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Abstract. The relativistic polarized orbital theory of the elastic electron and positron
scattering from closed-shell atoms is formulated in a similar way to that used in the
non-relativistic case. The scattering equations involving the relativistic polarization potential
for both types of projectile and also the exchange-polarization terms for the electron
projectile are derived. The relativistic formula for the positron-atomic-electron annihilation
coefficient Z_; is presented.

1. Introduction

More than twenty years have passed since first serious attempts to study relativistic
effects in low-energy electron- and positron-atom collisions. The most natural way
was the generalization of non-relativistic theories and significant progress has been
made in this direction. Walker (1969, 1970, 1971) attacked the problem by solving the
continuous state Dirac-Fock equations. Carse and Walker (1973) formulated the
electron-hydrogenic-ion scattering theory via the close-coupling formalism. Again
Walker (1974, 1975) considered electron impact excitation of hydrogenic ions in the
Coulomb-Born approximation using the Dirac wavefunctions. Chang (1975) presented
the formulation of the R-matrix theory for systems with the Dirac Hamiltonian while
Scott and Burke (1980) formulated the R-matrix method for the Breit-Pauli
Hamiltonian. Johnson and co-workers (Johnson and Cheng 1979, Lee and Johnson
1980) and Chang (1983) gave the relativistic generalization of the quantum defect
theory. More recently, Jaskdlski and Karwowski (1986) and Jaskdiski (1989) have
dealt with the problem using their quasirelativistic scattering theory. On the whole,
about a hundred papers have been published in which relativistic effects in low-energy
e -atom collisions have been studied. But it is apparent that relativistic calculations
on electron- and positron-atom collisions have achieved none of the sophistication
of their non-relativistic counterparts.

Among non-relativistic e”-atom or molecule scattering theories one of the most
fruitfu! is the polarized orbital method. 1t was formulated originally by Temkin (1957)
and applied with great success to a variety of electronic collisions. For details of the
method and examples of its applications see the extensive review of Drachman and
Temkin (1972). Walker (1970} used the relativistic polarized orbital method in its very
simplified version to take into account the effect of the target distortion on ¢” scattering
from mercury. Later, Kemper et al (1984, 1985) applied his method to relativistic
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two-channel calculations of electron-noble-gas-atom scattering. However, a fully rela-
tivistic formulation of the polarized orbital method has not yet been presented and
the goal of this paper is to fill this gap.

2. Formulation of the problem

We are concerned with the problem of low-energy elastic electron or positron scattering
from atoms. The nucleus is assumed to be an infinitely heavy point charge +Ze. We
neglect all second-order magnetic interactions (i.e. spin-spin, spin-other-orbit and
orbit-orbit) as well as retardation effects. The complete Dirac equation for the con-
sidered system is

(H+ 1+ V?+U*—E) =~

H

0 (1)

where H’ is an unperturbed target Dirac Hamiltonian, ¢ is a kinetic energy operator
of the projectile (including a rest energy operator);

:-1

t=ca-p+pmc’ (2)
where @ and 8 have their usual meanings (Schiff 1968),
UT(x)=FZe¥/x (3)

and

- N N el
Virnx)=% hi =1L

i=1 i=1 r,—x,

(4)

where N is a number of target electrons and »#; denotes the position vector of the ith
target electron. The upper sign in equations (1), (3) and (4) concerns the electron
projectile, while the lower one applies to the positron. The projectile is described by
the coordinate x. It emphasizes the fact that in the polarized orbital method, which
we shall develop below, the incident particle is treated quite unsymmetncally even if
it is an electron.

We expand the total wavefunctions Z7(r, x} in terms of the orthonormal sets of
functions ¥ip(r x) with associated energy eigenvalues Eap;(x) generated by the
adiabatic Hamiltonians Hhp= H"+ V™:

HAD‘I'AD, Ef.m(x) : ‘P:m- (5)
Therefore we have

E+(",x)=z)(?(x) '\P:Di(ﬂ-‘) (6a)
and

Z7(rx) = L x7(x) ¥ apilr ) (6b)

where o is an antisymmetrization operator and summations run over all states including
continuum states, If in equations (6a) and (6b) all terms with i >0 are neglected (i.e.
if we suppose that only ground states ¥, of the adiabatic Hamiltonians HZp,
contribute to the above expansions), the mathematical prescriptions for the total
adiabatic wavefunctions are

Eanlrx)=x"(x) - ¥ (rx) (7a)
San(r x) = sy~ (x) - Wap(s x). (7b)
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In equations (6a)-{7h) r stands for all atomic electron coordinates and ¥ 7 ; are already
antisymmetric in r,,i=1, ..., N. We have omitted i = 0 subscripts for brevity.

In order to determine y~ we replace E” in equation (1) by Ei,, and project the
obtained Dirac equation onto the ground state ®° of the isolated target. Integration
over all coordinates of the target electrons leads to the following scattering equations

(t+U™(x)+ EXp(x)—E) - x"(x)=0 (8a)

r
J &N r @y AV i x) (14 UT(x) + Eap(x) - E) - x"(x)=0.  (8b)

Therefore, the above considerations divided the scattering problem into two parts:
the calculation of the distorted (adiabatic) target wavefunctions ¥ 4, and the calculation
of the scattering functions x¥~. We deal with the first problem in section 3 and with
fhf‘ Qf‘(‘ﬁl"ld 1n QECTIOI"I 4

3. The polarized orbitals

In the polarized orbital method the adiabatic wavefunction is assumed to have deter-

mirnantal farm
minanid: 16Iml

Yio=(NY) V2 -detlg?, o7, 93 (9
where the one-electron polarized orbital ] is
galr, x)=@a(r)+ o7 (s, x). (10)

Here ¢ is the unperturbed orbital and @17 is the x-dependent correction due to the
interaction V™. To first order in the perturbation we have

Yip=0"+@'" (11)
where
"= (NN detlel, 03, .. ., o (12)
and
N
DT=(NY)T? z detlo?, ¢3, ..., @2 ..., PNt (13)

__ a3 L PO,

ll'le Couplea Ulrac-—l“OCK equallons {CDF) are OU[dli'IE(l Dy mmlmlzmg lﬂc d(lldUdllC
energy values Exp(x) ={¥ap/H p|¥ap) subject to the orthonormality constraints of
the . By treating V" as a perturbation and retaining only first-order terms in the
.7 we find that @5 are just the usual Dirac-Fock orbitals satisfying the following
equations

[¥3

ocg

A

{, 0l | n\-l th (:E.c ..-n | PR
\(sv(-l—l en—lon )-—w( )J ey~ T Elajen=0 (14)

a2

a0

e

g

~

where

h=ca-p, +Bmc’—Ze'/r, (15)
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while the ¢.7 satisfy the coF equations
acc ez ez oce
(1645 (09 Zletr=1e0 S 0t) Jlo2r =3 Etlet
¢ N Fiz e
QCe -~ ez ez [alaled
[ S (1S -l S e+ T ez 06

where 8. is the replacement operator:

4 1 | 1 =
1ol — e ={(el| —led+{el —le:™ (17a)
iz e Fio

. 1 1 1 ..
87led — (@l =o!") — (% +|ed —(e!7] (17b)
LAY 12 ry

and A7 is defined by equation (4) with i=1. An explicit expression for the Lagrange
multiplier corrections E!;(x) can be easily obtained from equation (16):
oee 92 e2
El(x)={elhTlea)+ ¥ 5?((90?-4031—|¢ﬂ¢3)—(¢?¢3|:—|¢3¢3))- (18)
d 12 12
It follows immediately from equations (16)-(18} that
¢ =—¢i" and Eg=-E.. (19)

It means that it is sufficient to solve equation {(16) only for ¢, and then use equation
(19). Therefore below we shall consider equations {16)-(18) with the lower sign (+)
and we shall omit this sign for brevity.

Now we restrict ourselves to the closed-shell systems and reduce the cDF equations
(16) to radiai form following Grant's method for the Dirac-Fock equations (Grant
1970}. We write the unperturbed orbital in the form

A=t (i n) 20
where P.(r) and Q.(r) are solutions of the radial Dirac-Fock equations and

Q=0 () D(D=0r () 1)
are standard angular momentum eigenfunctions with

xA=(2jA+1) ) (IA "jA)v (22)
It is convenient to expand the correction @) as

w0 % A

polnx)= L ,,:Z: 3 d(a,b)- CR) % ' (ig?;ii((r;,?)j-%b.,((rf))) @
where

a*4(a,by= (-1 aga B ’; fﬂ) (24)

is an angular coefficient introduced by Grant (1970} with

i ki
A(A BY=A (B, A)=[ja jH]”'-(J" ' )-w(zA,r,,,k) (25)

boo-
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with

1 for l,+ 1+ Kk even
0O for 1A+13+k odd
[xy...z]=(2x+1)(2y+1}...(2z+1), C(£) is a spherical harmonic (Brink and
Satchler 1968) and P' 5(r, x) and Q' 5(r, x) are radial functions which should be

determined. The sum over b runs over all pairs (x, m,) for which d*/(a, b) does not
vanish. We introduce the two-component radial orbitals

w(la, Iy, k)':{ (26)

PA(’))
Fi(r)= 27
(r (QA(’) (27)
and
) (k) (r X)
Falr, x )—( x‘zf,(r x)) (28)

With the aid of equations(18), (21) and summation formulae (A2)-{A5) for d**(a, b)
coefficients given in the appendix, the ¢DF equations (16} for closed-shell systems can
be rewritten as a set of coupled radial integro-differential equations

Z(ry -
mCZ—EA _M —ch - (i_ﬂ)
r dr r CF (1 x)
(d xg) R Z(r}- & A-B
ch- —-mc —Es———
dr r r
» o AL(B, C e’
-3 % [(j] Lo R (Fey Fln %) - Feln)
v B
acc C D) e )

o2
- Z ( besa— RAFA, FELplr,x) « Fe(r)

e
+FCDBA Y. (Fa, Fcl") ) F‘cﬁlo(f, x))]

+e - ylr, x) - Falr)+e’ - Z»\""(x) Fe(r)« 8, .. (29)

where E,= E%,,

QCC

Z("):Z—Z (icl- Yol Fe, FCI") (30)
v(rsy=re/ri" (31)
with 7. =min(r, 5) and r.. = max{r, s5),
Y,(F,4, Fy|ri=r" J‘ ds v.(s, F) - (Pa(5) Pe(s)+ Q4(s) - Qals)) (32)

R.(F4, F(t;‘»}(‘ I", x)

=r-f ds v,(s, ) - (Pals) - Plc(s, x)+ Qals) - QYL (s, x)) (33)

]
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and
A2
occ (C‘,D
(m(x)—’_ Yi( FA,FBIX)'*”EC: X ( k—[;;]__Z W, (F,, Fy; F‘(ELD,F(.]x)

E C‘DBA W (F., Fc; F(c.fj.o, Fnlx)

+F(‘DAB W, (Fg, Fc; Fg‘lu; Fy ‘x}]) (34)
with W,(F,, Fp: FE ,, Felx) defined as
W.(Fy, Fp; F& o, Felx)

~—~fﬂ dsf-K,(FA,Fals)-(P&f‘ln(s,x) Pe(s)+ Q¥ 5(s, x) - Qels)).
(35)

A definition of the 'Y, coefficients is given in the appendix. Note that A'¥y{x)=
A%2(x). Summations over C in equations (29), (30) and (34) run over all occupied
subshells. We have also utilized the fact that for closed-shell systems the off-diagonal
Lagrange multipliers E%p vanish (Johnson and Cheng 1985).

The non-relativistic counterpart of equation (29} was derived by McEachran et al
(1977) and applied to calculations of the e” elastic scattering on noble gas atoms.

4. The scattering equations

With the aid of equations (11)-(13) the scattering equations {8a} and (8b) can be
rewritten in the form

(t+ Vi+ Va—&)x") =0 for e” projectile  (36)
(1 ‘oi |¢Z)(€Pgl)(f+ Vet Ve—E)lx)=0 for e~ projectile  (37)

where V¢ is a static potential

Vs(x)_ uU? (x):k:e Z (@, ]| ,l(PO) (38)

V7 is a polarization potential

Vi(x)=xe" Z(cp"l\ \[‘P (39)

and € is an initial projectile energy (including the rest energy mc'). Note that
Vi(x)=—Vi(x) and because of equation (19) Vi(x}= Vi(x}. In equation (37) the
notation °° |4/ X¢"| should be understood symbolically because i, depends para-
metrically on an integration variable.

For closed-shell systems Vi{x) and Vi{x)} are spherically symmetric and the
scattering equations (36) and {37) can be reduced to radia) form. Let us expand the
scattering functions y~ {x) as

fTJ(x} : Qd(i)) (40)

- 1
(=T ab- (QIR)- A(K))-;-(igﬁ(x)‘ﬁd(f)
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where K is a direction of the incident beam, the two-component normalized spinor
A(K) specifies the spin direction of the projectile in its rest frame, while a, are some
phase factors. If we introduce the two-component radial orbitals

= fh(x)
SD(x)d(gE(x))
then equations {36) and (37) take the form

mct—E+ VEx)+ Vi(x) —ch-(d/dx —xp/x) .
(" ottt ing sy =i g VEGTS Vi) S50

(41)

(42)

and

(mcz_,%g+ Vilx)+ Ve(x) —ch - (d/dx —xp/x) )-S‘( )
ch (d/dx+xp/ x) —mci—E+Vi(x)+ Vax)) ~F

[0

=} (Es—&) - A(Fa,Sp) - Falx) -8

HAX

= occ AI(A B
+e’- Y —M'Mk(FA,FB;FB,SB)'FA(x)'S

k=0 ARB [JA]

[alnlng 2
g(EA g) AAD) g o

XA%iy

Uib]

@ acc 2 C’D
E T T ¥ e 2B g

A—»D
k=0 p=0 A,B xc [in]

o oec A2 B C I
L XX k([k] ) - Ny (Fg, Flc; Fa, Sp) Fa(x) - 8., (43)
k=0 AB »xc

(x)

where

2 acc Z . @l
Vit =% ZT‘Eie S Ul 5 Yol P Fab = 7 Z555

= o ANAB) 1

Vie(x) L3 Y g

“ Ri(Fa, F& glx, x) (45)
o & o [K) «(Fa |

A(FA,SE)=J ds (Pa(s) - fs(s)+ Qals) - ga(s)) (46)
0

M (Fa, Fy; Fc, Sp) =j dse Yi(Fa, Fgls) - (Pe(s) fi(s)}+ Qc(s) - gols) (47

(k)
artun=(510)
o0 PS:_).
<[ a5 (a9 Fa(51+ Quts) - g3 (5) (e (48)

[k yii‘,ﬁlc(x))
Laghe(x)= ((:;;},. (x)
pio
-'—’J. dS;‘ Yk(FAsFBls)'(PA(S)'f(_‘(S)+QA(5)'gz‘(s))'( [ll((x S))

Beclx, §)
(49)
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and

NV(FAi Fi.Bk—)vC’ FDs SE)

=J‘ ds— R.(Fa, Figlels, s) - (Pp(s) - f2(s)+ Qpl(s) - gz(s)). (50)

0

The first two terms on the right-hand side of equation (43) are the static-exchange
terms, while the last three ones are the exchange-polarization terms. In equation (43)
we have neglected the term

Dic(wﬂ| Vilet x?) (51)

whinl 1o Af third ardas 1m
Wil 1IIG OIGer 1n |.

D
o

Naote that equation (45) gwes the possxblhty of calculating the polarizabilities for
closed-shell targets. Indeed, for k > { we have

oce AzAB
a=lim2- 5 yiuA B

) [K] X Ri(Fa, Fi gl x, x). (52)

Equations (42} and (43) must be solved subject to the asymptotic conditions
f5(0)=gn(0)=0 (53)

and for large x

Ar [ E+meA\ Y2 A = . -
fD(x)—>— Y ) (i, (Kx) - cos &, — i, (Kx} - sin ) (54)

Ld #)

where 8. is the scattering phaseshift,
K’={(%—mc") - (§+mc?)/(ch) (55)

while j;(Kx) and A;{ Kx) are the Riccati-Bessel functions. The upper and iower signs
in equation (54) cancern the electron and positron scattering respectively.

5. Annihilation coefficient Z 4

During e’ -atom scattering one of the possible processes is the annihilation of a
positron-atomic-electron pair. The cross section for this process is (Fraser 1968)

17"?'2

T = Zoolv) -—“;uw(v:/cz) (56)

where r, is the classical electron radius, v 1s the speed of the positron and Z,4 1s an
effective number of electrons per atom for the annihilation process:

N
Zoy= E (E',Zulﬁ(r x)"—Al) = Z (d’aX+|3(" x)l’wt’u)( ) (57
i=1
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In order to be consistent with the derivation of the polarized orbitals we should retain
in equation (57) only terms up to first order in ¢, . For closed-shell systems, with the
aid of equations (20), (23) and (40) equation (57) can be written as

] *® ogc
Za=775 LLinl- J dx 3+ (F5(0) +gb(0) [[m H(PA(x)+ Q4x)
w X A

x> 0

+2- § T AL(A, B) - (Pa(x) + PRlp(x, x)+ Qalx) - QUL plx, x))]

k=0 xy
(58)
where we have omitted (+) superscripts at f 5 and g5 for brevity. According to equations
(40) and (34) f, and g, are normalized to correspond to a density of one positron
per unit volume asymptotically,

6. Conclusions

We have formulated the relativistic polarized orbital theory of elastic electron and
positron scattering from closed-shell atoms. Derived equations involve the relativistic
polarization potential for both types of the projectile and also the exchange-polarization
terms for the electron projectile. The relativistic formula for the positron-atomic-
electron annihilation coefficient Z.; has been presented. An appropriate computer
program is now being written.
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Appendix

Useful formulae for d“*(a, b) coefficients:

d*{a, b)=(-1)? d“"9(b, a} (A1)
Y d* (b, bY=[ja]l" 8xa* 840 (A2)
Ai(A B
» d’“’(a,b)-d”“(a,b)=—’*§[ki—).3ku.3w (A3)
2(A, B
Y d*(a,b)- d"(c, b)=A—‘(-.—~’”~l-3x,,,,<.-6mum, (A4)
mpg [JA]
Y d*(a,b)-d™(bc) d*(a,d)=Tscp d"(d, c) (A5)
LT
where
] ok
Mooen=(=1)""""" A, (A, B)-A.,(B,C)-A,.(A,D)-Ak‘(c,D)-{'J’." , j} (A6)
[ Ipl

Note that I'scn =T ¥anc -
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