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The R-matrix theories for the Schdinger and Dirac equations are formulated in
the language of integral operators. In the nonrelativistic theory the central role is
played by an integral operatog;(E) relating function values to normal derivatives
on a surface”” of a closed volume7, inside which the function satisfies the
Schralinger equation at enerdy. In the relativistic theory, the same role is played
by two integral operators%%ﬂ(E) and%%_)(E), linking on the surface” values

of upper and lower components of spinor wave functions satisfying in the volume
7" the Dirac equation at energly. Systematic procedures for constructing the

operators%?g,(E) and%éi)(E), generalizing the methods due to Kapur and Peierls

and to Wigner, are presented. ©98 American Institute of Physics.
[S0022-24888)00210-2

I. INTRODUCTION

The R-matrix theory originated in the late 1930sithin the framework of the nuclear reac-
tions theory. At the early stages of the evolvement of the method, the most significant contribu-
tions were made by Wign&t® and since then the method has been invariably associated with his
name. In the field of nuclear physics the theory achieved the most spectacular successes in the
1950s and the early 19608 Later, the interest of the nuclear physics community inRkmatrix
theory diminished but at nearly the same time it was recognized that the method was ideally suited
for applications in atomic and molecular physics. Over the last 30 yearR-thatrix theory has
evolved into one of the most popular and accurate methods used in theoretical studies of such
atomic and molecular phenomena as electron collisions with atoms, molecules and ions, atomic
and molecular photoionization and spectra of Rydberg systeths.

To summarize the most important features of Bamatrix theory, let us consider scattering of
a particle of energ¥ in a field of a real local potentiaf(r). In theR-matrix approach one divides
the physical space into two regions separated by an imagined closed sutf#tde assumed that
in the external region the potenti(r) is so simple that a general solution of a time-independent
wave equation governing the dynamics of the particle in that region is known either analytically or
at least in a numerical form. To the contrary, in the internal regiothe potential(r) may be
much more complicated. It was pointed out by Kapur and Péiatd by Wigner and
co-workeré~® that from the point of view of the external region, the dom&immay be treated as
a “black box” and the collision matriXJ(E) may still be found provided one knows a natural
boundary condition obeyed on the surfageby all solutions of the wave equation considered. It
was shown by Teichmann and WigRéhnat if an orthonormal set of basis functiofi;} spanning
the surface”” is given, a general matrix form of such a natural boundary condition for the
Schralinger equation is

P(E)=Ry(E)[D(E)—bP(E)]. )

In Eq. (1) P(E) andD(E) are column matrices containing, respectively, projections of the wave
function'¥ and its normal derivativ® , ¥ at the surface” onto the surface basis functiof®;},

b is an arbitrary Hermitian matrix which may be chosen at one’s will. The goal of the theory is to
find the energy-dependent matii,(E). Once this goal is achieved, the collision mattXE)

may be expressed in terms of tRematrix R,(E).%®
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Some years ago Nesbet® pointed out that since the Scidiager equation is not a matrix
equation but a partial differential equation, it is more fundamental to formulate the theory in terms
of integral operators rather than in terms of matrices. According to Nesbet, in the nonrelativistic
theory the central role is played not by the matyE) itself but by an integral operato;(E)
such that

W (E,p)=Z(E) V¥ (E,p)— bW(E,p)]. )

Here p is an arbitrary point on the surfac€ and b is a Hermitian integral operator acting on
functions defined on the surface” which may be chosen at our will. The operatat;(E) is
independent of the choice of a particular basis set spanning the surtddewever, once such a
basis set is chosen, matrix elements of the operafpfE) between basis functions form the
matrix Ry(E) in that particular representation.

In this work we present the thorough discussion of the operator formulation of the version of
the R-matrix theory due to Kapur and Peiérté and to Wignef3#® We consider both the
nonrelativistic case when the wave equation of the particle is the iciger equation as well as
the relativistic case of a particle whose dynamics are governed by the Dirac equation. There are
two main motivations for undertaking this work. First, the operator formulation oRdneatrix
theory is more general and elegant than the matrix approach. It is more transparent and therefore
better suited for examining mathematical aspects of the method. Such a formulation is also in
accord with the permanent trend in theoretical physics to make a mathematical formalism under-
lying any theoretical method as general dtala reasonable exteras rigorous as possible. Even
if providing a general mathematical formulation of a particular method does not result in an
immediate breakthrough in practical applications, usually it leads to better understanding of the
essence of the method and may stimulate its further development. The second motivation is of a
more practical nature. It appears that the operator formulation oRthmatrix theory relatively
simply vyields results which are valid for an arbitrarily shaped volurieThis is of particular
significance in the case of tHematrix theory for the Dirac equation since previous attempts to
develop such a theory based on a matrix apprbachled to difficulties: the resulting theories
either contained an errdthis was shown by Szmytkowski and Hift2é3 or were restricted solely
to a spherically symmetric volumg" 1718

The plan of the paper is as follows. In Sec. Il the notation used subsequently is introduced.
Section Il deals with the nonrelativisti®-matrix theory. In Sec. Ill A it is shown how the
operator.7Z;(E) arises in the theory. A method of constructing the integral kernel of the operator
Z24(E) is discussed in Sec. Il B. The operator formulation of Byenatrix theory for the Dirac
equation is the subject of Sec. IV. In Sec. IV A two operat@feg)(E) andy’z?(é_)(E) are intro-

duced. The operato%f;”(E) is, to some extent, an analog of the nonrelativistic operatgiE).
The nonrelativistic limit of the operato%?({)(E) is discussed in Sec. IVB. In Sec. IV C the
explicit forms of the operatorsé)ff)(E) are found. Finally, conclusions are presented in Sec. V.

II. PRELIMINARIES

Before we proceed to the matter, we acquaint the reader with the notation used throughout the
paper. In the following, we shall restrict our considerations to a finite volambounded by a
surface””. Everywhere in the paperstands for a position vector of a point in the volumié If
the pointr lies on the boundary”, we use the symbgb instead ofr. Moreover,n(p) means an
outward unit vector normal to the surfacé at the pointp. Since this should not cause any
misunderstanding, we shall use the same symbols to denote inner products of scalar or spinor
functions. Thus, ifP(r) and®’(r) are two scalar functiongsuch functions appear in the nonrel-
ativistic theory, their volume and surface scalar products are

<‘I’|<1>'>EJ7_0|3r DX (r)®'(r), (<1>|<D’)ELO|ZP P*(p)P'(p), ()
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respectively, where the asterisk denotes the complex conjugation. If, indarpnand®’(r) are
two spinor functiongencountered in the Dirac thegntheir volume and surface scalar products
are

(<I>|<D’>ELHd3r o1 (1)@’ (1), (®|¢'>Ef/d2p o1(p)d' (p), (@)

respectively, where the dagger denotes the matrix Hermitian conjugation. If3asd (4) d3r
is an infinitesimal volume element around the pairand d?p is an infinitesimal scalar surface
element around the poinpt R

The following notation concerning the operators will be used?ifs an integral operator on
the surface” and if @(p,p’) is its integral kernel, then for any well behaving scalar or spinor
function ®(p) we have

C®(p)= Ldzp’ Ap.p" )P(p"), ®)

®'(p)o= f ' @T(p)(p' ) 6)

[here the dagger denotes either the complex or the matrix Hermitian conjugation according to the
type of the functiond®(p) used.

We also define a family of delta function&X(r), 5@ (p—p’) ands®(r—r"), such that for
any reasonable functioi®(r), either scalar or spinor, one has

fd3r 6?}>(r><1><r>=f d’p ®(p), (7
7 5%

f ydzp’ §2(p' —p@(p)=D(p), (8)
f d3r’ S —r)d(r')=d(r), J a3’ 8P (' —p)D(r')=Dd(p). 9)
7 7

It may be inferred from Eqg.7), (8) and the second of Eq§9) that, formally,
(' —p)=52(p' —p)sP(r), sP(r)= f d?p’ 83 (p' ). (10
N

lll. R-MATRIX THEORY FOR THE SCHRODINGER EQUATION

A. The operator ./;Z?g,(E)

In this section we shall be concerned with a nonrelativistic pointlike and spinless particle of
massm moving with energyE in the field of force described by a real, local, in general noncentral
potentialV(r). We restrict our considerations to the volu#ébounded by the surfac”. [It is
to be emphasized that the particle’s movement is not constrained to the valuribe particle
may leave and enter this volume across the surfackeely but we focus our attention on its
movement when it penetrates the domaii] The Schrdinger equation describing the dynamics
of the particle is

[H—E]W(E,r)=0, (11)

where the Hamiltoniat is
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2

h 2
—ﬁV +V(r). (12

I
I

It will be assumed hereafter that enerigys real.

Consider now two wave function¥ (E,r) and W'(E,r) which are solutions to the wave
equation(11) corresponding to the same energy Premultiplying the equation fow (E,r) by
¥'*(E,r) and the complex conjugate of the equation fbf(E,r) by W(E,r), subtracting,
integrating the result over the volum&, and making use of the Green integration theorem, we
obtain

2 2
(H\I' | W) —(¥’ |H‘I’>—ﬁ—(\lf "VaW)— (V v, (13

whereV,V(E,p) denotes the outward normal derivative of the functib(E,r) at the surface
point p. By virtue of Eq.(11) and the reality of, the left-hand side of Eq13) is zero. Conse-
quently, we have

(V' [Va W)=V, 0| W). 14

Equation(14) may be formally interpreted that the normal derivative oper&tprwhen acting on
functions satisfying in the interior of the volumg&” the Schrdinger equation(11) at the fixed
energyE, is Hermitian with respect to the surface scalar prod|)ct

_ We shall introduce now an auxiliary energy-dependent linear Hermitian integral operator
A(E) defined onL{ () such that

V¥ (E,p)=AE)V¥(E,p) (15)

for any solution to Eq(11) at energyE. The operator%’(E) is represented by an integral kernel
ZH(E,p,p") in terms of which Eq(15) may be rewritten in the form

Vv (Ep)- | 0 AEpp VE D). 16

The existence of the operatc%’(E) has been proved by SzmytkowSkivho has demonstrated
that the kernelZ(E,p,p") has the representation

AE,p,p") =2 Wi(E,p)bi(E)W (E,p), (17)

where{¥;(E,r)} are those solutions to the Schinger equatior(11) at energyE which have
constant normal derivatives off,

VaWi(E,p)=bi(E)¥i(E,p) (18)

and are normalized according t&(|¥;)=1 (notice that the surfaceot volume, scalar product
has been used for the normalization purpisksas been show that the numbergb;(E)} are
real and that the surface functiof¥;(E,p)} are such tr)at‘{fi|\lfj)= Sij -

It should be emphasized that the operatBrsand.#(E) are not identical. Ifd(r) is any
sufficiently regular function defined in the volur€, in general one has

V. 0(p)# AE)D(p) (19

unless®(r) obeys in7"the Schrdinger equatior{11) at energyE.

We are now prepared to introduce an integral operatQ¢E) defined oan)(/) with the
integral kernel.72;(E,p,p’), a matrix representation of which plays the central role in Fhe
matrix theory. Letb be some linear Hermitian integral operator deflnedLr?p(/) with the
integral kernelb(p,p’). The operator//b(E) is then defined as an operator reciprocal to the
operator.Z(E) — b in the sense of
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FH(E)LAE)~ b AE)=AE), -

where:/:/)(E) is the projector on the manifold of surface parts of solutions to the "Suiger
equation(11) at energykE with the kernel

AE,p,p') E V(E,p) V¥ (E,p'). (21)

The functiong ¥;(E,r)} have been defined below Ed.7). In principle, the operatdr used in the
definition(20) may be arbitrary and the only restriction we imposebas that the operato%’b(E)
should exist. In terms of the operatm‘b(E) the surface relatiofil5) may be rewritten in the form

W(E,p)=.%(E)[V,— b]¥ (E,p) (22)

or, equivalently, in terms of the kerngb;(E,p,p’), in the form

V(E,p)= J @ F(Epp [V~ BV (E,p). 23

To relate the operator and matrix formulations of the theory, we assume that some set of
surface functiong®;(p)} e L(ZD(.‘/) orthonormal under the surface scalar prodlicand spanning
the surface”” is given. In this basis the kerne®;(E,p,p’) has a bilinear expansion

-%G(E,p,p’)=i2j D;(p) (D] 20/ DF (p'), (24)
where the energy-dependent expansion coefficients
(®i|<%a¢j)5fyd2pf/d2p’ O} (p).72(E,p,p ) Pi(p'), (25)

matrix elements of the operatc&;é’g,(E) between the basis functiod®;(p)}, form an R-matrix
Ry(E) in that particular representation. The matrix representation of(%), obtained by pro-
jecting the latter from the left on the basis functidis;(p)} is

P(E)=Ry(E)[D(E)—bP(E)], (26)

where P(E) and D(E) are column matrices with elemen{®;(E)=(®;|¥)} and {D;(E)
=(®;|V,P)}, respectively, anth is a square matrix with elemenft;; = (P |b<I> )}. The relation

(26) is identical with the relatioril) found by Teichmann and ngnéNVe have thus succeeded

to formulate theR-matrix theory for the Schidinger equation in terms of integral operators and to
relate this formulation to the standard matrix approach to the theory. It remains to find the explicit
form of the operatorZz;(E). In Sec. lll B we shall construct its kernel following the method due

to Kapur and Peierls and to Wigner.

B. Construction of the operator %;(E)

In this section it will be our goal to find the operatat;(E) defined by Eq(20) by construct-
ing its integral kernelZ2;(E,p,p’). We shall follow, with improvements whenever they are
necessary, an approach due to Kapur and Peiarld to Wigner and co-workefs® For further
purposes we shall need a set of functigus;(r)} defined as solutions of the boundary-value
problem consisting of the Schitimger differential equation

[H-EpdW¥idr)=0 27)

and the boundary condition
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VoWi(p) =0 (p) (28)

with {Eg,} being eigenvalues. Because of the Hermicity of the opefatorder the surface scalar
product(]), the boundary-value problei27) and (28) is self-adjoint with respect to the volume
scalar product|) and therefore the eigenvalu¢g;,} are real and eigenfunctions belonging to
different eigenvalues are orthogonal in the sense of

(Vo ¥ ) =0 (Eg#Egr). (29

In what follows, we shall assume that the functions belonging to degenerate eigenifainese
are any have been also orthogonalized and that the normalization factors of the eigenfunctions
have been chosen so that

(Vo Wik ) = S - (30

We assume also that the boundary condition oper@ntt:r such that the set of eigenfunctions
{W¥i(r)} is complete in the volume”. The corresponding closure relation is then

2 VW) =83 r=r") (e 7\, (31)

[Notice that, because the functiofi®;,(r)} are constrained to obey the boundary conditi28),
it is not knowna priori whether the relatiori31) holds also for the points andr’ lying on the
surface” or not. We shall study this problem later in this sectjon.

By virtue of the assumed completeness of the{dg,(r)}, one may use these functions for
expanding the wave functiod (E,r) satisfying the Schuinger equation(11). Denoting the
expansion by (E,r), one has

VEN=3 Vi) (Vi V) (32
or, explicitly,

\?{,(E,r)ELNdSr’{Ek VoDV (r') (W(E,r). (33

The expansion coefficientsl';, | V') in Eq. (32) may be found in the standard way: One premul-
.. * . .

tiplies Eq.(11) by W (r), postmultiplies the complex conjugate of E87) by W (E,r), subtracts
and integrates the result over the volumiéobtaining

(HY W) — (P H) = [Ep— EN Wl ¥) (34)

which, after utilizing the explicit form{(12) of the HamiltonianH and the assumed Hermicity of
the potentialV(r), becomes

#2 K2
ﬁ(‘l’ész‘l’)_ﬁ<V2‘I’6k|‘1’>:[Eék—E]<‘I’6k|‘I’>- (39

The left-hand side of Eq.35) may be simplified by using the Green integration theorem which
states that

(Wi

VA (VAW

W)= (P

anf)_(vnq,fzk

). (36)

Transforming the second surface integral on the right-hand side of3Bpwith the aid of the
boundary conditior(28) and substituting the resulting equation to E8f) one arrives at
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Wil [Vo—b]W)

<‘I'ak|‘1f>—2m T E.—E (37)
hence, it follows that
h? (Wil [V = b]¥)
Wi(E,r)= 2 Wi(r) # (39
bk

For the sake of convenience, we shall rewrite the latter equation in the explicit form
W (E fdz 2 E Pl Pile) V' —b]W(E,p’ 39
o(E,1)= P 5m T[ n—b]W(E,p"). (39

Equation(39) holds for an arbitrary point in the volume7” and in particular it is valid also for
points on the surface”, i.e., one has

— L, 82 YY) . ,
ViEp)= | a5 S L v G E ). (40
bk
To proceed further, we shall define an integral opera’?ﬁg(E) relating the surface functions
WV (E,p) andV;(E,p) in the following way:

Wi(E,p)=.7(E)[V,— b]¥(E,p). (41)

The operatorZ?g,(E) is represented by its integral kern@g(E,p,p’) which, from Egs.(40) and
(41), is found to be

w2 \Pak(mw:{k(p')

Consider now the problem of convergence of the exparﬁg(rh‘:,r). If the pointr lies in the
interior of the volume?”, by virtue of the closure relatio(81) and Eq.(33) we have

Eg(E,r)EL/d%’{; VoDV (1) (W(Er )=V (Er) (re?\v). (43)

On utilizing this result in Eq(39) we obtain

72— YanNVi(p) .
W(E,r)—f d?p’ ZmE %[V;—b]\y(ap’) (re 7\.7). (44)

The relation(44) is valid for pointsr lying arbitrarily close to the surface”. The function¥ (E,r)
obeys the second-order differential equati@t) and therefore it is continuous across the surface
.. Hence, we must have

h? NV (p') .
V(E, p)_nmf % 5> M[V’ BIW(E,p)) (re7\y) (45

and comparison of EQgs(22) and (45) yields the following representation of the kernel

Z2(E,p,p'):

J2(E,p,p")=1im

r—p

2 _ W (Y (pf
[ﬁ 5 w(DWE (p") | s

2m % Ei—E
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The question which arises now is: Can the operationg liand=, be interchanged in E¢46)?

Or, in other words, are the kernelg;(E,p,p’) and.Z2;(E,p,p") identical? We shall show now

that in the nonrelativistic case discussed in the present section the answer is positive. To this end,
we observe that the question posed is closely related to the following problem: How does the
closure relation for the functioqal;,(r)} look whenever any of the pointsr’ lies on the surface

.7”? On the ground of the analysis of the form of E8f) and the first of Eqs(10) we assume that

the following relations hold:

Ek Vo p) V()= 2Z(p.p )37 (r") (r'e?), (47)
; V(DY (p)=Ai(pp)8P(r) (re?), (48)

where the kernelZ;(p,p’) defining the surface integral operatéﬁ; is to be found. It stems from
the definitions(33) and (47) that the kernel Z;(p,p’) relates the surface functions;(E,p) and
V¥ (E,p) according to

V{(E.p)= J/dzp' Ze(pp" )Y (E,p'). (49

Equivalently, in an abstract form E49) reads
Vi(E,p)=%¥(E,p). (50

To determine Z;(p,p') we postmultiply the kernel

2 Ve (p W)
k!

with an arbitrary eigenfunction from the basis ¢dt;(r’')} and integrate the result over the
volume 7. On one hand, from the orthogonality relati80) one obtains

Lﬂd%'[E \Ifak«pwzk,(r')]wak<r'>=wak<p>. (51)
Y4 k/
On the other hand, from E@47) one finds
f7/,d3r’| > ‘I’akf(p)‘lfﬁk/(r’)} lr') =4l p). (52)
» &

From Egs.(51) and(52) one infers that
V) =Vik(p). (53)
This relation holds for an arbitrary scalar eigenfunctibg, and therefore we conclude that
=T Aipp) =82 (p=p') (54)
(here.& denotes the unit operajowhich, in conjunction with Eq(50), implies that

We(E,p)=Y(E,p), (55)

i.e., the eigenfunction expansid_rg(E,r) converges to the functioW (E,r) also at the surface”.
From Egs.(41) and(56) we infer that

V(E,p)=7(E)[Vo—b]¥(E.p), (56)
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hence it follows that the operatat’Aéé?g,(E) and./cz}[;(E) are identical,
T(E)=A(E) (57)

and therefordcf. Eq. (42)] one has

R o Y (e)
.ﬁb(E,p,p)Zﬁ . T, (58)

which means that the operatioBg and lim._, , in Eq. (46) do commute. We have thus completed
the task of finding the kernel of the operatat,(E). It is to be noticed that, in virtue of the reality
of the eigenvaluesE;,}, it follows from Eg. (58) that the kernelZZ;(E,p,p’) possesses the
property

FHE.p.p' ) =7 (E.p .p), (59

which means that the operatof;(E) is Hermitian.

Once the kernelz;(E,p,p’) has been determined, tfiematrix R,(E) may be found. Pro-
jecting Eq.(58) from the left and from the right on the surface basis functighg p)} we get the
well known result forR,(E) (cf., for instance, Ref. @

h PokPix
Rb(E)_ﬁ k Ebk_E,

(60)

where{Py,} are column vectors with elementB; ;= (P;| ¥ )} and{P],} are row vectors with
elementg P{,, = (V4| ®;)}. Equation(60) is to be used in E¢25). Thus, we have completed the
task of finding the matriR,(E) using the integral operators formalism. A

In addition, it is to be noticed that as a by-product of the determination of the opewtor
from Egs.(47), (48) and the second of Eq&4) we obtain the following extensions of the closure
relation (31) for the cases when the point lies on the surface”,

2 \Ifak<p'>\lf§k<r>=2k Wo(NW(p)=0(r—p) (re?). (61)

IV. R-MATRIX THEORY FOR THE DIRAC EQUATION

A. The operators .%’éi)(E)

In this section we shall present an operator formulation ofRhmatrix theory for a Dirac
particle moving in a real, local, in general noncentral poteifal). As in the nonrelativistic case
discussed above, we restrict our considerations to the closed velumarounded by the surface
7 [in this connection, see a remark preceding Bd)]. The time-independent Dirac equation
describing the particle is

[H—E]W(E,r)=0, 62)

whereE is the total energy of the particléncluding its rest energync?) and the Hamiltoniar
is

H=—icha-V+BmE+V(r), (63)

where the Hermitian % 4 Dirac matricesee and 3 are defined as usul.
Before proceeding further, we have to define a matrix function

an(p)=n(p)-a (64

and a set of matrices
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I+
®

===y (p=Ban(p), (65)

N‘

wherel is the unit 4<4 matrix. The matricessz)(p) and B(*) satisfy the following relations:
o, (p)+ay (p)=an(p), B+ =I, (66)

ai N(p=alT(p), BHT=p. (67)

For the sake of later applications, we list also the following properties of the magicésand
(F(p)-
an ' (p):

U=, BUBT=0 a(p)ay(p)=0, ay(p)ey(p)=p"),  (69)

ay(p)B =0, BT (p)=ay(p), BHayT(p)=0, arT(p)B = e (p),
(69

which may be easily derived from the definitiof@!) and(65) and the anticommutation relations
satisfied by the matricear and 8.2° Henceforth, whenever the matriceéf)(p) multiply an
integral operator, we shall omit their argumgntind assume that the following notational con-
vention holds: If is an operator with a kernef(p,p’), thena'{*)? and “a(*) are operators
with kernelsa ™) (p)“(p,p’) and(p,p’)a’")(p’), respectively.

After that preparation we are now ready to attack the problem posedWVI(Etr) and
V¥’ (E,r) be two solutions to Eq(62) at the same energy. On applying the Gauss divergence
theorem we find

(HY' [ W) —(¥' [HW) = (V' |icha,¥). (70)
By virtue of the reality ofE, the left-hand side of this equation vanishes and we obtain
(¥']ia,¥)=0. (72)
On utilizing Eqgs.(66) and (67) we may rewrite this relation in two equivalent forms,
(iaW W)= (V'|ial VW), (el 'W|[¥)=(V']ia} W) (72)

Relations(72) may be formally interpreted thauﬁt), when acting on solutions of the Dirac
equation(62) at fixed energyE, are Hermitian with respect to the surface scalar product

In the next step, we introduce two auxiliary energy-dependent linear Hermitian integral op-
erators #*)(E) defined onL(D(/) such that

(" ()W (E.p) =+ F)(E)W(E,p) (73

for any solution of Eq(62) at energyE. In Eq. (73) and hereafter

% *1

(F)— 4+ —
Y _(ch

(74)

are numerical constants introduced for later convenience, primarily to facilitate a later discussion
of the nonrelativistic limif{notice thaty(*)= — (y{(*)) ~1]. The operators#{*)(E) are represented
by their integral kernels#*)(E,p,p’) and Eq.(73) may be equivalently rewritten in the form

alV(p)V(E,p)= V(t)f/dzp’ AN E,p,p' )V (E,p'). (75

The existence of the operato%i)(E) has been proved by Szmytkow$kivho has shown that
the kernels Z*)(E,p,p’) may be written in the forms
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ANEpp) =2 BVIEp)D(B)W(E )BT, (76)

ATUEpp)= (Y722 BTWI(E DT (E) (BB, 77

where{W¥;(E,r)} are those solutions to the Dirac equati®?) at energyE which on the surface
7 satisfy the relations

ia" (p)Wi(E,p) =" by(E) BV (E, p) (78)
and are normalized according t#(| 3()¥;) = 1. It may be show#t that, as in the nonrelativistic
case, the numbefd;(E)} are real and that the surface spinor functi¢Ws(E, p)} are orthogonal
in the sense of ¥;| BMW;)= ;.

_Itis to be noticed that EqY76) and (77) imply the following property of the operators
SAENE):
B HE) B = S 5)(E). (79)

Moreover, the operators%t)(E) and .,%‘)(E) are not independent. Indeed, operating on Eq.
(73) from the left with—ia{")(p) yields

BEW(E,p)=— DD FH(E)V(E,p). (80)

Operating then on this equation from the left Wiﬂﬁt).%;)(E) and transforming the resulting
equation with the aid of Eq80) gives

BEW(E,p)= Y A E)alT A (E) W (E,p), (81)
which implies that the operators®*)(E) and (") ¥)(E)al®) are reciprocal in the sense of
[a(H) A TE) a1 A N E)ASE)= A (E), (82

where the projector,*;z(i)(E) are related to the operaté?(E) projecting on the surface parts of
solutions to the Dirac equatioi®2) at energyk in the following way:

ANE)=BHOAE) B, (83)

Integral kernels of the projectoe%’(i)(E) are

ANE,pp)=2 BIWI(Ep)VI(E,p)B T, (84)

A NEpp)=(Y PP BW(Epb AE)V](Ep)B), ®9

where the numberfb;(E)} and the functiong¥;(E,r)} have been defined below Eq§6) and
(77).

A note analogous to that remarked in the paragraph following (E). is in order here.
Namely, we emphasize that the operatos§™ and () %#(*)(E) are not identical and for an
arbitrary four-component spinor functiah(p) defined on” in general one has

il (p)D(p)# v A (E)D(p) (86)

unless®(p) coincides with a surface part of some solution to the Dirac equébignat energyE.
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Let 6(*) and b(™) be two linear Hermitian integral operators defined (), with the
integral kernel$(™)(p,p") andb(~)(p,p’), respectively. It will be assumed that the operatdrs
are such that

B(:)f,(:)g(:):g(r) (87)
[cf. Eq.(79)] and such that
b= al P p(F) (T = o (Fp(F) o (Fp(=) = g(=) (89)
[cf. Eq. (82)]. We define the operator%@%ﬂ(E) and.,%%_)(E), possessing the property
B2 (E) =227 (E), (89)

as the operators reciprocal to the operatg#s)(E)—b(*) and. 4 )(E)—b("), respectively, in
the sense of

A ENANE) -0 NADE)=A)(E). (90)
In Sec. IV B we shall show how the operaté?f;ﬂ(E) is related to the operato%;,(E) encoun-
tered in the nonrelativistic theory.
In terms of the operator%%i)(E) the surface relatiofi73) may be rewritten as
BEW(E p)=—y T (E)ial" -y bW (E, p) (91)
or, explicitly,
BV (E,p)=— y<1>f/d2p' 7 (Eppliag ) (p) =y = b= W (Ep). (92
Assume now that a complete set of spinor functi¢®s(p)} e L(ZD(I/) orthonormal with respect

to the surface scalar produg}, spanning the surface’, is given. In the basi§®;(p)} the kernels
.,%”(;i)(E,p,p’) have bilinear expansions

7, Epp) =2 0o (@7 )P (0)B ), (93

where the coefficients

(@7 )= j & J & 2 (p)2 (Epp ) () (94
and
(@i].7, @)= f & f & 0 (p)7 (Epp)(p) (95

form R-matricesR{,")(E) andR{)(E), respectively. To relate the matrix and operator formula-
tions of the theory, we need a matrix representation of(&t). Projecting the latter equation from
the left on the basis spinor functiof®;(p)} gives

+

*+1
PEIE)=Ry™(E) r(?) Q™ (E)~bPHI(E) |, (96)

where P)(E) and Q)(E) are column matrices with element®(*)(E)=(®;|3*)¥)} and
{QENE)=(®i|ia W)}, respectively, andb(™) are square matrices with elements
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{bi(ji)=(d>i|6(i)<bj)}. Equationg(96) are the counterparts of the nonrelativistic forma The
relation which corresponds to the choice of the upper sign in(B6). was found before by
Chang'®

In Sec. IVC we shall show how the integral kernels of the operaﬁ;ﬁtg)(E) may be
constructed.

B. The nonrelativistic limit

It is of interest to investigate the nonrelativistic limit of EQ1) in order to relate the
relativistic and nonrelativistic formulations of the operator versions ofRhmatrix theory. To
accomplish this goal, we proceed in the standard manner and express the relativistic four-
component wave functiod (E,r) in terms of two-component spinokg,(E,r) and ¢, (E,r) in
the following way:

'ﬁu(E,r)
PL(E,r)

It is a standard problem in introductory quantum mechanics to show that in the nonrelativistic
limit the function ¢ (E,r) obeys the Schdinger equation

V(E,r)= . 97

hZ
~3m V2+V(r)—E|yy(E,r)=0 (c—x) (99
[cf. Egs.(11) and(12)] while
C— h ]
lﬂL(E,r) E— _(Z_rnc)|0"v¢'u(E,r), (99)

where o is a vector composed of the Pauli matrices. The relat@® holds for arbitraryr, in
particular it is also valid on the surfacg, i.e., forr=p. Next, we notice that, as a consequence

of Egs.(87) and(89), the operators%f;“(E) andb(*) act on an arbitrary function

oo (21
from L(ZD(.,V) in the following way:
%g)(E)@(p)E(ﬁ;,(Ez)qu(p))’ [;m(p(p)z(wg(p)), (10D

Where%é(E) andb’ are operators acting on two-component functions. Making use of1Bq),
the surface relatiof®1) may be rewritten in terms of the upper component{iE, p) and of the
operators%ﬁé(E) andb’ in the following way:

~, 2 ) ~
wu(E,p)=%f,;(E)H%; uo-n(me(E,p)—wa,p)}. (102

The relation(102) is exact. Passing in this relation to the nonrelativistic limit, making use of Eq.
(99 and utilizing well-known properties of the Pauli matrices, which give

[o-n(p)][o-V]=V,+io-[n(p)XV], (103

we obtain

Yu(E,p) =7 (B)[Votio-[n(p)xV]—b']yy(E,p) (c—). (104
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It is understood that in Eq104) (E,p), .%é(E) andb’ stand for nonrelativistic limits of the
guantities which have been denoted with the same symbols before the passage to the limit has
been done. Comparison between E@2) and (104) shows that in the nonrelativistic limit

c—®

FMNE) —— Z(E)T (105
(here.& is the unit 2< 2 operatoy provided that the operat(ft“) is chosen so that

~ C—®

b’ —— b7+io-[N(p)XV], (108

whereb is the operator used in the formulation of the theory for the 'i&@hger equatiorfcf. Sec.

Il A). Itis interesting and somewhat surprising that the opera&toesdb.7 do not coincide. This
observation is, however, consistent with earlier findings of Norrington and ®&rdmnd of
Thumm and Norcro€é who investigated the nonrelativistic limit of the matrix formulation of the
theory in the specific case of the spherically symmetric volume

C. Construction of the operators %’éi)(E)

Thus far we have discussed some properties of the operéiﬁt)ir)s(E) but have not touched
the problem of construction of integral kernels of these operators. This will be the subject of the
present section.

To achieve the goal, we need a set of auxiliary spinor functiohg(r)} defined as eigen-
functions of the boundary value problem consisting of the differential equitfofEq. (62)]

[H—Ep]Pilr)=0 (107)

and of the homogeneous boundary condition
i (p)Wi(p) = v(i)Jydzp’ 6 (p,p" ) Wi(p'). (108

In Eq. (107) H is the Dirac Hamiltonian defined by E@3) andE;, is an eigenvalue for the
problem belonging to an eigenfunctidn;,(r). In the more compact operator notation the bound-
ary condition(108 reads

il 5(p)Wi(p) =¥ 0 Wi (p). (109

At first sight it might seem that Eq§107) and (109 constitute two eigenvalue problems depend-

ing on which of the two possible signs is chosen in Bf)9). Yet this is not the case: It is easy

to verify that, because of relatidi88), both boundary condition€L09) are essentially equivalent

and consequently we have only one eigenvalue problem. For the sake of later applications, we
notice also here that the boundary conditi@09 may be equivalently rewritten, after operating

on it from the left with—ia{")(p), in the form

B (p)=— 7 ialT b W (p) (110
hence, it follows that
Vo p)=B W (p)+ BTV (p)=[ BF)— ¥y HialT 6 Wi p). (112

Henceforth we shall assume that the integral operatSisare such that the eigenfunctions
{Wg(r)} form a complete set in the interior of the volumé It may be inferred from Eqg107)
and (109 and from properties of the operatdrs™) that eigenvalue$E;,} are real and eigenfunc-
tions{W¥;.(r)} belonging to different eigenvalues are orthogonal. Indeed, after premultiplying Eq.

(107 (with k replaced byk') by pl (r), postmultiplying the matrix Hermitian conjugate of Eq.
bk
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(107 by Wy, (r), subtracting, integrating the result over the volu#ié employing the Gauss

divergence theorem, making use of the boundary cond{l®T) and of the Hermicity ofﬁ(i),
one arrives at

[E5— Ei Wi W) =0, (112
hence the validity of the assertion follows immediately. Hereafter we shall assume that functions
belonging to degenerate eigenvaléshere are anyhave also been orthogonalized and that the
functions{W¥;,(r)} have been normalized so that
(Wl Vi) = S - (113
On the ground of the assumed completeness, the eigenfuné¢tdopér)} obey the closure rela-
tion

X WV =8F(r =11 (rr'e7\Y) (114

[cf. the remark following Eq(31)].
Consider now a problem of expanding the functib(E,r) satisfying the Dirac equatiof©2)
in the series of eigenfunctiofaV;(r)}. Denoting the expansion b¥;(E,r), we have

‘1_’£(E,r)52k VoW W) (115

or equivalently

‘I_f{,(E,r)ELﬂd?’r’{Ek: WL (F) W (E ). (116

The expansion coefficien{® ;| ¥') may be found in the routine way. We premultiply E£62) by
\ng(r), postmultiply the matrix Hermitian conjugate of E4.07) by W (E,r), subtract and inte-
grate over the volumée”” obtaining

ichJ}/_d3r VWL (N aW(E,N)]=[Ep—ENV /). (117)

Employing the Gauss divergence theorem, the volume integral on the left-hand side may be
converted into a surface integral

| vl merEni= | do v @ vEs. 119
7 b

This yields

(Vilictia,¥)

<\Pf;k|q,>: Eék_E

(119

Making use of the properties of the matrices(p) and aff)(p), of the boundary conditiofiL09)

and of the Hermicity property of the operatdrs”) we transform this expression to the form

ch (Wil o=y = )6=1w)
Ew—E

(Vo W)= (120

and consequently we arrive at
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— ch (Wil =y =6 =1w)
VH(EN) =2 Wi(r) S (121
k bk

or equivalently

TN TL(p) .

= il (p)— Y B NW(Ep). (122
bk

Wi(E, r)—J d’p’ ch 2,
In particular, if the point lies on the surface”, then we have

PV (p) R
WEp- [ dponS L"gp[ia;i><p'>—y<i>b<i>]\P<E,p'>. (129

At that moment, it is convenient to define two integral operat’e%iisi)(E) (notice the bar
such thafcf. Eq. (91)]

BEIWEp) =~y A (BN — B TU(E, p). (124)
Comparison of Eqs(123 and (124 shows that the operatocé?%t)(E) have the integral kernels

BT (T (p) B

) A (*)
Ay (Epp)=chy D2 & F (129
By virtue of the closure relatiofil14), in the interior of the volume”” one has
E;,(E,r)zj d3r’{2 \Ifg,k(r)\lfgk(r’) V(E,r")=¥(E,r) (rez\¥), (126
7" k

i.e., the expansioﬁg(E,r) does converge to the functioh(E,r) and consequently
1
V()W (p") .
\P(E,r>=f dp' chY, ———=—[ial"(p")— Y B W(E,P) (re 7).
b k Ebk_E
(127)

This relation is valid for the point laying as close to the boundaty as we please and therefore,
in view of the continuity of the functionV (E,r) across”, one has

bk(r)‘lf (p") .
¥(E,p)=lim f d’p’ c E E—é[iagi>(p')—y<i>b<i>]\p(E,p') (re 7\.9)
r—p bk —

(129
and consequently
BT (p) B
+ . , ok kP (2,
BV (E,p)=lim j d’p’ ch 2, = [iay™(p)
|’~>p 7 bk
— YW (E,p) (re7\9), (129
which, in conjunction with Eq(92), implies
+ T -+
BV ()W (p") B
AE, p,p ) =lim{ chy'* >§) . . (130
b er Ebk_E

This is to be compared with Eq125).
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We now ask the question: Are the operations, lijp and % in Eq. (130) interchangeable
freely? Relying on the apparent similarity of the relativistic theory discussed here to the nonrela-
tivistic theory exposed in Sec. Il B one might expect that the answer to this question is positive.
However, this isnot the case. In Ehe relativistic theory the operatipnsrjim angEk do not
commute and accordingly one find@éi)(E,p,p’)#%’Ei)(E,p,p’) and.%?%i)(E)i.%éi)(E). To
show this(and find the consequences of interchanging the two operatimsaeed to find a direct
relation between the surface functioWg(E,p) andWV (E,p). We begin with an observation that
the closure relatiori114) cannot hold whenever any of the poimt®or r’ lies on the surface”
since the upper and the lower components of the surface spinor funftitipép)} are related by
the boundary conditiof109). Therefore, we assume that

> VoL = App) 8P (") (e, (131)
> WDV p) = Ailpp )8 (1) (re?) (132

[cf. Eg.(114) and the first of EqS(9)] and hope that, in the course of the following considerations,
we shall be able to find the surface kernel;(p,p’). Substituting the relatiori131) into the
definition (116) we get

Vi(E,p)= f @0 Ailpp Y (E ), (139

which implies that the kernelZy(p,p’) defines the integral operatoAfi[, transforming the surface
function ¥ (E, p) into Wy (E,p),

Wi(E,p)=. %V (E,p). (134)

An important property of the operato%éf, may be deduced from the definitioi$31) and
(132 and the relatior{111). On one hand, it follows from Edq111) that

> Vi) =17~ y<i>ia<ﬁ6<i>]ﬁ<i>[2k V@)Wl (o)}, (135

where.7 is the unit operator. On the other handdifp) is any reasonable spinor function defined
on the surface”, from Eq.(132) and the Hermicity of the operatob$™) under the surface scalar
product(|) we readily obtain

f d2p'| > W)Wl (p)  @(p)
7 k
=2 WD) f P ([ =y Pia b W)} ()
= f dzp'@ \Ifaku)\lfgk(p')]3“)[%y<*>6“>ia<n*>]<1><p'>. (136
;s

Equations(132), (132, (135 and (136) imply that the operator;zg may be sought in any of the
two equivalent forms

=17 a0 O ATy Pl P, (137)
=T NP AT LTy a7, (138

where the operators
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A= B 4B (139

have the integral kernel%éi)(p,p')=B(i).///[,(p,p’)ﬁ(i) defined formally by
> BB =4 (e ) 6P (e 7). (140

The operators:Z%H and.fZéf) are related; it is readily derivable from Eq4.37) to (139 that
A=) + (F) AFL(F) (F
A=) a0 2 6 e (141

To find the explicit form of the operato;%[,, we postmultiply the kernel

> VoW, (r)
k/

by any function¥,(r") from the complete s€t¥';,(r')} and integrate over the volum&. From
the orthogonality relatioil13) we infer that

L,d?’r'[E \Ifak«pw},k,(r')]wak<r')=wak<p>. (142
4 k/
On the other hand, from E¢131) we have
f 7,,d3r'| > \Pakm\lfgk,(r')}wk(r'):.%a\mk(m. (143
» "

Equating the right-hand sides of Eq442) and (143 we find
VP =Tl p). (144
At first sight Eq.(144) might seem to imply that, as in the nonrelativistic theory, the operéﬁpr
is the unit operator. Yet this igot the case. The reason is that in the relativistic theory the
functions{W¥.(p)} are multicomponent and their upper and lower components are related by the
algebraic condition109. Rewriting Eq.(144) with the aid of Eqs(137) and (138 we obtain
[7=y a0 4 74+ Y26 ial Wi p) = Win(p). (145

Upon operating on both sides of this equation with™) and utilizing the boundary condition
(109 we get

5 T (RO W p) = B Wi p) (146
and accordingly
Ay =BT () )2 ) (147
since the relatior{136) holds for an arbitrary eigenfunctiodr;,. Hence, it follows that
=B =y a7+ (2T A+ i) (149
and consequently Eq134) may be written in the form

\?;,(E,m:[ﬂ“—Wia(n”f?“)][.?ﬂw(“)Z(B(”)Z]1[ﬁ<*>+y“)fn“)ia&,”]qf(E,pz.
149
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Substituting this relation to Eq124), after straightforward manipulations we arrive at

B (E,p)=— ¥ T L2 (E) = 6 (¥ )27+ (6)2] i el — ¥y 6 W (E, p)
(150

hence, on comparing Eq¢91) and (150, we find the relationship between the operators
ZA(E) and 247 (E),

(B) = b [(¥ )27+ (b)) 2, (151)

Equation(150) may be perceived as a set of two homogeneous coupled equations for the
functions B W (E,p) and B )W (E,p). Indeed, upon utilizing the properties of the matrices
aff)(p) and B(*) the two relations constituting EL50) may be explicitly rewritten in the form

BW(E,p)=—+ 2 (B)ial BOW(E P -2 (BB IW(Ep), (152
BW(E P =~y 2 (Biay B W(Ep) -7, (E)p DB TW(Ep), (159

where the operaton%’éi)(E) have been given by E¢151). The following problem arises now:
Since Egs(152 and(153 are homogeneous and coupled, are they consistent? This should be the
case if the relation§l51) are correct; therefore seeking an answer to the question posed provides
a test for correctness of the method of construction of the operé%é)iré( E) presented abovélt

is to be emphasized that testing the theory in that manner is by no means insipid. This is just the
way in which Szmytkowski and Hin2&8recognized an error in earlier attemt® to formulate

the R-matrix theory for the Dirac equation within the framework of the matrix langJae clear

up the problem we solve E¢153) for B()W(E,p) obtaining

BW(E,p)=— BT+ 7 (BT (B)ial B W(Ep). (154

Substituting this relation into the right-hand side of Eth2), making use of Eq(151) and of the
relations

AN E) == a0 AT (E)p P (159
which stem from the explicit forng125) of the kerneIS/Z( )(E p,p’), the conditiong110 and
the Herm|C|ty of the operatorB( ) [please notice that the relations analogous to (g5 but
with /?( (E) replaced by. /?A (E) do not hold, utilizing the properties of the matrices

( )(p) and B*) and employlng Eq.(88) transforms the right-hand side of E¢L52 to
,[3(+)\If(E,p). Similarly, determining3")W (E,p) from Eq. (152

BOV(Ep)=—y BT+ (BT (E)ial B W(Ep) (156

and substituting the result to the right-hand side of Bd3 transforms the latter, after some
manipulations, tg8~ )W (E, p). Since in both cases the final results obtained are identical with the
left-hand sides of the respective equations, one is led to the conclusion thafl&sand (153
are indeed consistent. i

Given the relation(151) between the operator%i%i)(E) and.%é”(E), one may find the
matrix representation of the operato?%i)(E) in the surface basigb;(p)}. Projecting Eq(151)
from the left and from the right onto the spinor functions from the{de{p)} one obtains

52 péﬁ)Péi)T b(*)

() - — —
R (B oM % Ew—E ()3t (b2

(157
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where{P{,} are column vectors with elementB1)}=(P;| ¥ ;)}, {P{’"} are row vectors
with elements {P{)* =(B5)Wg @)}, b)) are square matrices with elements
{b“)—(CD |b(+)<1> )} andl is the matrix of the unit operator with elemerts; = &;;}. The result
(157) is to be used in Eq(96).

Let us examine somewhat closer the right-hand side of(Esj). Its first constituent is the
matrix representation of the operatda?%t)(E) in the basid®;(p)}; its form is formally identical
with that of the nonrelativistic matriR,(E) given by Eq.(61) (cf., however, Sec. IV B To the
contrary, the second term on the right-hand side of(E§7) does not have its counterpart in the
nonrelativistic theory. The origin of the occurrence of this term is the structure of the Dirac
equation which is the set of coupled first-order equations while the 8iciyer equation is the
second-order equation. The additional term in the formula for the nﬁfﬁk(E) vanishes in the
event whemy(")=0 (i.e., y(7)=o, which corresponds to the nonrelativistic lingit>) and in
the exceptional case(*)=0. With regard to the matri;Rf)’)(E), the second term in Eq157)
vanishes in the casb{™)=0. It is to be mentioned that the particular case of Eh7) was
obtained, in a different way, by Szmytkowski and Hitfzetho considered a spherically symmet-
ric volume 7" and used a very particular surface basig(p)}.

Finally, it is to be noticed that once the operatat, has been determinddf. Eq. (148)], the
explicit forms of the relation§131) and(132 may be given. We shall not discuss the general case
when the operatorﬁ( ) are arbitrary[but still related by Eq(88)] and consider instead what
happens ify(*)=0, 6(*)=0 or 6(-)=0 (here 0denotes the null operator

The first case,y(*)—o corresponds to the nonrelativistic lintit—c~. From Eq.(148 one
finds

=B = 2i(pp') =82 (p—p) BT (c—) (158

and, after substitution to Eq&l31) and(132),

X Vi)V (N=3 iV (p) =03 (r—p)B ) (re7ic—=). (159

This result is in accord with the relatid®1) found in the nonrelativistic case.
In the event wherb(*)=0, from the boundary conditiof109 and the properties of the
matriceSaf)(p) one infers that the basis functiofi¥’;,(r)} possess the property

BTW(p)=0 (b)=0), (160
i.e., their lower components vanish identically .6 From Eq.(148) one finds
=B = Ay(pp') =82 (p—p) BT (6H=0) (161

and consequently
> \Ifz,km')\lfgk(r):Ek VoWl (p) =63 (r—p)B") (re7,6"=0). (162

It is to be emphasized that although the relati¢hs9) and (162 are seemingly identical, they
refer to completely different situations. In the case of 89 the operatob(*) is arbitrary and
c=o while in the case of Eq.162) the operatob(*) is the null operator and the speed of light
is finite.

It remains to consider the third special case, namely that wheh=0. Now one finds that
the upper components of the functiof¥;,(r)} vanish identically onv’,

B (p)=0 (b(7)=0), (163

and that
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=B = Ai(pp') =8P (p—p)BT) (b=0) (164

and consequently
> *lfak(p'>*1f£k<r>=2k Va(DWl(p)=8¥(r—p)B 7 (re7b)=0). (169

The reader should compare the relatiohS9), (162 and (165 with the closure relatioril114).

V. CONCLUDING REMARKS

In this paper we have formulated WigneRsmatrix theory in the language of integral opera-
tors rather than matrices. In the first part of the work, following the ideas of N&bhye have
shown that in the nonrelativistic theory for particles described by the "8irtger equation the
central role is played by the integral operatet;(E) which relates function values to normal
derivatives on a surface” of a closed volume?” inside which the function satisfies the Schro
dinger equation at enerdy. Matrix elements of the operato#;(E) between functions from an
orthonormal scalar basis set spanning the surfaderm anR-matrix R,(E). The method due to
Kapur and Peierfsand to Wigner;*®has been used, with necessary modifications and improve-
ments, to construct an integral kernel of the operat(E).

In the second part of the work we have developed the operator formulation of Wigner’s
R-matrix theory for the Dirac equatlon It has been found that in the relativistic theory a counter-

part of the nonrelativistic operathb(E) is an integral operatow( )(E) relating on the enclos-
ing surface” values of upper and lower components of spinor wave functions satisfying in the
volume 7" the Dirac equation at energly. Besides the operato%%ﬂ(E), another operator
.%’%7)(E) arises in the relativistic theory in the natural way. By generalizing Wigner's mét{dd,

we have constructed explicit forms of the operatéf‘gi)(E). It has been shown that although
there are apparent similarities between the nonrelativistic and relativistic theories, the explicit
form of the operator’/ji?éﬂ(E) contains a component which does not have its counterpart in the
nonrelativistic theory. This component vanishes in the nonrelativistic limit. This agrees with a
result obtained earlier by Szmytkowski and Hihz& who found such a correction in the matrix

representation of the operatﬁﬁé )(E) in a particular case of the spherically symmetric volume
7" and for a very special choice of a spinor basis spanning the su#face
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