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Abstract

We present systematic derivations of bilinear and fractional Schwinger variational principles for matrix elemen
generalized transition operator in the context of quantum mechanical potential scattering. The employed method is b
generalization of the method of Lagrange multipliers.
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1. Introduction

In standard presentations of Schwinger variatio
methods for quantum potential scattering theory re
vant functionals appear as if they were guessed [1
The question arises: is it possible toderive these
functionals in some way? It is a purpose of th
Letter to show that the answer is affirmative. W
present systematic derivations of bilinear and fr
tional Schwinger variational principles for matrix el
ments of a generalized transition operator by emp
ing a generalization of the method of Lagrange mu
pliers [6].
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2. Preliminaries

LetΦa andΦb be arbitrary (assumed to be know
solutions to the Schrödinger equation

(2.1)
[
Ĥ0 −E

]
Φ = 0,

both belonging tothe same energyE from the con-
tinuous spectrum of the free-particle HamiltonianĤ0.
Further, letĜ0 be a particular Green operator asso
ated with the operator̂H0 −E. We defineΨb as a so-
lution to the Lippmann–Schwinger integral equatio

(2.2)Ψb =Φb − Ĝ0V̂ Ψb

with a Hermitian potential operator̂V . Obviously, the
functionΨb obeys the Schrödinger equation

(2.3)
[
Ĥ0 + V̂ −E

]
Ψb = 0.
.
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We shall assume thatE is in the continuous par
of the spectrum ofĤ0 + V̂ and define a generalize
on-shell transition operator̂A so that

(2.4)
〈
Φa

∣∣ÂΦb
〉 = 〈

Φa
∣∣V̂ Ψb

〉
.

It follows from Eqs. (2.4) and (2.2) that the operatorÂ

depends implicitly onĜ0.
There are two special choices ofĜ0 which result in

operatorsÂ commonly used in the scattering theory
one chooseŝG0 as the ‘outgoing’ Green operator

(2.5)Ĝ
(+)
0 = lim

ε↓0

[
Ĥ0 −E − iε

]−1
,

the resulting operatorÂ is the standard on-she
transition operator̂T . If, in turn, Ĝ0 is taken as the
‘standing’ (or the ‘principal value’) Green operator

(2.6)Ĝ
(P)
0 = 1

2

[
Ĝ
(+)
0 + Ĝ

(−)
0

]
,

where

(2.7)Ĝ
(−)
0 = Ĝ

(+)†
0 = lim

ε↓0

[
Ĥ0 −E + iε

]−1

(here and henceforth the dagger denotes the Herm
conjugation), the operator̂A is the on-shell reactanc
(or reaction) operator̂K .1

3. Bilinear variational principle

Assume at first that it is our goal to derive
variational principle for the matrix element〈Φa |ÂΦb〉.
We rewrite Eqs. (2.4) and (2.2) in the forms

(3.1)
〈
Φa

∣∣ÂΦb − V̂ Ψb
〉 = 0,

(3.2)
[
1+ Ĝ0V̂

]
Ψb −Φb = 0,

respectively, and proceeding in the spirit of the gen
alized Lagrange method [6] start with the functiona

F1
[ ˆ̄A, Ψ̄b, η̄, Λ̄

] = 〈
Φa

∣∣ ˆ̄AΦb
〉 + η̄

〈
Φa

∣∣ ˆ̄AΦb − V̂ Ψ̄b
〉

(3.3)+ 〈
Λ̄

∣∣[1+ Ĝ0V̂
]
Ψ̄b −Φb

〉
,

1 In some texts, particularly older ones (e.g., Ref. [2])
reactance operator is denoted byR̂. In this connection, it should b
pointed out that in the scattering theory there existsanother integral
operatorR̂, a matrix representation of which is Wigner’sR-matrix
[7]. Occasionally this notational coincidence causes confus
(e.g., [8]).
in which ˆ̄A andΨ̄b are some trial estimates of̂A and
Ψb, respectively. The first term on the right-hand s
is the most primitive estimate of〈Φa |ÂΦb〉, obtained

by replacing in the latterÂ with ˆ̄A. The second and
the third terms on the right-hand side of Eq. (3
incorporate, with the aid of the Lagrangemultiplier
η̄ and the Lagrangefunction Λ̄, Eqs. (3.1) and (3.2
as constrains. It is evident that the functional (3.3
possesses the property

(3.4)F1
[
Â,Ψb, η̄, Λ̄

] = 〈
Φa

∣∣ÂΦb
〉

for arbitrary η̄ andΛ̄.
The first variation of the functional (3.3) due

small and sufficiently smooth but otherwiseuncon-

strained variations in ˆ̄A, Ψ̄b, η̄, andΛ̄ aroundÂ, Ψb,
η, andΛ (with η andΛ at this stage chosen arbitraril
is

δF1
[
Â,Ψb, η,Λ

]

= 〈
Φa

∣∣δÂΦb
〉 + δη

〈
Φa

∣∣ÂΦb − V̂ Ψb
〉

+ η
〈
Φa

∣∣δÂΦb − V̂ δΨb
〉

+ 〈
δΛ

∣∣[1+ Ĝ0V̂
]
Ψb −Φb

〉

(3.5)+ 〈
Λ

∣∣[1+ Ĝ0V̂
]
δΨb

〉
.

In virtue of Eqs. (3.1) and (3.2), the second and
fourth terms on the right-hand side of Eq. (3.5) van
yielding

δF1
[
Â,Ψb, η,Λ

]

= 〈
Φa

∣∣δÂΦb
〉 + η

〈
Φa

∣∣δÂΦb − V̂ δΨb
〉

(3.6)+ 〈
Λ

∣∣[1+ Ĝ0V̂
]
δΨb

〉

and further

δF1
[
Â,Ψb, η,Λ

]

= [η+ 1]〈Φa
∣∣δÂΦb

〉

(3.7)+ 〈[
1+ V̂ Ĝ

†
0

]
Λ− η∗V̂ Φa

∣∣δΨb
〉

with the asterisk denoting the complex conjugate.
So farη andΛ have been arbitrary. At this momen

however, we stipulate that

(3.8)δF1
[
Â,Ψb, η,Λ

] = 0

for any δÂ andδΨb. From Eq. (3.7) it is clear that thi
is possible if and only ifη andΛ are solutions of the
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following equations:

(3.9)η+ 1 = 0,

(3.10)
[
1+ V̂ Ĝ

†
0

]
Λ− η∗V̂ Φa = 0.

From Eq. (3.9) we have

(3.11)η = −1,

while Eqs. (3.10) and (3.11) imply thatΛ obeys

(3.12)
[
1+ V̂ Ĝ

†
0

]
Λ+ V̂ Φa = 0.

Let us define a functionΨ (†)
a as a solution to the

equation

(3.13)
[
1+ Ĝ

†
0V̂

]
Ψ (†)
a −Φa = 0

(the parenthesized dagger atΨ (†)
a is an index serving

to emphasize that this function is a solution to
Lippmann–Schwinger equation (3.13) with the adjo
Green operator̂G†

0). Then, it is clear that a solution t
Eq. (3.12) is

(3.14)Λ= −V̂ Ψ (†)
a .

Eqs. (3.11) and (3.14) suggest that in the functio
(3.3) one chooses

(3.15)η̄ = −1,

(3.16)Λ̄= −V̂ Ψ̄ (†)
a ,

whereΨ̄ (†)
a is some trial estimate ofΨ (†)

a . This yields
the functional

F1
[
Ψ̄ (†)
a , Ψ̄b

] = 〈
Φa

∣∣V̂ Ψ̄b
〉 + 〈

V̂ Ψ̄ (†)
a

∣∣Φb
〉

(3.17)− 〈
Ψ̄ (†)
a

∣∣[V̂ + V̂ Ĝ0V̂
]
Ψ̄b

〉
,

which has the advantage of being independent ofˆ̄A. It
follows from the method of its construction, presen
above, and may be also easily verified directly, on e
ploying Eq. (3.2), that the functional (3.17) posses
the properties

(3.18)F1
[
Ψ (†)
a ,Ψb

] = 〈
Φa

∣∣V̂ Ψb
〉
,

hence (cf. Eq. (2.4))

(3.19)F1
[
Ψ (†)
a ,Ψb

] = 〈
Φa

∣∣ÂΦb
〉
,

and

(3.20)δF1
[
Ψ (†)
a ,Ψb

] = 0.
Eqs. (3.17), (3.19), and (3.20) may be summarize
thebilinear Schwinger variational principle

〈
Φa

∣∣ÂΦb
〉 = stat

Ψ̄
(†)
a ,Ψ̄b

{〈
Φa

∣∣V̂ Ψ̄b
〉 + 〈

V̂ Ψ̄ (†)
a

∣∣Φb
〉

(3.21)− 〈
Ψ̄ (†)
a

∣∣[V̂ + V̂ Ĝ0V̂
]
Ψ̄b

〉}

with the stationary point attained for

(3.22)Ψ̄ (†)
a = Ψ (†)

a , Ψ̄b = Ψb.

Concluding this section, it is worth noticing th
from Eq. (3.17), with the aid of Eq. (3.13), we have

(3.23)F1
[
Ψ (†)
a ,Ψb

] = 〈
V̂ Ψ (†)

a

∣∣Φb
〉
.

From this and from Eq. (3.19) we infer that, in additi
to Eq. (2.4), it holds

(3.24)
〈
Φa

∣∣ÂΦb
〉 = 〈

V̂ Ψ (†)
a

∣∣Φb
〉
.

We shall make use of Eq. (3.24) in Section 4.

4. Fractional variational principles

A different variational principle for〈Φa |ÂΦb〉 may
be obtained by constructing at first a principle
〈Φa |ÂΦb〉−1. The relevant starting functional

F2
[ ˆ̄A, Ψ̄b, η̄, Λ̄

] = 〈
Φa

∣∣ ˆ̄AΦb
〉−1 + η̄

〈
Φa

∣∣ ˆ̄AΦb − V̂ Ψ̄b
〉

(4.1)+ 〈
Λ̄

∣∣[1+ Ĝ0V̂
]
Ψ̄b −Φb

〉
,

incorporating the constraints (3.1) and (3.2), posse
the property

(4.2)F2
[
Â,Ψb, η̄, Λ̄

] = 〈
Φa

∣∣ÂΦb
〉−1
.

Varying this functional and making use of the co
straints (3.1) and (3.2), we obtain

δF2
[
Â,Ψb, η,Λ

] = −〈
Φa

∣∣ÂΦb
〉−2〈

Φa
∣∣δÂΦb

〉

+ η
〈
Φa

∣∣δÂΦb − V̂ δΨb
〉

(4.3)+ 〈
Λ

∣∣[1+ Ĝ0V̂
]
δΨb

〉
,

hence

δF2
[
Â,Ψb, η,Λ

]

=
[
η− 〈

Φa
∣∣ÂΦb

〉−2
]〈
Φa

∣∣δÂΦb
〉

(4.4)+ 〈[
1+ V̂ Ĝ

†
0

]
Λ− η∗V̂ Φa

∣∣δΨb
〉
.
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(4.5)δF2
[
Â,Ψb, η,Λ

] = 0,

in virtue of arbitrariness ofδÂ andδΨb, we find the
following equations definingη andΛ:

(4.6)η− 〈
Φa

∣∣ÂΦb
〉−2 = 0,

(4.7)
[
1+ V̂ Ĝ

†
0

]
Λ− η∗V̂ Φa = 0.

Hence, we infer that

(4.8)η = 〈
Φa

∣∣ÂΦb
〉−2
,

(4.9)Λ= 〈
ÂΦb

∣∣Φa
〉−2
V̂ Ψ (†)

a ,

or equivalently, in virtue of Eqs. (2.4) and (3.24),

(4.10)η = 〈
Φa

∣∣ÂΦb
〉−1〈

Φa
∣∣V̂ Ψb

〉−1
,

(4.11)Λ= 〈
V̂ Ψb

∣∣Φa
〉−1〈

Φb
∣∣V̂ Ψ (†)

a

〉−1
V̂ Ψ (†)

a ,

with Ψ (†)
a defined by Eq. (3.13).

Guided by Eqs. (4.10) and (4.11), in the function
(4.1) we substitute

(4.12)η̄ = 〈
Φa

∣∣ ˆ̄AΦb
〉−1〈

Φa
∣∣V̂ Ψ̄b

〉−1
,

(4.13)Λ̄= 〈
V̂ Ψ̄b

∣∣Φa
〉−1〈

Φb
∣∣V̂ Ψ̄ (†)

a

〉−1
V̂ Ψ̄ (†)

a ,

with Ψ̄
(†)
a and Ψ̄b having the same meaning as

Section 3. This seemingly artificial choice ofη̄ and

Λ̄ yields a remarkably simple, independent ofˆ̄A,
fractional functional

(4.14)F2
[
Ψ̄ (†)
a , Ψ̄b

] =
〈
Ψ̄
(†)
a

∣∣[V̂ + V̂ Ĝ0V̂ ]Ψ̄b
〉

〈
Φa

∣∣V̂ Ψ̄b
〉〈
V̂ Ψ̄

(†)
a

∣∣Φb
〉

with the required properties

(4.15)F2
[
Ψ (†)
a ,Ψb

] = 〈
Φa

∣∣ÂΦb
〉−1
,

(4.16)δF2
[
Ψ (†)
a ,Ψb

] = 0.

Actually, the functional (4.14) offers evenmore
than we might expect from the procedure of
construction. A glance at Eq. (4.14) shows that for a
α,β ∈ C\{0} it holds

(4.17)F2
[
αΨ̄ (†)

a , βΨ̄b
] =F2

[
Ψ̄ (†)
a , Ψ̄b

]
.

Consequently, Eqs. (4.15) and (4.16) may be repla
by

(4.18)F2
[
αΨ (†)

a , βΨb
] = 〈

Φa
∣∣ÂΦb

〉−1
,

(4.19)δF2
[
αΨ (†)

a , βΨb
] = 0,

i.e., we have

(4.20)
〈
Φa

∣∣ÂΦb
〉−1 = stat

Ψ̄
(†)
a ,Ψ̄b

〈
Ψ̄
(†)
a

∣∣[V̂ + V̂ Ĝ0V̂ ]Ψ̄b
〉

〈
Φa

∣∣V̂ Ψ̄b
〉〈
V̂ Ψ̄

(†)
a

∣∣Φb
〉 ,

with the stationary point attained for

(4.21)Ψ̄ (†)
a = αΨ (†)

a , Ψ̄b = βΨb,

whereα,β ∈ C\{0}.
From Eq. (4.22) we deduce the followingfractional

Schwinger variational principle for the matrix eleme
〈Φa |ÂΦb〉:

(4.22)
〈
Φa

∣∣ÂΦb
〉 = stat

Ψ̄
(†)
a ,Ψ̄b

〈
Φa

∣∣V̂ Ψ̄b
〉〈
V̂ Ψ̄

(†)
a

∣∣Φb
〉

〈
Ψ̄
(†)
a

∣∣[V̂ + V̂ Ĝ0V̂ ]Ψ̄b
〉 ,

with the stationary point attained for̄Ψ (†)
a and Ψ̄b

given in Eq. (4.21).
Before concluding this section, we mention th

other choices of̄η andΛ̄, alternative to these in Eq
(4.12) and (4.13), are also possible. For instance, h
we chosen in the functional (4.1)

(4.23)η̄= 〈
Φa

∣∣V̂ Ψ̄b
〉−2
,

(4.24)Λ̄= 〈
V̂ Ψ̄b

∣∣Φa
〉−2
V̂ Ψ̄ (†)

a ,

(4.25)
〈
Φa

∣∣ ˆ̄AΦb
〉 = 〈

Φa
∣∣V̂ Ψ̄b

〉
,

as suggested by Eqs. (4.8), (4.9), and (2.4), we wo
arrive at the variational principle
〈
Φa

∣∣ÂΦb
〉

(4.26)

= stat
Ψ̄
(†)
a ,Ψ̄b

{〈
Φa

∣∣V̂ Ψ̄b
〉2[〈
Φa

∣∣V̂ Ψ̄b
〉 − 〈

V̂ Ψ̄ (†)
a

∣∣Φb
〉

+ 〈
Ψ̄ (†)
a

∣∣[V̂ + V̂ Ĝ0V̂
]
Ψ̄b

〉]−1
}
,

with the stationary point attained for

(4.27)Ψ̄ (†)
a = Ψ (†)

a , Ψ̄b = Ψb.

Still another choice:

(4.28)η̄= 〈
V̂ Ψ̄ (†)

a

∣∣Φb
〉−2
,
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(4.29)Λ̄= 〈
Φb

∣∣V̂ Ψ̄ (†)
a

〉−2
V̂ Ψ̄ (†)

a ,

(4.30)
〈
Φa

∣∣ ˆ̄AΦb
〉 = 〈

V̂ Ψ̄ (†)
a

∣∣Φ̄b
〉
,

suggested by Eqs. (4.8), (4.9), and (3.24), results in
principle
〈
Φa

∣∣ÂΦb
〉

= stat
Ψ̄
(†)
a ,Ψ̄b

{〈
V̂ Ψ̄ (†)

a

∣∣Φb
〉2

(4.31)

× [〈
V̂ Ψ̄ (†)

a

∣∣Φb
〉 − 〈

Φa
∣∣V̂ Ψ̄b

〉

+ 〈
Ψ̄ (†)
a

∣∣[V̂ + V̂ Ĝ0V̂
]
Ψ̄b

〉]−1
}
,

with the stationary point attained for the sameΨ̄ (†)
a

and Ψ̄b as in the case of the principle (4.26). Ho
ever, because of simplicity of the functional involve
the principle (4.22) is evidently superior to the pri
ciples (4.26) and (4.31); in fact, this principle is al
superior to all other fractional principles which m
be obtained with alternative (but still consistent w
Eqs. (4.8), (4.9), and either (2.4) or (3.24)) choices

η̄, Λ̄, and〈Φa | ˆ̄AΦb〉.

5. Two examples

As the first example, consider

(5.1)Â= T̂ ,

where T̂ is the standard on-shell transition opera
In this case, the Green operatorĜ0, to be used in the
Lippmann–Schwinger equation (3.2), is the ‘outgoin
one (2.5), while its Hermitian adjoint, to be used
Eq. (4.7), is the ‘ingoing’ one (2.7). Following th
common notation and denoting byΨ (±)

c solutions to
the Lippmann–Schwinger equations

(5.2)
[
1+ Ĝ

(±)
0 V̂

]
Ψ (±)
c −Φc = 0,

we have

(5.3)Ψ (†)
a = Ψ (−)

a , Ψb = Ψ
(+)
b .

Adopting the analogous notation for the estimates:

(5.4)Ψ̄ (†)
a = Ψ̄ (−)

a , Ψ̄b = Ψ̄
(+)
b ,

from Eqs. (3.21) and (4.22), as particular cases, we
tain the well-known Schwinger variational principl
[1–5]:
〈
Φa

∣∣T̂ Φb
〉 = stat

Ψ̄
(−)
a ,Ψ̄

(+)
b

{〈
Φa

∣∣V̂ Ψ̄ (+)
b

〉 + 〈
V̂ Ψ̄ (−)

a

∣∣Φb
〉

(5.5)− 〈
Ψ̄ (−)
a

∣∣[V̂ + V̂ Ĝ
(+)
0 V̂

]
Ψ̄
(+)
b

〉}
,

〈
Φa

∣∣T̂ Φb
〉

(5.6)= stat
Ψ̄
(−)
a ,Ψ̄

(+)
b

〈
Φa

∣∣V̂ Ψ̄ (+)
b

〉〈
V̂ Ψ̄

(−)
a

∣∣Φb
〉

〈
Ψ̄
(−)
a

∣∣[V̂ + V̂ Ĝ
(+)
0 V̂ ]Ψ̄ (+)

b

〉 .

In the principle (5.5) the stationary value is attain
for

(5.7)Ψ̄ (−)
a = Ψ (−)

a , Ψ̄
(+)
b = Ψ

(+)
b ,

and in the principle (5.6) for

(5.8)Ψ̄ (−)
a = αΨ (−)

a , Ψ̄
(+)
b = βΨ

(+)
b ,

with α,β ∈ C\{0}. Eqs. (2.4) and (3.24), specialize
to the case considered here, yield

(5.9)
〈
Φa

∣∣T̂ Φb
〉 = 〈

Φa
∣∣V̂ Ψ (+)

b

〉 = 〈
V̂ Ψ (−)

a

∣∣Φb
〉
.

In the second example, we take

(5.10)Â= K̂,

where K̂ is the on-shell reactance operator. T
relevant Green operator̂G0 is now the ‘principal-
value’ one (2.6); evidently, it is self-adjoint:

(5.11)Ĝ
(P)†
0 = Ĝ

(P)
0 .

If we denote byΨ (P)
c a solution to the equation

(5.12)
[
1+ Ĝ

(P)
0 V̂

]
Ψ (P)
c −Φc = 0,

in virtue of the hermiticity ofĜ(P)0 we have

(5.13)Ψ (P)(†)
c = Ψ (P)

c ,

hence, in this example:

(5.14)Ψ (†)
a = Ψ (P)

a , Ψb = Ψ
(P)
b .

Again, adopting the analogous notation for estimat

(5.15)Ψ̄ (†)
a = Ψ̄ (P)

a , Ψ̄b = Ψ̄
(P)
b ,

Eqs. (3.21) and (4.22) yield the Schwinger variatio
principles [2,4]:
〈
Φa

∣∣K̂Φb
〉 = stat

Ψ̄
(P)
a ,Ψ̄

(P)
b

{〈
Φa

∣∣V̂ Ψ̄ (P)
b

〉 + 〈
V̂ Ψ̄ (P)

a

∣∣Φb
〉

(5.16)− 〈
Ψ̄ (P)
a

∣∣[V̂ + V̂ Ĝ
(P)
0 V̂

]
Ψ̄
(P)
b

〉}
,
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d,

w

〈
Φa

∣∣K̂Φb
〉

(5.17)= stat
Ψ̄
(P)
a ,Ψ̄

(P)
b

〈
Φa

∣∣V̂ Ψ̄ (P)
b

〉〈
V̂ Ψ̄

(P)
a

∣∣Φb
〉

〈
Ψ̄
(P)
a

∣∣[V̂ + V̂ Ĝ
(P)
0 V̂ ]Ψ̄ (P)

b

〉 .

The functional on the right-hand side of Eq. (5.16)
stationary for

(5.18)Ψ̄ (P)
a = Ψ (P)

a , Ψ̄
(P)
b = Ψ

(P)
b ,

while for the functional in Eq. (5.17) this occurs wh

(5.19)Ψ̄ (P)
a = αΨ (P)

a , Ψ̄
(P)
b = βΨ

(P)
b ,

with α,β ∈ C\{0}. From Eqs. (2.4) and (3.24) we ha

〈
Φa

∣∣K̂Φb
〉 = 〈

Φa
∣∣V̂ Ψ (P)

b

〉

(5.20)= 〈
V̂ Ψ (P)

a

∣∣Φb
〉 = 〈

K̂Φa
∣∣Φb

〉
,

i.e., the operator̂K is Hermitian.
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Appendix A. An alternative derivation of the
fractional principle (4.22)

The fractional variational principle (4.22) may b
obtained [3,9] in a way alternative to that presen
in Section 4. To show this, we consider the biline
functional (3.17) with trial functions

(A.1)Ψ̄ (†)
a = ᾱψ̄(†)a , Ψ̄b = β̄ ψ̄b,

whereᾱ, β̄ ∈ C are adjustable scalars whilēψ(†)a and
ψ̄b are new trial functions. On defining

(A.2)F3
[
ᾱ, β̄, ψ̄(†)a , ψ̄b

] =F1
[
ᾱψ̄(†)a , β̄ ψ̄b

]
,

we have explicitly

F3
[
ᾱ, β̄, ψ̄(†)a , ψ̄b

]

= β̄
〈
Φa

∣∣V̂ ψ̄b
〉 + ᾱ∗〈V̂ ψ̄(†)a

∣∣Φb
〉

(A.3)− ᾱ∗β̄
〈
ψ̄(†)a

∣∣[V̂ + V̂ Ĝ0V̂
]
ψ̄b

〉
.

Keeping ψ̄(†)a and ψ̄b fixed and varyingᾱ and β̄
around someα andβ , respectively, yields

δF3
[
α,β, ψ̄(†)a , ψ̄b

]

= δα∗[〈V̂ ψ̄(†)a
∣∣Φb

〉 − β
〈
ψ̄(†)a

∣∣[V̂ + V̂ Ĝ0V̂
]
ψ̄b

〉]

(A.4)

+ δβ
[〈
Φa

∣∣V̂ ψ̄b
〉 − α∗〈ψ̄(†)a

∣∣[V̂ + V̂ Ĝ0V̂
]
ψ̄b

〉]
.

Stipulation

(A.5)δF3
[
α,β, ψ̄(†)a , ψ̄b

] = 0

gives

(A.6)α∗ =
〈
Φa

∣∣V̂ ψ̄b
〉

〈
ψ̄
(†)
a

∣∣[V̂ + V̂ Ĝ0V̂ ]ψ̄b
〉 ,

(A.7)β =
〈
V̂ ψ̄

(†)
a

∣∣Φb
〉

〈
ψ̄
(†)
a

∣∣[V̂ + V̂ Ĝ0V̂ ]ψ̄b
〉 .

Choosing

(A.8)ᾱ = α, β̄ = β,

with α and β defined in Eqs. (A.6) and (A.7), th
functional (A.3) becomes

(A.9)F3
[
ψ̄(†)a , ψ̄b

] =
〈
Φa

∣∣V̂ ψ̄b
〉〈
V̂ ψ̄

(†)
a

∣∣Φb
〉

〈
ψ̄
(†)
a

∣∣[V̂ + V̂ Ĝ0V̂ ]ψ̄b
〉 .

It is evident that, apart from unimportant notation
differences, the functional (A.9) is identical with th
one used in the principle (4.22).

It has to be emphasized, however, that in so
variational problems [10] (in fact, more involved tha
these discussed in this Letter) the method presente
this appendix leads to fractional variational princip
different from those which may be obtained by app
ing the Lagrange procedure in the manner analog
to that outlined in Section 4.
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