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Abstract

We present systematic derivations of bilinear and fractional Schwinger variational principles for matrix elements of a
generalized transition operator in the context of quantum mechanical potential scattering. The employed method is based on a
generalization of the method of Lagrange multipliers.
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1. Introduction 2. Preliminaries

Let @, and®; be arbitrary (assumed to be known)

In standard presentations of Schwinger variational Solutions to the Schrodinger equation
methods for quantum potential scattering theory rele- - -
vant functionals appear as if they were guessed [1-5]. [HO - E](b =0, 2.1)

The question arises: is it possible terive these both be|0nging tadhe same energyE from the con-
functionals in some way? It is a purpose of this tinuous spectrum of the free-particle Hamiltonidp.
Letter to show that the answer is affirmative. We Further, letGg be a particular Green operator associ-
present systematic derivations of bilinear and frac- ated with the operatatly — E. We define¥;, as a so-

tional Schwinger variational principles for matrix ele-  |ution to the Lippmann—Schwinger integral equation

ments of a generalized transition operator by employ-

ing a generalization of the method of Lagrange multi- ¥, = @, — GoV ¥, (2.2)
liers [6]. N

P [6] with a Hermitian potential operatdf. Obviously, the

functiony,, obeys the Schrédinger equation

E-mail address: radek@mif.pg.gda.pl (R. Szmytkowski). [HO +V - E]Wb =0. (2.3)
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We shall assume thdt is in the continuous part
of the spectrum of{p + VAand define a generalized
on-shell transition operatot so that

(2.4)

It follows from Egs. (2.4) and (2.2) that the operaﬁor
depends implicitly orGo.

There are two special choices@f which result in
operatorsi commonly used in the scattering theory. If
one choose& as the ‘outgoing’ Green operator

(2.5)

(@a]|ADp) = (Pa| V).

A LA |
Gf)*):I;%[HO—E—w] :

the resulting ope[atorﬁ is the standard on-shell
transition operatof. If, in turn, Go is taken as the
‘standing’ (or the ‘principal value’) Green operator

A 1 . A
P) ) 4 A&G)
G, =§[GO +Gy’) (2.6)
where
G =60 = im[ Ao~ £ + is] " 2.7)
&

(here and henceforth the dagger denotes the Hermitian

conjugation), the opgrato& is the on-shell reactance
(or reaction) operatok .1

3. Bilinear variational principle

Assume at first that it is our goal to derive a

variational principle for the matrix eleme(®, |Ad>b>.
We rewrite Egs. (2.4) and (2.2) in the forms

(@a|Ady — Vi) =0, 3.1)

[1+ GoV]w, — @ =0, (3.2)
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in which A and¥, are some trial estimates df and
¥, respectively. The first term on the right-hand side
is the most primitive estimate @b, |Ad>b>, obtained
by replacing in the latteA with A. The second and
the third terms on the right-hand side of Eq. (3.3)
incorporate, with the aid of the Lagrangaultiplier

77 and the Lagrangéunction A, Egs. (3.1) and (3.2)
as constrains. It is evident that the functional (3.3)
possesses the property

Fl[A, ¥, 1, /i] = <(1§a |A(I§b) (3.4)

for arbitrary 77 and A.
The first variation of the functional (3.3) due to
small and sufficiently smooth but otherwisicon-

strained variations inA, ¥, ij, and A aroundA, ¥,
n, andA (with n and A at this stage chosen arbitrarily)
is
SFi[A, Wy, 1, A]
= (®u|SA®) + 61(®u| Ay — VW)
+ n(Pa|SAD, — VW)
+(84|[1+ GoV]w — &)
+(A|[14 GoV]sw,). (3.5)
In virtue of Egs. (3.1) and (3.2), the second and the
fourth terms on the right-hand side of Eq. (3.5) vanish
yielding
8F1[AA, Yy, 1, A]
= (@ [SA®y) + n(®y[SAD, — VW)

respectively, and proceeding in the spirit of the gener- 5F1[A, Wy, 1, A]

alized Lagrange method [6] start with the functional
Fi[A, B, 7, A] = (Pu] ADp) + ii{ @ | ADy — V)
+(A[[14 GoV]E — @), (3.3)

1in some texts, particularly older ones (e.g., Ref. [2]) the

reactance operator is denoted RyIn this connection, it should be
pointed out that in the scattering theory there exastther integral
operatorR, a matrix representation of which is Wigneismatrix

[7]. Occasionally this notational coincidence causes confusions

(e.g., [8)).

+(Al[1+ GoV]sw) (3.6)
and further
=[n+ 1|(®a |5 Ads)
+{[1+VGA -V, |su) 3.7)

with the asterisk denoting the complex conjugate.
So farp and A have been arbitrary. At this moment,

however, we stipulate that

SFi[A, W, n, A] =0 (3.8)

for any §A andsw;,,. From Eq. (3.7) itis clear that this
is possible if and only if; and A are solutions of the
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following equations:

n+1=0, (3.9)
[1+VGl]A—n*Ve, =0. (3.10)
From Eg. (3.9) we have

n=-1, (3.11)
while Egs. (3.10) and (3.11) imply that obeys
[1+VGl]A+ Vo, =0. (3.12)

Let us define a functionI/a(T) as a solution to the
equation

[1+GlV]eP —@, =0 (3.13)

(the parenthesized dagger awa(h is anindex serving

to emphasize that this function is a solution to the
Lippmann—Schwinger equation (3.13) with the adjoint
Green operatof;g). Then, it is clear that a solution to
Eq. (3.12)is

A=—-Vgd, (3.14)

Egs. (3.11) and (3.14) suggest that in the functional
(3.3) one chooses

A=—-vg®, (3.16)
where'ﬁf) is some trial estimate of/f). This yields

the functional
A& 0] = (@0 |V ) + (VD |5)
—(@D|[V+VGV]E),  (3.17)
which has the advantage of being independem’:t.dt
follows from the method of its construction, presented
above, and may be also easily verified directly, on em-
ploying Eq. (3.2), that the functional (3.17) possesses
the properties

F[e D, w] = (@4 V), (3.18)
hence (cf. Eq. (2.4))

FA[e D, W] = (®a|Ady), (3.19)
and

sF[eM, w]=0. (3.20)
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Egs. (3.17), (3.19), and (3.20) may be summarized as
thebilinear Schwinger variational principle

(0al404)= stat {(00[ V) + (V07|

— (@0 + V6oV )] (3.21)
with the stationary point attained for
gD —g® g =y, (3.22)

Concluding this section, it is worth noticing that
from Eq. (3.17), with the aid of Eq. (3.13), we have

(3.23)

From this and from Eq. (3.19) we infer that, in addition
to Eq. (2.4), it holds

AL v = (Vo)

(@4 Adp) = (VD] dy). (3.24)

We shall make use of Eq. (3.24) in Section 4.

4. Fractional variational principles

A different variational principle fo{®, |Ad>b) may
be obtained by constructing at first a principle for
(@,|Adp)~L. The relevant starting functional
2 - _ - 2 -1 _ 2 A =
Fo[A, Wy, 1), A] = (@a|APp) " +i1{@a| ADy — V)
+(A[[14 GoV]E, — @), (4.2)
incorporating the constraints (3.1) and (3.2), possesses
the property
A - A1
Fo[A, W, 7, A] = (P |Adp) . (4.2)

Varying this functional and making use of the con-
straints (3.1) and (3.2), we obtain

SF2[A, Wy, n, A] = —(@u| Ady) (0, |5 AD)
+ (@ [SAD, — VW)

+({A[[1+GoV]ow,),  (4.3)
hence
SFo[A, Wy, 1, A]
=1 (@a|Ay) *|(@u[sA0))
+{[1+ VG A -V, |sw). (4.4)



236

On stipulating
SF2[A, Wy, n, A] =0, (4.5)

in virtue of arbitrariness 08 A and s, we find the
following equations defining and A:

n— (@] Ady)? =0, (4.6)
[1+VGl]A—n*Ve, =0. 4.7)
Hence, we infer that

n=(®u|Ady) 2, (4.8)
A=(Ady|on) *VuD, (4.9)

or equivalently, in virtue of Egs. (2.4) and (3.24),

1

n = (@u|Ady) | V), (4.10)

A= (V| @) N @y Ve D) e D, (4.11)

with w" defined by Eq. (3.13).
Guided by Egs. (4.10) and (4.11), in the functional
(4.1) we substitute

i = (04| Ady) @ | V) (4.12)

A= (V8 |0,) @y VED TV ED, (4.13)

with &7 and ¥, having the same meaning as in
Section 3. This seemingly artificial choice gfand

A vyields a remarkably simple, independent Af
fractional functional

(@O + V6oV 1)

R D F,] = — 4.14
7| ') (@a| VIV I | By) (14

with the required properties

Fo[o D, ] = (@a|Adp)*, (4.15)

sF[wM, w]=0. (4.16)

Actually, the functional (4.14) offers evemore
than we might expect from the procedure of its
construction. A glance at Eq. (4.14) shows that for any
«, B € C\{0} it holds

Folad D, ] = F[ &0, &]. (4.17)
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Consequently, Egs. (4.15) and (4.16) may be replaced
by

Folaw ™D, pw] = (4| Ads) ", (4.18)
sFlaw ™M, pw,] =0, (4.19)
i.e., we have

. TNV + VGV 19,
(u Ay = star e IV EVOOVIT) 5

M@, (Pa| VNV | Dp)

with the stationary point attained for
D —qu® g, =gy, (4.21)

wherew, 8 € C\{0}.

From Eg. (4.22) we deduce the followifrgctional
Schwinger variational principle for the matrix element
(Pa| ADy).

R @, | V&NV | @
(¢a|Aq§b>= stat <_ ‘;’VAbeA a A’ _b)
5., (B |V + VGV 19)

. (4.22)

with the stationary point attained fob." and &,
givenin Eq. (4.21).

Before concluding this section, we mention that
other choices of; and A, alternative to these in Egs.
(4.12) and (4.13), are also possible. For instance, have
we chosen in the functional (4.1)

= (®a|VE) 2, (4.23)
A= (Vo) Ve, (4.24)
(0| Ady) = (0, VB), (4.25)

as suggested by Egs. (4.8), (4.9), and (2.4), we would
arrive at the variational principle

(@] do)

stat
2UR7A

= stat {(@| V) [(@a] V) — (VEP|,)
+(@D|[V + V6oV )] . (426)

with the stationary point attained for

’J_/a(T) = lI/a(T), Uy = . (4.27)
Still another choice:

_ g -2

i = (VoD @y) 7, (4.28)
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A=(@| VD) VD, (4.29)

(@] Ady) = (V| By), (4.30)

suggested by Egs. (4.8), (4.9), and (3.24), results in the

principle
(] Ady)

stat
RN

x [(V&" | @s) — (@a] V)
@7+ 7 Gov )],

(7300,

(4.31)

with the stationary point attained for the sami_YéT)

and ¥, as in the case of the principle (4.26). How-
ever, because of simplicity of the functional involved,
the principle (4.22) is evidently superior to the prin-
ciples (4.26) and (4.31); in fact, this principle is also
superior to all other fractional principles which may
be obtained with alternative (but still consistent with
Egs. (4.8), (4.9), and either (2.4) or (3.24)) choices of

i, A, and(@,|Ady).

5. Two examples

As the first example, consider

A~ A

A=T, (5.1)

where7 is the standard on-shell transition operator.
In this case, the Green operatéb, to be used in the
Lippmann—Schwinger equation (3.2), is the ‘outgoing’
one (2.5), while its Hermitian adjoint, to be used in
Eq. (4.7), is the ‘ingoing’ one (2.7). Following the
common notation and denoting Méi) solutions to
the Lippmann—-Schwinger equations

[1+ GV — . =0, (5.2)
we have
L A 2 (5.3)

Adopting the analogous notation for the estimates:

=g =g, (5.4)
from Egs. (3.21) and (4.22), as particular cases, we ob-

tain the well-known Schwinger variational principles
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[1-5]:
@dion)= st flon|057)+ (75, |o)
a >%h

~ (@O +V6VET) 65)

(@a|T )
_ (@a| V2, )V | 9)
O OV + VESI V1)
In the principle (5.5) the stationary value is attained
for

(5.6)

vO = g =g (5.7)
and in the principle (5.6) for
v e, PP =gyt (5.8)

with «, 8 € C\{0}. Egs. (2.4) and (3.24), specialized
to the case considered here, yield

(@4 |T®p) = (@a| V) = (V) |@y). (5.9)
In the second example, we take
A=K, (5.10)

where K is the on-shell reactance operator. The
relevant Green operatatg is now the ‘principal-

value’ one (2.6); evidently, it is self-adjoint:
GPT=6P. (5.11)

If we denote byI/C(P) a solution to the equation

[1+G6V]e® —o. =0, (5.12)

in virtue of the hermiticity ofégp) we have

WC(P)(T) =y P, (5.13)
hence, in this example:

v =y® g, =P (5.14)
Again, adopting the analogous notation for estimates:
vH=oP G =yP, (5.15)

Egs. (3.21) and (4.22) yield the Schwinger variational
principles [2,4]:

(@ulken)=_stat, {(0,|VF7) (7070
a ¥

—(@P|[V+V6PVE") G.16)
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(@a| K @)
(| VE,7) V25" | 1)
o P e (TP +VEP V1P

(5.17)

The functional on the right-hand side of Eq. (5.16) is
stationary for

vP=y® P =y (5.18)

while for the functional in Eq. (5.17) this occurs when

g, (5.19)
with «, 8 € C\{0}. From Egs. (2.4) and (3.24) we have

0P —aw®, GO

CAICARICAEA
= (VP |o,) = (K by |®y), (5.20)

i.e., the operatoK is Hermitian.
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Appendix A. An alternative derivation of the
fractional principle (4.22)

The fractional variational principle (4.22) may be
obtained [3,9] in a way alternative to that presented
in Section 4. To show this, we consider the bilinear
functional (3.17) with trial functions

Wy =B Y,
wherea, B € C are adjustable scalars whi&-am and
Y, are new trial functions. On defining

D =ay®D, (A1)

Fsla, B. 9. v ] = Fa[avD. B ], (A.2)
we have explicitly
Fa[a, B.¥"., vin]
= B(@ V) +a (VD | @)
@BV + VoV ). (A3)
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Keeping %" and ¥, fixed and varyinga and g
around some andg, respectively, yields

8F3o, .UV, W]

=8a*[(VI V| @p) = BUVI[V + VGV )]
+88((®a| V) — (B PI[V + VGoV ]9)].
(A.4)
Stipulation
SFala, B, 9D, ] =0 (A5)
gives
RS . 1LAT — (A6)
(GP [V 4+ VGoV 1)
- (V7| s) . (A7)
TPV + VGoV 1)
Choosing
a=a, B =48, (A.8)

with @ and B8 defined in Egs. (A.6) and (A.7), the
functional (A.3) becomes

A3, o] = ALV ),

(0" |1V + V GoV 1)
It is evident that, apart from unimportant notational
differences, the functional (A.9) is identical with the
one used in the principle (4.22).

It has to be emphasized, however, that in some
variational problems [10] (in fact, more involved than
these discussed in this Letter) the method presented in
this appendix leads to fractional variational principles
different from those which may be obtained by apply-
ing the Lagrange procedure in the manner analogous
to that outlined in Section 4.

(A.9)
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