.24) one infers
h ~XcðEÞjV̂ þ V̂ Ĝð0Þ
0 ðEÞV̂ j ~Xc0 ðEÞi ¼ ~kcðEÞdcc0 : ð5:27Þ
Hence, on combining the relations (5.26) and (5.27) with the definition (2.7), one also
obtains
h ~XcðEÞjV̂ þ V̂ ĜðgÞ
0 ðEÞV̂ j ~Xc0 ðEÞi ¼ ½~kcðEÞ þ ig�dcc0 : ð5:28Þ
From elements of the sets f~kcðEÞg, fj ~XcðEÞig, and fh ~XcðEÞjg one may directly con-

struct the following operator:
~̂T
ðgÞðEÞ ¼

Xm

c¼1

1

~kcðEÞ þ ig
V̂ j ~XcðEÞih ~XcðEÞjV̂ ð5:29Þ
approximating T̂ ðgÞðEÞ (cf. Eq. (3.21)). Below we shall show that the operator (5.29)

is optimal in the sense that it is a variational approximation to T̂ ðgÞðEÞ. To this end,

consider the functional (5.7) with
V̂ jWðgÞ
a i ¼

Xm

c¼1

aðgÞca V̂ j ~XcðEÞi; ð5:30Þ

hWð�g�Þ
b jV̂ ¼

Xm

c¼1

að�g�Þ�
cb h ~XcðEÞjV̂ ; ð5:31Þ
where faðgÞca g and fað�g�Þ�
cb g are as yet undetermined constants. After making use of Eq.

(5.28), we have
F2 aðgÞa ; a
ð�g�Þy
b

h i
¼ ~Vy

bðEÞaðgÞa þ a
ð�g�Þy
b

~VaðEÞ � a
ð�g�Þy
b ½~WðEÞ þ igI�aðgÞa : ð5:32Þ
Here ~WðEÞ is a m� m diagonal matrix with elements f~kcðEÞdcc0 g, I is the m� m unit

matrix, aðgÞa and ~VaðEÞ are, respectively, m-element column matrices with elements

faðgÞca g and f ~VcaðEÞg, where

~VcaðEÞ ¼ h~X cðEÞjV̂ jUaðEÞi; ð5:33Þ
while a
ð�g�Þy
b and ~Vy

bðEÞ are m-element row matrices with elements fað�g�Þ�
cb g and

f ~V �
cbðEÞg, respectively. In what follows, we shall denote by ~aðgÞa ðEÞ and ~a

ð�g�Þy
b ðEÞ these

vectors aðgÞa and a
ð�g�Þy
b which make the functional (5.32) stationary with respect to

variations in their components, i.e.,
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dF2 ~aðgÞa ðEÞ; ~að�g�Þy
b ðEÞ

h i
¼ 0; ð5:34Þ
and define
~T ðgÞ
ba ðEÞ ¼ F2 ~aðgÞa ðEÞ; ~að�g�Þy

b ðEÞ
h i

: ð5:35Þ
The stationarity condition (5.34) leads to the following algebraic systems for ~aðgÞa ðEÞ
and ~a

ð�g�Þy
b ðEÞ:
½~WðEÞ þ igI�~aðgÞa ðEÞ ¼ ~VaðEÞ; ð5:36Þ

~a
ð�g�Þy
b ðEÞ½~WðEÞ þ igI� ¼ ~Vy

bðEÞ; ð5:37Þ
with solutions
~aðgÞa ðEÞ ¼ ½~WðEÞ þ igI��1~VaðEÞ ð5:38Þ

and
~a
ð�g�Þy
b ðEÞ ¼ ~Vy

bðEÞ½~WðEÞ þ igI��1
; ð5:39Þ
respectively. Invoking the definition (5.32) and substituting the results (5.38) and

(5.39) into Eq. (5.35) gives
~T ðgÞ
ba ðEÞ ¼ ~Vy

bðEÞ½~WðEÞ þ igI��1~VaðEÞ ð5:40Þ
or equivalently
~T ðgÞ
ba ðEÞ ¼

Xm

c¼1

1

~kcðEÞ þ ig
hUbðEÞjV̂ j ~XcðEÞih ~XcðEÞjV̂ jUaðEÞi: ð5:41Þ
Eq. (5.41) provides a variational estimate of the matrix element (5.4). However,

Eq. (5.41) may also be rewritten in the form
~T ðgÞ
ba ðEÞ ¼ hUbðEÞj ~̂T

ðgÞðEÞjUaðEÞi; ð5:42Þ
where ~̂T
ðgÞðEÞ is the operator defined in Eq. (5.29). Since jUaðEÞi and hUbðEÞj are

arbitrary (cf. the remark preceding Eq. (5.4)), the operator (5.29) may be considered
to be a variational approximation to T̂ ðgÞðEÞ.

It is interesting that considerations analogous to those presented above but with

the functional (5.7) replaced by the fractional functional (5.10) also yield the opera-

tor (5.29) as a variational approximation to T̂ ðgÞðEÞ.
6. Application to Schrödinger particles

6.1. Eigenchannel wave functions and eigenchannel harmonics

Consider a Schr€odinger particle in three spatial dimensions. The free-particle

Green functions
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Gð�Þ
0 ðE; r; r0Þ � hrjĜð�Þ

0 ðEÞjr0i ð6:1Þ

are those solutions to the inhomogeneous Schr€odinger equation (E > 0, r0 fixed)
�

� �h2

2m
$2 � E

�
Gð�Þ

0 ðE; r; r0Þ ¼ d3ðr� r0Þ; ð6:2Þ
which asymptotically obey the Sommerfeld conditions
r
o

or

�
� ik

�
Gð�Þ

0 ðE; r; r0Þ !r!1
0 ð6:3Þ
with
k ¼
ffiffiffiffiffiffiffiffiffi
2mE

�h2

r
: ð6:4Þ
The functions Gð�Þ
0 ðE; r; r0Þ are explicitly given by
Gð�Þ
0 ðE; r; r0Þ ¼ m

2p�h2
e�ikjr�r0 j

jr� r0j ð6:5Þ
and may be rewritten as
Gð�Þ
0 ðE; r; r0Þ ¼ Gð0Þ

0 ðE; r; r0Þ � iD0ðE; r; r0Þ; ð6:6Þ

where
Gð0Þ
0 ðE; r; r0Þ � hrjĜð0Þ

0 ðEÞjr0i ¼ m

2p�h2
cosðkjr� r0jÞ

jr� r0j ð6:7Þ
and
D0ðE; r; r0Þ � hrjD̂0ðEÞjr0i ¼
m

2p�h2
sinðkjr� r0jÞ

jr� r0j : ð6:8Þ
Let V̂ be a potential operator with a short range Hermitian kernel V ðr; r0Þ.
Following Eqs. (3.1) and (4.1), the spatial representations of the eigenchannels,
XcðE; rÞ � hrjXcðEÞi; ð6:9Þ
hereafter called eigenchannel wave functions, are defined as eigenfunctions of the

integral equation
XcðE; rÞ ¼ �
Z
R3

d3r0 Gð0Þ
0 ðE; r; r0Þ

h
þ cot dcðEÞD0ðE; r; r0Þ

i
V̂ XcðE; r0Þ; ð6:10Þ
where � cot dc (E) is an eigenparameter. Equivalently, in terms of the Green func-

tions Gð�Þ
0 ðE; r; r0Þ the eigenequation (6.10) reads
XcðE; rÞ ¼
1

2i sindcðEÞ
�
Z
R3

d3r0 e�idcðEÞGð�Þ
0 ðE; r; r0Þ

h
� eidcðEÞGðþÞ

0 ðE; r; r0Þ
i
V̂ XcðE; r0Þ: ð6:11Þ
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Still another form of Eq. (6.10), resulting from employing Eqs. (6.7) and (6.8), is
XcðE; rÞ ¼ � m

2p�h2
1

sin dcðEÞ

Z
R3

d3r0
sin½kjr� r0j þ dcðEÞ�

jr� r0j V̂ XcðE; r0Þ: ð6:12Þ
From Eqs. (6.11) and (6.2) it follows that the eigenchannel wave functions are so-
lutions to the Schr€odinger equation
�

� �h2

2m
$2 þ V̂ � E

�
XcðE; rÞ ¼ 0: ð6:13Þ
In accordance with Eq. (3.12), hereafter we shall be assuming that the eigenchan-

nel wave functions are orthonormal in the sense of
Z
R3

d3r

Z
R3

d3r0 X �
c ðE; rÞV̂ D0ðE; r; r0ÞV̂ Xc0 ðE; r0Þ ¼ dcc0 : ð6:14Þ
If Eq. (6.14) holds, from Eq. (6.10) one has
cot dcðEÞ ¼ �
Z
R3

d3rX �
c ðE; rÞV̂ XcðE; rÞ

�
Z
R3

d3r

Z
R3

d3r0 X �
c ðE; rÞV̂ G

ð0Þ
0 ðE; r; r0ÞV̂ XcðE; r0Þ: ð6:15Þ
From Eq. (6.11) and from the asymptotic relations
Gð�Þ
0 ðE; r; r0Þ !r!1 m

2p�h2
U�ðE;�n; r0Þ e

�ikr

r
; ð6:16Þ
where
UðE; n; r0Þ � hr0jUðE; nÞi ¼ eikn�r
0
; ð6:17Þ
with n ¼ r=r, one deduces that asymptotically
XcðE; rÞ !
r!1

ffiffiffiffiffiffiffiffiffi
m

2�h2k

r
1

i sindcðEÞ
e�ikr�idcðEÞ

r
YcðE;

�
� nÞ � eikrþidcðEÞ

r
YcðE; nÞ

�
: ð6:18Þ
In Appendix C.1 we show that the angular functions
YcðE; nÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
mk

8p2�h2

r Z
R3

d3r0U�ðE; n; r0ÞV̂ XcðE; r0Þ; ð6:19Þ
hereafter termed the eigenchannel harmonics, form an orthonormal set on the unit

sphere:I

4p
d2nY �

c ðE; nÞYc0 ðE; nÞ ¼ dcc0 : ð6:20Þ
6.2. Eigenchannel expansions of wave functions and Green functions

The wave functions
Wð�ÞðE; n0; rÞ � hrjWð�ÞðE; n0Þi ð6:21Þ



520 R. Szmytkowski / Annals of Physics 311 (2004) 503–540
are solutions to the Schr€odinger equation
�
� �h2

2m
$2 þ V̂ � E

�
Wð�ÞðE; n0; rÞ ¼ 0 ð6:22Þ
with the asymptotic forms
Wð�ÞðE; n0; rÞ !
r!1

lim
r!1

UðE; n0; rÞ þ Að�ÞðE; n; n0Þ
e�ikr

r
; ð6:23Þ
where the far-field amplitudes Að�ÞðE; n; n0Þ are to be determined. The functions

(6.21) obey also the Lippmann–Schwinger equations
Wð�ÞðE; n0; rÞ ¼ UðE; n0; rÞ �
Z
R3

d3r0Gð�Þ
0 ðE; r; r0ÞV̂Wð�ÞðE; n0; r0Þ: ð6:24Þ
In view of Eqs. (4.10), (6.1), (6.9), (6.17), and (6.21), the representations

of Wð�ÞðE; n0; rÞ in terms of the eigenchannel wave functions and eigenchannel

harmonics are
Wð�ÞðE; n0; rÞ ¼ UðE; n0; rÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffi
8p2�h2

mk

s X
c

e�idcðEÞ sin dcðEÞY �
c ðE; n0Þ

�
Z
R3

d3r0Gð�Þ
0 ðE; r; r0ÞV̂ XcðE; r0Þ: ð6:25Þ
The Green functions
Gð�ÞðE; r; r0Þ � hrjĜð�ÞðEÞjr0i ð6:26Þ

are solutions to the inhomogeneous Schr€odinger equation
�

� �h2

2m
$2 þ V̂ � E

�
Gð�ÞðE; r; r0Þ ¼ d3ðr� r0Þ ð6:27Þ
satisfying
r
o

or

�
� ik

�
Gð�ÞðE; r; r0Þ !r!1

0; ð6:28Þ
they obey also the integral equations
Gð�ÞðE; r; r0Þ ¼ Gð�Þ
0 ðE; r; r0Þ �

Z
R3

d3r00 Gð�Þ
0 ðE; r; r00ÞV̂ Gð�ÞðE; r00; rÞ: ð6:29Þ
In view of Eqs. (4.11), (6.1), (6.9), and (6.29), Gð�ÞðE; r; r0Þ may be represented as
Gð�ÞðE; r; r0Þ ¼ Gð�Þ
0 ðE; r; r0Þ þ

X
c

e�idcðEÞ sin dcðEÞ

�
Z
R3

d3r00Gð�Þ
0 ðE; r; r00ÞV̂ XcðE; r00Þ

�
Z
R3

d3r000 X �
c ðE; r000ÞV̂ G

ð�Þ
0 ðE; r000; r0Þ: ð6:30Þ
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From Eq. (6.30) and from the property (cf. Eq. (6.5))
Gð�Þ�
0 ðE; r; r0Þ ¼ Gð�Þ

0 ðE; r0; rÞ ð6:31Þ

it follows immediately that also
Gð�Þ�ðE; r; r0Þ ¼ Gð�ÞðE; r0; rÞ: ð6:32Þ

Moreover, from Eqs. (6.30), (6.16), (6.19), (6.25), and from the relation
U�ðE;�n; r0Þ ¼ UðE;�n; r0Þ ð6:33Þ

one infers that
Gð�ÞðE; r; r0Þ !r!1 m

2p�h2
e�ikr

r
Wð�Þ�ðE;�n; r0Þ ð6:34Þ
and
Gð�ÞðE; r; r0Þ !r
0!1 m

2p�h2
e�ikr0

r0
Wð�ÞðE;�n0; rÞ: ð6:35Þ
6.3. Far-field amplitudes

On passing in Eq. (6.25) to the limit r ! 1, employing Eqs. (6.16) and (6.19), and

making comparison of the result with Eq. (6.23), we arrive at the following represen-

tations of the far-field amplitudes in terms of the eigenchannel harmonics and the

eigenphases:
Að�ÞðE; n; n0Þ ¼
4p
k

X
c

e�idcðEÞ sin dcðEÞYcðE;�nÞY �
c ðE; n0Þ: ð6:36Þ
It is worth observing that, in virtue of the orthonormality relation (6.20), one has
I
4p
d2n0 Að�ÞðE;�n; n0ÞYcðE; n0Þ ¼

4p
k
e�idcðEÞ sin dcðEÞYcðE; nÞ; ð6:37Þ
i.e., if the amplitudes Að�ÞðE;�n; n0Þ are considered as integral kernels, the eigen-
channel harmonics fYcðE; nÞg are their orthonormal eigenfunctions associated with

the eigenvalues fð4p=kÞ exp½�idcðEÞ� sin dcðEÞg. Consequently, after replacing n with

�n, Eq. (6.36) provides the spectral expansions of Að�ÞðE;�n; n0Þ.
The expansions (6.36) may be used to deduce, in an elementary way, various

properties of Að�ÞðE; n; n0Þ. Examples are: the reciprocity relationships
Að�Þ�ðE; n; n0Þ ¼ Að�ÞðE;�n0;�nÞ; ð6:38Þ

and the optical relations
I

4p
d2n0 Að�ÞðE; n; n0ÞAð�Þ�ðE; n0; n0Þ ¼ � 2p

ik
Að�ÞðE; n;
�

� n0Þ � Að�Þ�ðE; n0;� nÞ
�
;

ð6:39ÞI
4p
d2n0 Að�Þ�ðE; n0; nÞAð�ÞðE; n0; n0Þ ¼ � 2p

ik
Að�ÞðE;
�

� n; n0Þ � Að�Þ�ðE;� n0; nÞ
�
;

ð6:40Þ
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which in the particular case n ¼ n0 reduce to
I
4p
d2n0 jAð�ÞðE; n0; n0Þj2 ¼ � 4p

k
ImAð�ÞðE; n0;�n0Þ ð6:41Þ
and
 I
4p
d2n0 jAð�ÞðE; n0; n0Þj2 ¼ � 4p

k
ImAð�ÞðE;�n0; n0Þ; ð6:42Þ
respectively. We leave derivations of Eqs. (6.38)–(6.40) from Eqs. (6.36) and (6.20) to

the reader.

Concluding this section, we note that Eqs. (4.12), (6.19), and (6.36) imply that
Að�ÞðE; n; n0Þ ¼ � m

2p�h2
hUðE;�nÞjT̂ ð�ÞðEÞjUðE; n0Þi: ð6:43Þ
6.4. Scattering kernel

Let WðE; rÞ be an arbitrary regular solution to the Schr€odinger equation
�
� �h2

2m
$2 þ V̂ � E

�
WðE; rÞ ¼ 0: ð6:44Þ
Asymptotically, WðE; rÞ is of the form
WðE; rÞ !r!1
F�ðE; nÞ

e�ikr

r
� FþðE; nÞ

eikr

r
: ð6:45Þ
The scattering kernel SðE; n; n0Þ is defined so that
FþðE; nÞ ¼
I
4p
d2n0 SðE; n;�n0ÞF�ðE; n0Þ: ð6:46Þ
Let us make the following particular choice:
WðE; rÞ ¼ WðþÞðE; n0; rÞ: ð6:47Þ

Employing Eq. (6.23) and making use of the fact that
UðE; n0; rÞ !r!1 2pi
k

d2ðnþ n0Þ e
�ikr

r
� 2pi

k
d2ðn� n0Þ e

ikr

r
; ð6:48Þ
we have
WðþÞðE; n0; rÞ !r!1 2pi
k

d2ðnþ n0Þ e
�ikr

r
� 2pi

k
d2ðn

�
� n0Þ þ ik

2p
AðþÞðE; n; n0Þ

�
eikr

r
;

ð6:49Þ

hence, on combining Eqs. (6.45)–(6.47) and (6.49), we obtain
SðE; n; n0Þ ¼ d2ðn� n0Þ þ ik
2p

AðþÞðE; n; n0Þ: ð6:50Þ
Then, utilizing the expansion (6.36), we find the following representation of

SðE; n; n0Þ in terms of the eigenchannel harmonics:
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SðE; n; n0Þ ¼ d2ðn� n0Þ þ
X
c

½e2idcðEÞ � 1�YcðE; nÞY �
c ðE; n0Þ: ð6:51Þ
With the aid of this representation, one easily proves that
I
4p
d2n0 SðE; n; n0ÞYcðE; n0Þ ¼ e2idcðEÞYcðE; nÞ; ð6:52Þ
i.e., that the eigenchannel harmonics fYcðE; nÞg are eigenfunctions of the scattering

kernel associated with the eigenvalues fexp½2idcðEÞ�g, and that
I
4p
d2n00 SðE; n; n00ÞS�ðE; n0; n00Þ ¼ d2ðn� n0Þ; ð6:53Þ

I
4p
d2n00 S�ðE; n00; nÞSðE; n00; n0Þ ¼ d2ðn� n0Þ; ð6:54Þ
which means that the scattering kernel is unitary. Finally, we observe that if the
potential V̂ is such that the eigenchannel harmonics form a complete set on the unit

sphere (which is not the case for finite-rank separable potentials!):
X
c

YcðE; nÞY �
c ðE; n0Þ ¼ d2ðn� n0Þ; ð6:55Þ
Eq. (6.51) becomes
SðE; n; n0Þ ¼
X
c

e2idcðEÞYcðE; nÞY �
c ðE; n0Þ: ð6:56Þ
6.5. Scattering cross-sections

The function WðþÞðE; n0; rÞ is the physical scattering function induced by the

monochromatic plane wave UðE; n0; rÞ and AðþÞðE; n; n0Þ is the corresponding scatter-
ing amplitude. Accordingly, the differential cross-section for scattering from the di-

rection n0 into the direction n is
d2QðE; n; n0Þ
d2n

¼ jAðþÞðE; n; n0Þj2: ð6:57Þ
It follows from Eqs. (6.57), (6.36), and (6.20) that the total cross-section
QðE; n0Þ ¼
I
4p
d2n

d2QðE; n; n0Þ
d2n

ð6:58Þ
may be expressed in terms of the eigenchannel harmonics and the eigenphases in the

following way:
QðE; n0Þ ¼
16p2

k2
X
c

sin2 dcðEÞjYcðE; n0Þj2: ð6:59Þ
Averaging QðE; n0Þ over all directions of incidence n0 yields the average total

cross-section
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QðEÞ ¼ 1

4p

I
4p
d2n0QðE; n0Þ; ð6:60Þ
for which, from Eqs. (6.59) and (6.20), one finds
QðEÞ ¼ 4p
k2

X
c

sin2 dcðEÞ: ð6:61Þ
6.6. Potential with a real symmetric kernel

Thus far, we have been assuming only that the potential V̂ is of the short range

nature and that its kernel V ðr; r0Þ is Hermitian. Below we shall investigate briefly con-

sequences of making an additional assumption that V ðr; r0Þ is also real (hence, in vir-

tue of the Hermiticity, symmetric).

It is seen from Eq. (6.10) that in the case considered here the complex conjugate of

any eigenchannel wave function is also an eigenchannel wave function, both being

associated with the same real eigenvalue. This implies that the eigenchannel wave
functions may be chosen to be real:
X �
c ðE; rÞ ¼ XcðE; rÞ; ð6:62Þ
and throughout the rest of this subsection we shall be assuming that Eq. (6.62) holds.

With this assumption, from Eqs. (6.19) and (6.33) one finds that the eigenchannel

harmonics obey
Y �
c ðE; nÞ ¼ YcðE;�nÞ: ð6:63Þ
Then
YcðE;�nÞ ¼ jYcðE; nÞje�iucðEÞ; ð6:64Þ

where ucðEÞ is a real phase, and it follows from Eqs. (6.18) and (6.64) that asymp-

totically the eigenchannels are of the form
XcðE; rÞ !
r!1 �

ffiffiffiffiffiffiffi
2m

�h2k

r
sin½kr þ ucðEÞ þ dcðEÞ�

sin dcðEÞ
jYcðE; nÞj: ð6:65Þ
In the case considered here, in addition to the reciprocity relations (6.38), the far-

field amplitudes obey also the reciprocity relations
Að�ÞðE;�n0;�nÞ ¼ Að�ÞðE; n; n0Þ: ð6:66Þ

Indeed, from the expansion (6.36) one has
Að�ÞðE;�n0;�nÞ ¼ 4p
k

X
c

e�idcðEÞ sin dcðEÞY �
c ðE;�nÞYcðE;�n0Þ: ð6:67Þ
After employing the property (6.63), one sees that the right-hand side of Eq. (6.67) is

identical with the right-hand side of Eq. (6.36), hence the relations (6.66) follow.

With the aid of Eqs. (6.31), (6.33), (6.62), (6.63), and the symmetry relations
Gð�Þ
0 ðE; r; r0Þ ¼ Gð�Þ

0 ðE; r0; rÞ; ð6:68Þ
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following directly from Eq. (6.5), from Eq. (6.25) one easily deduces that in the case

considered here it holds
Wð�Þ�ðE; n0; rÞ ¼ Wð�ÞðE;�n0; rÞ: ð6:69Þ

Similarly, application of (6.31), (6.62), (6.63), and (6.68) to Eq. (6.30) yields
Gð�ÞðE; r; r0Þ ¼ Gð�ÞðE; r0; rÞ: ð6:70Þ

Combining Eq. (6.70) with the asymptotic relations (6.34) and (6.35) is another way

of obtaining Eq. (6.69).
7. Application to Dirac particles

7.1. Eigenchannel bispinor wave functions and eigenchannel bispinor harmonics

For a free Dirac particle in three spatial dimensions the matrix Green functions
G
ð�Þ
0 ðE; r; r0Þ � hrjĜð�Þ

0 ðEÞjr0i ð7:1Þ

are these 4� 4 matrix solutions to the inhomogeneous Dirac equation (jEj > mc2, r0

fixed)
½�ic�ha � $þ mc2b� EI�Gð�Þ
0 ðE; r; r0Þ ¼ d3ðr� r0ÞI ð7:2Þ
which asymptotically obey the following counterparts of the Sommerfeld conditions

(6.3):
r n � aþ
�

� c�hk
E þ mc2

bþ

�
G

ð�Þ
0 ðE; r; r0Þ !r!1

0 ð7:3Þ
or equivalently
r n � a�
�

� c�hk
E � mc2

b�

�
G

ð�Þ
0 ðE; r; r0Þ !r!1

0: ð7:4Þ
In Eq. (7.2) a and b are the standard 4� 4 Dirac matrices, I is the 4� 4 unit matrix,

the 4� 4 matrices a� and b� appearing in Eqs. (7.3) and (7.4) are defined as
b� ¼ 1

2
ðI� bÞ; a� ¼ b�a; ð7:5Þ
while the Dirac wave number is
k ¼ sgnðEÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 � ðmc2Þ2

q
c�h

: ð7:6Þ
Explicitly one has
G
ð�Þ
0 ðE; r; r0Þ ¼ �ic�ha � $þ mc2bþ EI

4pc2�h2
e�ikjr�r0 j

jr� r0j : ð7:7Þ
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The functions (7.7) may be represented as
G
ð�Þ
0 ðE; r; r0Þ ¼ G

ð0Þ
0 ðE; r; r0Þ � iD0ðE; r; r0Þ ð7:8Þ
with
G
ð0Þ
0 ðE; r; r0Þ � hrjĜð0Þ

0 ðEÞjr0i ¼ �ic�ha � $þ mc2bþ EI

4pc2�h2
cosðkjr� r0jÞ

jr� r0j ð7:9Þ
and
D0ðE; r; r0Þ � hrjD̂0ðEÞjr0i ¼
�ic�ha � $þ mc2bþ EI

4pc2�h2
sinðkjr� r0jÞ

jr� r0j : ð7:10Þ
For a given Hermitian short range potential operator V̂ , the eigenchannel bis-

pinor wave functions
XcðE; rÞ � hrjXcðEÞi ð7:11Þ

are solutions to the integral eigenproblem
XcðE; rÞ ¼ �
Z
R3

d3r0 G
ð0Þ
0 ðE; r; r0Þ

h
þ cot dcðEÞD0ðE; r; r0Þ

i
V̂ XcðE; r0Þ ð7:12Þ
with � cot dcðEÞ being the eigenvalue. In virtue of Eqs. (7.7)–(7.10), Eq. (7.12) may

be equivalently rewritten as
XcðE; rÞ ¼
1

2i sindcðEÞ
�
Z
R3

d3r0 e�idcðEÞG
ð�Þ
0 ðE; r; r0Þ

h
� eidcðEÞG

ðþÞ
0 ðE; r; r0Þ

i
� V̂ XcðE; r0Þ ð7:13Þ
or
XcðE; rÞ ¼ � 1

sin dcðEÞ
�ic�ha � $þ mc2bþ EI

4pc2�h2

�
Z
R3

d3r0
sin½kjr� r0j þ dcðEÞ�

jr� r0j V̂ XcðE; r0Þ: ð7:14Þ
It follows from Eqs. (7.13) and (7.2) that the eigenchannel wave functions obey

the Dirac equation
½�ic�ha � $þ mc2bþ V̂ � EI�XcðE; rÞ ¼ 0: ð7:15Þ

Hereafter, we shall be assuming that the eigenchannel wave functions have been

orthonormalized in the sense
Z
R3

d3r

Z
R3

d3r0X y
c ðE; rÞV̂D0ðE; r; r0ÞV̂ Xc0 ðE; r0Þ ¼ dcc0 ð7:16Þ
(cf. Eq. (3.10)), where the dagger denotes the matrix Hermitian conjugation. Then

Eq. (7.12) yields
cot dcðEÞ ¼ �
Z
R3

d3rX y
c ðE; rÞV̂ XcðE; rÞ

�
Z

3

d3r

Z
3

d3r0X y
c ðE; rÞV̂ G

ð0Þ
0 ðE; r; r0ÞV̂ XcðE; r0Þ: ð7:17Þ
R R
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To investigate behaviors of the eigenchannel wave functions for r ! 1, one needs

the asymptotic representations of the Green functions (7.7). The representations
G
ð�Þ
0 ðE; r; r0Þ !r!1 E

2pc2�h2
PðE;�nÞe�ikn�r0 e

�ikr

r
; ð7:18Þ
where
PðE; nÞ ¼ c�hkn � aþ mc2bþ EI
2E

; ð7:19Þ
following directly from Eq. (7.7), must be transformed before they become conve-

nient for our purposes. To this end, we introduce two bispinors
U iðE; nÞ ¼ ð1þ e2Þ�1=2 ui
en � rui

� �
ði ¼ 1; 2Þ; ð7:20Þ
where n ¼ r=r,
e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E � mc2

E þ mc2

r
; ð7:21Þ
while the two-component n-independent spinors fuig obey
uyi ui0 ¼ dii0 ði; i0 ¼ 1; 2Þ; ð7:22Þ

X2

i¼1

uiu
y
i ¼ I ; ð7:23Þ
where I is the 2� 2 unit matrix. It is easy to verify that the bispinors (7.20) are

solutions to the homogeneous algebraic system
½c�hkn � aþ mc2b� EI�U iðE; nÞ ¼ 0 ð7:24Þ

and possess the properties
Uy
i ðE; nÞU i0 ðE; nÞ ¼ dii0 ði; i0 ¼ 1; 2Þ; ð7:25Þ

X2

i¼1

U iðE; nÞU y
i ðE; nÞ ¼ PðE; nÞ: ð7:26Þ
The property (7.26) allows us to rewrite Eq. (7.18) in the sought convenient form
G
ð�Þ
0 ðE; r; r0Þ !r!1 E

2pc2�h2
X2

i¼1

U iðE;�nÞUy
i ðE;�n; r0Þ e

�ikr

r
; ð7:27Þ
with
UiðE; n; r0Þ ¼ U iðE; nÞeikn�r
0
: ð7:28Þ
Then, with the aid of Eq. (7.27), from Eq. (7.13) we deduce that for r ! 1 it

holds
XcðE; rÞ !
r!1

sgnðEÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

E

2c2�h2k

r
1

i sindcðEÞ
e�ikr�idcðEÞ

r
YcðE;

�
� nÞ � eikrþidcðEÞ

r
YcðE; nÞ

�
ð7:29Þ
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with the eigenchannel bispinor harmonics defined as
YcðE; nÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ek

8p2c2�h2

r X2

i¼1

U iðE; nÞ
Z
R3

d3r0Uy
i ðE; n; r0ÞV̂ XcðE; r0Þ: ð7:30Þ
For the sake of later applications, we observe here that the bispinor harmonics (7.30)

have the structure
YcðE; nÞ ¼ ð1þ e2Þ�1=2 !cðE; nÞ
en � r!cðE; nÞ

� �
; ð7:31Þ
where the eigenchannel spinor harmonics !cðE; nÞ are
!cðE; nÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ek

8p2c2�h2

r X2

i¼1

ui

Z
R3

d3r0Uy
i ðE; n; r0ÞV̂ XcðE; r0Þ: ð7:32Þ
In Appendix C.2 we prove the orthonormality relation
I
4p
d2nYy

cðE; nÞYc0 ðE; nÞ ¼ dcc0 ; ð7:33Þ
which, in virtue of Eq. (7.31), is equivalent to the relation
I
4p
d2n!y

cðE; nÞ!c0 ðE; nÞ ¼ dcc0 : ð7:34Þ
7.2. Eigenchannel expansions of bispinor wave functions and matrix Green functions

Consider the wave functions
Wð�ÞðE; m0; n0; rÞ � hrjWð�ÞðE; m0; n0Þi ð7:35Þ

defined as these solutions to the Dirac equation
½�ic�ha � $þ mc2bþ V̂ � EI�Wð�ÞðE; m0; n0; rÞ ¼ 0 ð7:36Þ

for which asymptotically it holds
Wð�ÞðE; m0; n0; rÞ !
r!1

lim
r!1

UðE; m0; n0; rÞ þAð�ÞðE; m0; n; n0Þ
e�ikr

r
: ð7:37Þ
In Eq. (7.37)
UðE; m0; n0; rÞ � hrjUðE; m0; n0Þi ¼ UðE; m0; n0Þeikn0�r ð7:38Þ

is a monochromatic Dirac plane wave, while Að�ÞðE; m0; n; n0Þ are bispinor far-field

amplitudes. The bispinor plane-wave amplitude appearing in Eq. (7.38) is of the form
UðE; m0; n0Þ ¼ ð1þ e2Þ�1=2 uðm0Þ
en0 � ruðm0Þ

� �
; ð7:39Þ
where r is the vector composed of the Pauli matrices, while the two-component

spinor uðm0Þ, describing particle�s spin pointing in the direction m0, is normalized

according to
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uyðm0Þuðm0Þ ¼ 1 ð7:40Þ

and obeys
m0 � ruðm0Þ ¼ uðm0Þ: ð7:41Þ

Alternatively, the functions (7.35) are defined as solutions to the Lippmann–Schw-
inger equation
Wð�ÞðE; m0; n0; rÞ ¼ UðE; m0; n0; rÞ �
Z
R3

d3r0G
ð�Þ
0 ðE; r; r0ÞV̂Wð�ÞðE; m0; n0; r0Þ:

ð7:42Þ

It follows from Eqs. (7.42), (2.25), (7.11), (7.30), and (4.10) that the eigenchannel

representations of the functions (7.35) are
Wð�ÞðE; m0; n0; rÞ ¼ UðE; m0; n0; rÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8p2c2�h2

Ek

s X
c

e�idcðEÞ

� sin dcðEÞYy
cðE; n0ÞUðE; m0; n0Þ

�
Z
R3

d3r0G
ð�Þ
0 ðE; r; r0ÞV̂ XcðE; r0Þ: ð7:43Þ
It is also of interest to find eigenchannel representations of the Green functions
Gð�ÞðE; r; r0Þ � hrjĜð�ÞðEÞjr0i; ð7:44Þ

defined as these solutions to the Dirac equation (r0 fixed)
½�ic�ha � $þ mc2bþ V̂ � EI�Gð�ÞðE; r; r0Þ ¼ d3ðr� r0ÞI ð7:45Þ

for which
r n � aþ
�

� c�hk
E þ mc2

bþ

�
Gð�ÞðE; r; r0Þ !r!1

0 ð7:46Þ
or equivalently
r n � a�
�

� c�hk
E � mc2

b�

�
Gð�ÞðE; r; r0Þ !r!1

0 ð7:47Þ
(cf. Eqs. (7.2)–(7.4)). Alternatively, Gð�ÞðE; r; r0Þ may be defined as solutions to
Gð�ÞðE; r; r0Þ ¼ G
ð�Þ
0 ðE; r; r0Þ �

Z
R3

d3r00 G
ð�Þ
0 ðE; r; r00ÞV̂ Gð�ÞðE; r00; rÞ: ð7:48Þ
In view of Eqs. (7.48), (2.34), (7.44), (7.11), and (4.11), the sought eigenchannel

representations of Gð�ÞðE; r; r0Þ are
Gð�ÞðE; r; r0Þ ¼G
ð�Þ
0 ðE; r; r0Þþ

X
c

e�idcðEÞ sindcðEÞ
Z
R3

d3r00G
ð�Þ
0 ðE; r; r00ÞV̂ XcðE; r00Þ

�
Z

3

d3r000X y
c ðE; r000ÞV̂ G

ð�Þ
0 ðE; r000; r0Þ: ð7:49Þ
R
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From Eq. (7.49) and from the relations
G
ð�Þy
0 ðE; r; r0Þ ¼ G

ð�Þ
0 ðE; r0; rÞ ð7:50Þ
easily deducible from Eq. (7.7), one finds that Gð�ÞyðE; r; r0Þ obey the analogous

relations:
Gð�ÞyðE; r; r0Þ ¼ Gð�ÞðE; r0; rÞ: ð7:51Þ
Moreover, shifting in Eq. (7.49) either the source (r0) or the observation (r) point to
the infinity and making use of Eqs. (7.27) and (7.30) yields
Gð�ÞðE; r; r0Þ !r!1 E

2pc2�h2
e�ikr

r

X2

i¼1

U iðE;�nÞWð�Þy
i ðE;�n; r0Þ ð7:52Þ
and
Gð�ÞðE; r; r0Þ !r
0!1 E

2pc2�h2
e�ikr0

r0
X2

i¼1

Wð�Þ
i ðE;�n0; rÞUy

i ðE;�n0Þ; ð7:53Þ
with the functions Wð�Þ
i ðE; n0; rÞ defined as
Wð�Þ
i ðE; n0; rÞ ¼ UiðE; n0; rÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8p2c2�h2

Ek

s X
c

e�idcðEÞ sin dcðEÞYy
cðE; n0ÞU iðE; n0Þ

�
Z
R3

d3r00 G
ð�Þ
0 ðE; r; r00ÞV̂ XcðE; r00Þ ð7:54Þ
(cf. the definition (7.43)).

7.3. Far-field amplitudes

If the limiting passage r ! 1 is made in Eq. (7.43) and the result is transformed

with the aid of Eqs. (7.27) and (7.30), comparison with Eq. (7.37) shows that the far-

field amplitudes Að�ÞðE; m0; n; n0Þ may be expressed as
Að�ÞðE; m0; n; n0Þ ¼ Að�ÞðE; n; n0ÞUðE; m0; n0Þ ð7:55Þ
with
Að�ÞðE; n; n0Þ ¼
4p
k

X
c

e�idcðEÞ sin dcðEÞYcðE;�nÞYy
cðE; n0Þ: ð7:56Þ
From the definition (7.56), in the way completely analogous to that adopted in

Section 6.3, one may infer the following properties of the matrix amplitudes

Að�ÞðE; n; n0Þ:
I
4p
d2n0A

ð�ÞðE;�n; n0ÞYcðE; n0Þ ¼
4p
k
e�idcðEÞ sin dcðEÞYcðE; nÞ; ð7:57Þ
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Að�ÞyðE; n; n0Þ ¼ Að�ÞðE;�n0;�nÞ; ð7:58ÞI
4p
d2n0Að�ÞðE; n; n0ÞAð�ÞyðE; n0; n0Þ

¼ � 2p
ik

Að�ÞðE; n;
�

� n0Þ �Að�ÞyðE; n0;� nÞ
�
; ð7:59Þ

I
4p
d2n0Að�ÞyðE; n0; nÞAð�ÞðE; n0; n0Þ

¼ � 2p
ik

Að�ÞðE;
�

� n; n0Þ �Að�ÞyðE;� n0; nÞ
�
: ð7:60Þ
Moreover, from Eqs. (7.56) and (7.31) it follows that Að�ÞðE; n; n0Þmay be written in

the form
Að�ÞðE; n; n0Þ ¼ ð1þ e2Þ�1 Að�ÞðE; n; n0Þ eAð�ÞðE; n; n0Þn0 � r
�en � rAð�ÞðE; n; n0Þ �e2n � rAð�ÞðE; n; n0Þn0 � r

� �
;

ð7:61Þ

where Að�ÞðE; n; n0Þ are the 2� 2 matrix amplitudes defined through the expan-

sion
Að�ÞðE; n; n0Þ ¼
4p
k

X
c

e�idcðEÞ sin dcðEÞ!cðE;�nÞ!y
cðE; n0Þ: ð7:62Þ
Concluding, we observe that the counterpart of the nonrelativistic formula (6.43)

is
Að�ÞðE; m0; n; n0Þ ¼ � E

2pc2�h2
X2

i¼1

U iðE;�nÞhUiðE;�nÞjT̂ ð�ÞðEÞjUðE; m0; n0Þi:

ð7:63Þ
� 2 scattering kernel
7.4. 2

Let WðE; rÞ be an arbitrary regular solution to the Dirac equation
½�ic�ha � $þ mc2bþ V̂ � EI�WðE; rÞ ¼ 0: ð7:64Þ

Asymptotically, WðE; rÞ is of the form
WðE; rÞ !r!1
F�ðE; nÞ

e�ikr

r
� FþðE; nÞ

eikr

r
; ð7:65Þ
where F�ðE; nÞ are angle-dependent bispinor amplitudes.

In the complete analogy with the nonrelativistic case (cf. Section 6.4), one might

look for a 4� 4 scattering kernel SðE; n; n0Þ such that
FþðE; nÞ ¼
I
4p
d2n0SðE; n;�n0ÞF�ðE; n0Þ: ð7:66Þ
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It may be shown, however, that because F�ðE; nÞ are of the forms
F�ðE; nÞ ¼
�

F�ðE; nÞ
�en � rF�ðE; nÞ

�
; ð7:67Þ
where F�ðE; nÞ are spinor amplitudes, Eq. (7.66) does not define SðE; n; n0Þ uniquely.
Therefore, rather than working with SðE; n; n0Þ, one introduces a 2� 2 scattering

kernel SðE; n; n0Þ such that
FþðE; nÞ ¼
I
4p
d2n0 SðE; n;�n0ÞF�ðE; n0Þ: ð7:68Þ
To determine SðE; n; n0Þ, we choose
WðE; rÞ ¼ WðþÞðE; m0; n0; rÞ ð7:69Þ

and employ Eq. (7.37) together with the asymptotic formula
UðE; m0; n0; rÞ !
r!1 2pi

k
d2ðnþ n0ÞUðE; m0; n0Þ

e�ikr

r
� 2pi

k
d2ðn� n0ÞUðE; m0; n0Þ

eikr

r
ð7:70Þ
and Eq. (7.55). This gives
WðþÞðE; m0; n0; rÞ !
r!1 2pi

k
d2ðnþ n0ÞUðE; m0; n0Þ

e�ikr

r

� 2pi
k

d2ðn
�

� n0ÞIþ ik
2p

AðþÞðE; n; n0Þ
�
UðE; m0; n0Þ

eikr

r
: ð7:71Þ
Hence, after invoking Eqs. (7.39) and (7.61), one finds that in this particular case
F�ðE; nÞ ¼
2pi
k

ð1þ e2Þ�1=2d2ðnþ n0Þuðm0Þ; ð7:72Þ

FþðE; nÞ ¼
2pi
k

ð1þ e2Þ�1=2 d2ðn
�

� n0ÞI þ ik
2p

AðþÞðE; n; n0Þ
�
uðm0Þ; ð7:73Þ
and substitution of Eqs. (7.72) and (7.73) into the definition (7.68) leads to
SðE; n; n0Þuðm0Þ ¼ d2ðn
�

� n0ÞI þ ik
2p

AðþÞðE; n; n0Þ
�
uðm0Þ: ð7:74Þ
Since the initial spin orientation m0 may be arbitrary, from Eq. (7.74) we infer that
SðE; n; n0Þ ¼ d2ðn� n0ÞI þ ik
2p

AðþÞðE; n; n0Þ; ð7:75Þ
and further, after applying the expansion (7.62),
SðE; n; n0Þ ¼ d2ðn� n0ÞI þ
X

e2idcðEÞ
�

� 1
�
!cðE; nÞ!y

cðE; n0Þ: ð7:76Þ

c

Exploiting the representation (7.76) and the orthonormality relation (7.34), one

easily deduces the following properties of the Dirac 2� 2 scattering kernel:
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I
4p
d2n0 SðE; n; n0Þ!cðE; n0Þ ¼ e2idcðEÞ!cðE; nÞ; ð7:77Þ

I
4p
d2n0 SðE; n; n0ÞSyðE; n0; n0Þ ¼ d2ðn� n0ÞI ; ð7:78Þ

I
4p
d2n0 SyðE; n0; nÞSðE; n0; n0Þ ¼ d2ðn� n0ÞI ; ð7:79Þ
analogous to the properties (6.52)–(6.54) of the Schr€odinger scattering kernel.

Moreover, if the potential V̂ is such that the eigenchannel spinor harmonics obey

(cf., however, the remark preceding Eq. (6.65))
X
c

!cðE; nÞ!y
cðE; n0Þ ¼ d2ðn� n0ÞI ; ð7:80Þ
Eq. (7.76) simplifies to
SðE; n; n0Þ ¼
X
c

e2idcðEÞ!cðE; nÞ!y
cðE; n0Þ: ð7:81Þ
7.5. Scattering cross-sections

Similarly to the nonrelativistic case, knowledge of the asymptotics of the wave

function WðþÞðE; m0; n; n0Þ enables one to obtain the differential cross-section:
d2QðE; m0; n; n0Þ
d2n

¼ AðþÞyðE; m0; n; n0Þn � aAðþÞðE; m0; n; n0Þ
U yðE; m0; n0Þn0 � aUðE; m0; n0Þ

: ð7:82Þ
Since
UyðE; m0; n0Þn0 � aUðE; m0; n0Þ ¼
c�hk
E

ð7:83Þ
and
AðþÞyðE; m0; n; n0Þn � aAðþÞðE; m0; n; n0Þ ¼
c�hk
E

AðþÞyðE; m0; n; n0ÞAðþÞðE; m0; n; n0Þ;

ð7:84Þ

Eq. (7.82) may be simplified to
d2QðE; m0; n; n0Þ
d2n

¼ AðþÞyðE; m0; n; n0ÞAðþÞðE; m0; n; n0Þ ð7:85Þ
and further, after applying Eqs. (7.55), (7.20), and (7.61), to
d2QðE; m0; n; n0Þ
d2n

¼ uyðm0ÞAðþÞyðE; n; n0ÞAðþÞðE; n; n0Þuðm0Þ: ð7:86Þ
The total cross-section, for the given direction of incidence n0 and the given initial

spin orientation m0 is
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QðE; m0; n0Þ ¼
I
4p
d2n

d2QðE; m0; n; n0Þ
d2n

; ð7:87Þ
which, after combining with Eq. (7.62) and the orthogonality relation (7.54), be-

comes
QðE; m0; n0Þ ¼
16p2

k2
X
c

sin2 dcðEÞjuyðm0Þ!cðE; n0Þj2: ð7:88Þ
Since
uðm0Þuyðm0Þ ¼
1

2
½I þ r � m0�; ð7:89Þ
the equivalent form of Eq. (7.88) is
QðE; m0; n0Þ ¼
8p2

k2
X
c

sin2 dcðEÞ!y
cðE; n0Þ½I þ r � m0�!cðE; n0Þ: ð7:90Þ
From Eq. (7.90) one finds that the total cross-section averaged over all initial spin

orientations,
QðE; n0Þ ¼
1

4p

I
4p
d2m0QðE; m0; n0Þ; ð7:91Þ
is
QðE; n0Þ ¼
8p2

k2
X
c

sin2 dcðEÞ!y
cðE; n0Þ!cðE; n0Þ: ð7:92Þ
From this, after employing the orthonormality relation (7.34), the total cross-section
averaged over initial spin orientations and directions of incidence,
QðEÞ ¼ 1

4p

I
4p
d2n0QðE; n0Þ; ð7:93Þ
is found to be
QðEÞ ¼ 2p
k2

X
c

sin2 dcðEÞ: ð7:94Þ
8. Conclusions

Augusiak [57] has applied the approach presented in this work to scattering of
Schr€odinger and Dirac particles from a class of separable potentials. His results will

be published elsewhere.

There are at least four directions in which the formalism proposed in the present

work may be extended. First, it would be desirable to generalize it so that it becomes

also applicable to scattering from long range potentials, in particular from potentials

with Coulomb tails. Although in principle such a generalization does not seem dif-

ficult, being formally realized by including a long range component of the potential
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into the Hamiltonian Ĥ0, in practice some subtleties appear which require a more

thorough study. Second, the formalism might be extended to scattering from non-

Hermitian potentials. Third, it would be interesting to study consequences on the

formalism resulting from admitting complex energies. Finally, the approach pre-

sented in this work deserves generalization to reactive scattering. We work on these
subjects and any significant progress will be reported in future publications.
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Appendix A. Dependencies of kc(E) and dc(E) on the potential strength

In this appendix we shall investigate the dependence of eigenvalues of the eigen-

channel spectral problem (3.1) on the strength of the potential V̂ .
The following substitutions:
V̂ ! lV̂ ðl 2 R n f0gÞ; ðA:1Þ

jXcðEÞi ! jXcðE; lÞi; ðA:2Þ

kcðEÞ ! kcðE; lÞ; ðA:3Þ

transform Eqs. (3.1), (3.10), and (3.11) into
l�1 Î
h

þ Ĝð0Þ
0 ðEÞV̂

i
jXcðE; lÞi ¼ kcðE; lÞD̂0ðEÞV̂ jXcðE; lÞi; ðA:4Þ

l2hXcðE; lÞjV̂ D̂0ðEÞV̂ jXcðE; lÞi ¼ 1; ðA:5Þ

and
kcðE; lÞ ¼ hXcðE; lÞjlV̂ þ l2V̂ Ĝð0Þ
0 ðEÞV̂ jXcðE;lÞi; ðA:6Þ
respectively. Differentiating Eq. (A.6) with respect to the potential strength l, after
making use of Eq. (A.4), yields
okcðE; lÞ
ol

¼ �hXcðE; lÞjV̂ jXcðE; lÞi þ
o

ol
l2hXcðE; lÞjV̂ D̂0ðEÞV̂ jXcðE; lÞi
h i

;

ðA:7Þ

which, in virtue of Eq. (A.5), simplifies to
okcðE; lÞ
ol

¼ �hXcðE; lÞjV̂ jXcðE; lÞi: ðA:8Þ
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Since
kcðE; lÞ ¼ � cot dcðE; lÞ; ðA:9Þ

Eq. (A.8) implies
odcðE; lÞ
ol

¼ � sin2 dcðE; lÞhXcðE; lÞjV̂ jXcðE; lÞi: ðA:10Þ
From Eqs. (A.8) and (A.10) one infers that if the potential V̂ is definite then the

eigenvalues fkcðE; lÞg and the eigenphases fdcðE; lÞg are monotonic functions of the

potential strength l; in particular:
V̂ positive definite ) okcðE; lÞ
ol

< 0;
odcðE; lÞ

ol
6 0; ðA:11Þ

V̂ negative definite ) okcðE; lÞ
ol

> 0;
odcðE; lÞ

ol
P 0: ðA:12Þ
Appendix B. Construction of the functional (5.3)

We begin with rewriting the spectral problem (3.1) as
½Î þ Ĝð0Þ
0 ðEÞV̂ � kðEÞD̂0ðEÞV̂ �jX ðEÞi ¼ 0 ðB:1Þ
(for brevity, throughout this appendix indices labeling eigensolutions will be omit-

ted). Following the prescription of Gerjuoy et al. [55], considering Eq. (B.1) as a

constraint, we shall seek the functional F1 in the form
F1½k; jX i; hHj� ¼ kþ hHĵI þ Ĝð0Þ
0 ðEÞV̂ � kD̂0ðEÞV̂ jX i: ðB:2Þ
Here k and jX i are some estimates of kðEÞ and jX ðEÞi, respectively, while hHj is a
Lagrange bra which at this stage is arbitrary. It is evident that if eigensolutions to

Eq. (B.1) are substituted into the functional (B.2), for arbitrary hHj we have
F1½kðEÞ; jX ðEÞi; hHj� ¼ kðEÞ: ðB:3Þ

Consider now the first variation of the functional (B.2) due to unconstrained vari-

ations in its arguments around kðEÞ, jX ðEÞi, and some hHj (which is at our disposal),

respectively. The variation is
dF1 kðEÞ; jX ðEÞi; hHj½ �

¼ dkþ hdHjÎ þ Ĝð0Þ
0 ðEÞV̂ � kðEÞD̂0ðEÞV̂ jX ðEÞi � dkhHjD̂0ðEÞV̂ jX ðEÞi

þ hHjÎ þ Ĝð0Þ
0 ðEÞV̂ � kðEÞD̂0ðEÞV̂ jdX i ðB:4Þ
and, because of Eq. (B.1), may be simplified to
dF1½kðEÞ; jX ðEÞi; hHj� ¼ dk½1� hHjD̂0ðEÞV̂ jX ðEÞi�

þ hHjÎ þ Ĝð0Þ
0 ðEÞV̂ � kðEÞD̂0ðEÞV̂ jdX i: ðB:5Þ
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At this moment we demand that hHj is such that
dF1 kðEÞ; jX ðEÞi; hHj½ � ¼ 0: ðB:6Þ

In view of arbitrariness of the variations dk and jdX i, this yields
1� hHjD̂0ðEÞV̂ jX ðEÞi ¼ 0 ðB:7Þ

and
hHj½Î þ Ĝð0Þ
0 ðEÞV̂ � kðEÞD̂0ðEÞV̂ � ¼ 0: ðB:8Þ
Since kðEÞ is real and V̂ is Hermitian, the Hermitian adjoint to Eq. (B.8) is
½Î þ V̂ Ĝð0Þ
0 ðEÞ � kðEÞV̂ D̂0ðEÞ�jHi ¼ 0: ðB:9Þ
Comparison of Eqs. (B.1) and (B.3) shows that jHi may be chosen as
jHi ¼ gV̂ jX ðEÞi; ðB:10Þ

where g is some numerical constant. Hence, we deduce that
hHj ¼ g�hX ðEÞjV̂ ðB:11Þ

and substitution of Eq. (B.11) into Eq. (B.7) yields
g ¼ g� ¼ 1

hX ðEÞjV̂ D̂0ðEÞV̂ jX ðEÞi
: ðB:12Þ
Consequently, we infer that
hHj ¼ 1

hX ðEÞjV̂ D̂0ðEÞV̂ jX ðEÞi
hX ðEÞjV̂ : ðB:13Þ
Guided by Eq. (B.13), in the functional (B.2) we choose
hHj ¼ 1

hX jV̂ D̂0ðEÞV̂ jX i
hX jV̂ ; ðB:14Þ
which results in
F1 jX i; hX j
� �

¼ hX jV̂ þ V̂ Ĝð0Þ
0 ðEÞV̂ jX i

hX jV̂ D̂0ðEÞV̂ jX i
: ðB:15Þ
Appendix C. Orthonormality of eigenchannel harmonics
C.1. Schrödinger eigenchannel harmonics

Consider the scalar product of two Schr€odinger eigenchannel harmonics over the

unit sphere:
Icc0 ðEÞ ¼
I
4p
d2nY �

c ðE; nÞYc0 ðE; nÞ: ðC:1Þ
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On making use of the definitions (6.19) and (6.17), we rewrite this integral as
Icc0 ðEÞ ¼
mk

8p2�h2

Z
R3

d3r0
Z
R3

d3r00 X �
c ðE; r0ÞV̂

I
4p
d2n eikn�ðr

0�r00Þ
� �

V̂ Xc0 ðE; r00Þ:

ðC:2Þ

Elementary integration yields
I

4p
d2n eikn�ðr

0�r00Þ ¼ 4p
sinðkjr0 � r00jÞ
kjr0 � r00j ; ðC:3Þ
which, after making use of Eq. (6.8), becomes
I
4p
d2n eikn�ðr

0�r00Þ ¼ 8p2�h2

mk
D0ðE; r0; r00Þ: ðC:4Þ
Consequently, we have
Icc0 ðEÞ ¼
Z
R3

d3r0
Z
R3

d3r00 X �
c ðE; r0ÞV̂ D0ðE; r0; r00ÞV̂ Xc0 ðE; r00Þ; ðC:5Þ
which, in virtue of Eq. (6.14), gives
Icc0 ðEÞ ¼ dcc0 : ðC:6Þ
C.2. Dirac eigenchannel bispinor harmonics

Application of Eqs. (7.30) and (7.26) transforms the integral
Icc0 ðEÞ ¼
I
4p
d2nYy

cðE; nÞYc0 ðE; nÞ ðC:7Þ
into
Icc0 ðEÞ ¼
Ek

8p2c2�h2

Z
R3

d3r0
Z
R3

d3r00 X y
c ðE; r0ÞV̂

I
4p
d2nPðE; nÞeikn�ðr0�r00Þ

� �
V̂ Xc0 ðE; r00Þ:

ðC:8Þ

In virtue of Eq. (7.19) one has
I

4p
d2nPðE; nÞeikn�ðr0�r00Þ ¼ �ic�ha � $0 þ mc2bþ EI

2E

I
4p
d2n eikn�ðr

0�r00Þ; ðC:9Þ
which, after employing Eqs. (C.3) and (7.10), may be converted into
I
4p
d2nPðE; nÞeikn�ðr0�r00Þ ¼ 8p2c2�h2

Ek
D0ðE; r0; r00Þ: ðC:10Þ
Equations (C.8) and (C.10) imply that
Icc0 ðEÞ ¼
Z
R3

d3r0
Z
R3

d3r00 X y
c ðE; r0ÞV̂D0ðE; r0; r00ÞV̂ Xc0 ðE; r00Þ ðC:11Þ
and combining this result with Eq. (7.16) leads to
Icc0 ðEÞ ¼ dcc0 : ðC:12Þ
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