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Abstract. The relativistic polarized orbital lheory of the elastic electron and positron 
scattering from closed-shell atoms is formulated in a similar way to that used in the 
non-relativistic case. The scattering equations involving the relativistic polarization potential 
far both types of projectile and also the exchange-polariiation terms far the electron 
projectile are derived. The relativistic formula for the pasitron-atomic-electron annihilation 
coefficient Zc,, is presented. 

1. Introduction 

More than twenty years have passed since first serious attempts to study relativistic 
effects in low-energy electron- and positron-atom collisions. The  most natural way 
was the generalization of non-relativistic theories and  significant progress has been 
made in this direction. Walker (1969, 1970, 1971) attacked the problem by solving the 
continuous state Dirac-Fock equations. Carse and  Walker (1973) formulated the 
electron-hydrogenic-ion scattering theory via the close-coupling formalism. Again 
Walker (1974, 1975) considered electron impact excitation of hydrogenic ions in the 
Coulomb-Born approximation using the Dirac wavefunctions. Chang (1975) presented 
the formulation of the R-matrix theory for systems with the Dirac Hamiltonian while 
Scott and  Burke (1980) formulated the R-matrix method for the Breit-Pauli 
Hamiltonian. Johnson and co-workers (Johnson and  Cheng 1979, Lee and Johnson 
1980) and  Chang (1983) gave the relativistic generalization of the quantum defect 
theory. More recently, Jask6lski and Karwowski (1986) and Jask6lski (1989) have 
dealt with the problem using their quasirelativistic scattering theory. On the whole, 
about a hundred papers have been published in which relativistic effects in low-energy 
eT-atom collisions have been studied. But it is apparent that relativistic calculations 
on electron- and positron-atom collisions have achieved none of the sophistication 
of their non-relativistic counterparts. 

Among non-relativistic eT-atom or molecule scattering theories one of the most 
fruitful is the polarized orbital method. It was formulated originally by Temkin (1957) 
and applied with great success to a variety of electronic collisions. For details of the 
method and  examples of its applications see the extensive review of Drachman and  
Temkin (1972). Walker (1970) used the relativistic polarized orbital method in its very 
simplified version to take into account theeffect of the target distortion on e- scattering 
from mercury. Later, Kemper et a1 (1984, 1985) applied his method to relativistic 
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two-channel calculations of electron-noble-gas-atom scattering. However, a fully rela- 
tivistic formulation of the polarized orbital method has not yet been presented and 
the goal of this paper is to till this gap. 

2. Formulation of the problem 

We are concerned with the problem of low-energy elastic electron or positron scattering 
from atoms. The nucleus is assumed to be an infinitely heavy point charge +Ze. We 
neglect all second-order magnetic interactions (i.e. spin-spin, spin-other-orbit and 
orbit-orbit) as well as retardation effects. The complete Dirac equation for the con- 
sidered system is 

( H " +  f +  VF+ U'- E ) ,  E' = O  (1 )  

wnere IY IS an unpenuroeu rargei uirac namiiiuruaii, i is a kiiieiic energy operaior 
of the projectile (including a rest energy operator): 

r .0  .- ~ ~ _ _ - ~ A ~ ~ ~ ~ I ~ - I  I.._.. TT.-.Z, .... . 

t = c m .  p+pmc2 (2) 

u'(x)= T z e * / x  ( 3 )  

where a and p have their usual meanings (Schiff 1968), 

and 

where N is a number of target electrons and r, denotes the position vector of the ith 
target electron. The upper sign in equations ( l ) ,  (3) and (4) concerns the electron 
projectile, while the lower one appiies to the positron. The projectile is described by 
the coordinate x. It emphasizes the fact that in the polarized orbital method, which 
we shall develop below, the incident particle is treated quite unsymmetrically even if 
it is an electron. 

We expand the total wavefunctions ET(r, x) in terms of the orthonormal sets of 
functions 'PID, ( r ,  x) with associated energy eigenvalues E : , ! ( x )  generated by the 
adiabatic Hamiltonians H A u =  H'+ v': 

H;u*Xu,= E X x )  " K m .  ( 5 )  

E + ( r ,  xj  =I ,yt(x) . Til,j(r, x) ( 6 0 )  

Therefore we have 

where 1 is an antisymmetrization operator and summations run over all states including 
continuum states. If in equations ( 6 a )  and (66) all terms with i > O  are neglected (i.e. 
if we suppose that only ground states 'FA,,!=,, of the adiabatic Hamiltonians ffz,, 
contribute to the above expansions), the mathematical prescriptions for the total 
adiabaric wavefunctions are 

E;,,(r, x)  =x"(x) . K , , ( r , x )  

=AU(r,xj=2x-(x).*AI,(r,  xj. 

(70)  
(76) -- 
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I n  equations (6a ) - (76 )  r stands for all atomic electron coordinates and '42, are already 
antisymmetric in r., i = 1, . . . , N. We have omitted i = 0 subscripts for brevity. 

In order to determine ,yF we replace E= in equation ( I )  by E:, and project the 
obtained Dirac equation onto the ground state eo of the isolated target. Integration 
over all coordinates of the target electrons leads to the following scattering equations 

( 1 +  U'(x)+ E : , ( x ) - E )  .,y'(x) = o  ( 8 0 )  

J d" ,ao( r)*dYiD( r,x) .( t + u-(x)+ E;,(x)-E) .,y-(x) =o. (8b) 

Therefore, the above considerations divided the scattering problem into two parts: 
the calculation ofthe distorted (adiabatic) target wavefunctions "2,  and the calculation 
of the scattering functions ,yq. We deal with the first problem in section 3 and with 
the second in  section A. 

3. The polarized orbitals 

In the polarized orbital method the adiabatic wavefunction is assumed to have deter- 
-:.."..+-I F n m r  
IIIIII'ILIILP. 1 Y L L . L  

Y':D=(N!)"'Z.det\@:,@;,. ..,+:I (9) 

@:(r,,x)= p%r.)+qpbf(r,, 1). (10) 

where the one-electron polarized orbital $: is 

Here q: is the unperturbed orbital and qAz is the x-dependent correction due to the 
interaction V'. To first order in the perturbation we have 

YID = (11) 

@"= (;v.ij-,,2 I "  I, 0 I 
. d e w l , v 2 ,  .. . , V N I  

where 

( i i j  

and 

.... i ne  coupied Dirac-Fock equaiions ( c D F j  aie obtained by miiiimiziiig iiie adiabaiii. 
energy values E;,(x) = (TZDlHID1Y:,) subject to the orthonormality constraints of 
the e:. By treating VF as a perturbation and retaining only first-order terms in the 
qpbF we find that qp". are just the usual Dirac-Fock orbitals satisfying the following 
equations 

where 
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while the qpb' satisfy the CDF equations 

where ŝ: is the replacement operator: 

and h;  is defined by equation (4) with i = 1 .  An explicit expression for the Lagrange 
multiplier corrections El, ' (x)  can be easily obtained from equation (16): 

It follows immediately from equations (16)-(18) that 
q p : - = -  qc  I +  and E: . ;= -€ : : .  

It means that it is sufficient to solve equation (16) only for pit and then use equation 
(19). Therefore below we shall consider equations (16)-(18) with the lower sign (+) 
and we shall omit this sign for brevity. 

Now we restrict ourselves to the closed-shell systems and reduce the CVF equations 
(16) to radial form following Grant's method for the Dirac-Fock equations (Grant 
1970). We write the unperturbed orbital in the form 

where PA(r) and Q A ( r )  are solutions of the radial Dirac-Fock equations and 

a (  t )  = %". m,, ( 3 6'. ( i )  = LA. ,n,, (3  (21) 

x,, = ( 2 j A  + 1 )  (1, - j A ) .  (22) 

are standard angular momentum eigenfunctions with 

It i s  convenient to expand the correction 9: as 

where 

is an angular coefficient introduced by Grant (1970) with 
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with 

for IA + I, + k even 
for 1, + I, + k odd  ~ I A ,  I B ,  k )  

[ x y  . . .  2 ] = ( 2 ~ + 1 ) ( 2 y + l )  ...( 2z+1) ,  C:(t) is a spherical harmonic (Brink and 
Satchler 1968) and P F i B ( r ,  x )  and Q y i B ( r ,  x )  are radial functions which should be 
determined. The sum over b runs over all pairs ( x B ,  m,,) for which d k " ( a ,  b )  does not 
vanish. We introduce the two-component radial orbitals 

and 

With if  equations(l8), (21)  and summation rmulae (A2)-(A5) for d k q ( a ,  b )  
coefficients given in the appendix, the CDF equations (16) for closed-shell systems can 
be rewritten as a set of  coupled radial integro-differential equations 

-,.fi. --- 

c h .  ($+:) i r 

z ( r )  e* 
r (" ') 1. F y L , ( r , x )  

me2- E,, - 

Z (  r )  . e2 
--me2 - EA - 
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and 

(34' 

(35) 

A definition of the ryScD coefficients is given in the appendix. Note that AT;(%)= 
Agi(x). Summations over C in equations (29), (30) and (34) run over all occupied 
subshells. We have also utilized the fact that for closed-shell systems the off-diagonal 
Lagrange multipliers E:,  vanish (Johnson and Cheng 1985). 

The non-relativistic counterpart of equation (29) was derived by McEachran el a/ 
(1977) and applied to calculations of the eT elastic scattering on noble gas atoms. 

4. The scattering equations 

With the aid of equations (11)-(13) the scattering equations (Sa) and (Sb) can be 
rewritten in the form 

( t +  v,'+v,'-g)lx')=o for e' projectile (36) 

(1  - y l$;)(p:l)(r+ v,+ v i -  73lx-) = o  for e- projectile (37) 
0 

where V; is a static potential 

V: is a polarization potential 

and W is an initial projectile energy (including the rest energy mc'). Note that 
V;(X)= - V g ( x )  and because of equation (19) V ; ( x ) =  V ; ( x ) .  In equation (37) the 
notation IF /#;)(p:/ should be understood symbolically because $; depends para- 
metrically on an integration variable. 

For closed-shell systems V : ( x )  and V;(X) are spherically symmetric and the 
scattering equations (36) and (37) can be reduced to radial form. Let us expand the 
scattering functions ~ ' ( x )  as 
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where k is a direction of the incident beam, the two-component normalized spinor 
A(k) specifies the spin direction of the projectile in its rest frame, while a: are some 
phase factors. If we introduce the two-component radial orbitals 

then equations (36) and  (37) take the form 

' S',(x) = 0 (42) 
mc*-%+V:(x)f V:(X) -ch .  ( d / d x - x D / x )  

c h .  (d /dx+x, /x)  -mc2-%+ Vl(x)+V:(x) 

and  

( c h .  (d /dx+x, /x)  
mc'-%+V;(x)+V;(x) - c h . ( d / d x - x , d x )  

-mc2- g+ V;(x)+ V;(x) 
occ 

=1 (EA-'&).A(FA,S,)'FA(X).S,"*,, 
A 



The first two terms on the right-hand side of equation (43) are the static-exchange 
terms, while the last three ones are the exchange-polarization terms. In equation (43) 
we have neglected the term 

... L:-L :- -6 th:-rl --A-- r h n  IT- ,  w,,,r,, I> "L L..LI" "'"Cl 111 L..- y L . L Y , " Y L , " "  r 

Note that equation (45) gives the possibility of calculating the polarizabilities for 
closed-shell targets. Indeed, for k > 0 we have 

Equations (42) and (43) must be solved subject to the asymptotic conditions 

f Z ( 0 )  = g',(O) = 0 (53) 

and for large x 

where 8:' is the scattering phaseshift, 

K 2  = ( g -  mc') . ( W +  mc')/(cfi)' ( 5 5 )  

wniie ; , (Kxj  ana r?,iicxj are the iiiccati-Bessei functions. T i e  upper ana iower signs 
in equation (54) concern the electron and positron scattering respectively. 

5. Annihilation coefficient Z,, 

During e+-atom scattering one of the possible processes is the annihilation of a 
positron-atomic-electron pair. The cross section for this process is (Fraser 1968) 

where r,] is the classical electron radius, U is the speed of the positron and ZeN is an 
effective number of electrons per atom for the annihilation process: 

N ucc 

z,,= 1 (~L,18(rr-x)lEL,)= I (fi:x+I8(*-x)lfitx+). (57) 
i=, 
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In order to be consistent with the derivation of the polarized orbitals we should retain 
in equation (57) only terms up to first order in Q;. For closed-shell systems, with the 
aid of equations (20), (23) and (40) equation (57) can be written as 

( 5 8 )  
where we have omitted (+)superscripts atf; and g; for brevity. According to equations 
(40) and (54) f D  and g, are normalized to correspond to a density of one positron 
per unit volume asymptotically. 

6. Conclusions 

We have formulated the relativistic polarized orbital theory of elastic electron and 
positron scattering from closed-shell atoms. Derived equations involve the relativistic 
polarization potential for both types of the projectile and also the exchange-polarization 
terms for the electron projectile. The relativistic formula for the positron-atomic- 
electron annihilation coefficient Z,, has been presented. An appropriate computer 
program is now being written. 
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