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Abstract

A theoretical background of an eigenchannel R-matrix approach to photoionization of relativistic one-electron

systems is outlined.
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1. Introduction

A nonrelativistic eigenchannel R-matrix approach to
atomic processes was proposed nearly 30 years ago
(Fano and Lee, 1973; Lee, 1974). Since then, the method
has evolved into one of the most powerful tools used in
theoretical description of photoionization and Rydberg
spectra of atoms and molecules (Greene, 1988; Hama-
cher, 1990; Aymar et al., 1996). A relativistic variant of
the method was proposed more than a decade ago by
Hamacher and Hinze (1991) and subsequently devel-
oped mathematically by Szmytkowski (1998a, 1999,
2001a, b) within the framework of the integral operators
formulation of the R-matrix theory (Szmytkowski,
1998b, 1999).

The present paper is the first step towards a practical
application of the relativistic eigenchannel R-matrix
method in atomic physics. On the following pages we
adapt the general mathematical formalism presented by
us earlier (Szmytkowski, 1998a, 1999, 2001a, b) to a
theoretical description of photoionization of relativistic
one-electron systems.
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2. Differential cross section for photoionization

Consider a Dirac eclectron bound in a known
stationary state:
PO, 1) = YO (p)e @ (1)

of total energy E@ = hw©®. The function y®(r) is the
solution of the time-independent Dirac equation

[# — EOW ) =0, 2)
with the Hamiltonian

. . Zé*

#O = _icha-V + fmé + V — Te 3)

Here, @ and f§ are the standard Dirac matrices, while vV
is a Hermitian short-range potential operator, possibly
non-local and non-central.

The differential cross section for photoionization of
the electron from the state (1), by a classical electro-
magnetic monochromatic plane wave characterized by a
wave vector k, a polarization vector ¢ and frequency o,
to a state of definite spin polarization, is given by
do  (E+ mc)ak

2
311 . ppier 1 (0)
0= At /[R{3 d'ryt (k,r)a - ee™" Y (r)| . 4)

In Eq. (4) E = E© + ho is the total energy of the ejected
photoelectron, k is its wave vector (with k = |k| defined
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in terms of E in Eq. (A.6)) while o (not to be confused
with the Dirac matrix «) is the fine-structure constant.
The so-called ‘final state’ function (k,r) obeys the
Dirac equation

[#© — EW(k,r) =0 3)

with an asymptotic boundary condition

e—i(errﬂ In 2kr)

Yk, 1) =5 Y r) + S (1) ————, ©)
where
YEUkor) = amk e Oy (1)@l (moy. (7

wm

Here, n, =r/r, m = k/k, the numbers » and m are
combined parity and total angular momentum and total
angular momentum projection quantum numbers, re-
spectively, [ =[x+ 1/2| — 1/2, {1//.%7(1')} are the regular
Dirac-Coulomb wave functions, defined by Egs. (20)
and (A.3), {Q,,(n)} are spherical spinors, y is a two-
component normalized spinor describing the orientation
of photoelectron’s spin in its rest frame, while 55 is a
Dirac—Coulomb phase shift defined in Eq.(A.14).
Asymptotically, the function yC(k,r) is a superposition
of a Coulomb-modified Dirac plane wave, propagating
in the direction ny, and a radially incoming, angularly
modulated, spherical wave.

In the following section we shall show how to find the
function (k,r) with the aid of the relativistic eigen-
channel R-matrix method.

3. The inner and outer regions. The R-matrix

In the R-matrix method we divide the physical space
into two regions, ¥~ and R*7", separated by the
reaction surface .. We choose the finite inner region
¥" to be a sphere of radius p, centered at the source of
the Coulomb field. The volume #°\7 is the outer
region. The radius p is to be chosen so that in the outer
region the photoelectron feels the Coulomb potential
only. In the rest of this work, if the point r lies on the
surface %, we shall denote this using the symbol p
instead of r.

In the inner region the wave function (k,r) may be
written as the following series:

Ylk,r) = e (Er) (re?), ®)

where {,} are eigenfunctions of the spectral problem

[#© — EW,(Er) =0 (re ), ©

i (p) — 7 Dby (E)EOW(E,p) =0 (pe). (10)

Here the energy E is fixed at the value E© + how, the
(real) numbers {b,(E)} are eigenvalues,

ho\ !
NEN— (T) an
mc

(&) will appear in Eq. (23) and in equations following
it),

BV =3I+ P (12)
with .# denoting the unit 4 x 4 matrix,

2 P(p) = 7 n(p) -2, (13)

where n(p) is a unit outward vector normal to the
surface % at the point p. It was shown (Szmytkowski,
1998a, 1999) that the functions {i,} may be chosen to
be orthonormal in the sense

WA IB W) = S (14)

where (|) denotes the surface inner product

(Ply) = f &pd" (pY(p). 15)
i

A convenient method of finding eigensolutions to system
(9) and (10) is to use the equivalent variational principle

HE) = Stat{m(&ua‘j%&) | 2m A - E]nﬁ>}
v

@y e )

(16)
where (|) denotes a volume inner product defined as
(ol > = /”d3r¢f(")lﬁ(r)- 17)

v

In principle, the coefficients in the expansion (8) may be
found by projecting this expansion, restricted to the
surface &, onto 1//;(E, p)B™, and employing then
Eq. (14). After replacing u by v in the result, this yields

o = W, IBY). (18)

However, Eq. (18) may be exploited only if the function
Y is known on the reaction surface .%’. For this purpose,
we have to find it first in the outer region, making then
the limiting passage r— p.

Due to the pure Coulomb interaction in the outer
region R*\7", the function y(k, r) may be expanded there
as

Ylksr) = [y Vi, (1)

wm
o'm’

+ B WD, (m)y - (reR\Y).
(19)

In Eq. (19), {Awnxm} and {Byuwn}, depending on k,

are so far unknown coefficients which should be found.

The continuum Dirac-Coulomb functions {2, °* " (r)}
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are given by

M or W
M or W(I’) _ 1( Px (V)me(”r))>, (20)

o r IQ;](V[ or W(V)Q—%m(”r

where PM ot W(r) and QM °* W(r) are the continuum
radial Dirac—Coulomb functions (see Appendix A for
their definitions and some useful properties).

The coefficients { Ay} can be found by analyzing
an asymptotic form of Eq. (19) and comparing it with
Egs. (6) and (7). We obtain

Aum,u’m’ = 4nk71i/eimf§nu’6rmn’- (21)

To find the coefficients {Byy. .}, let us introduce an
operator Z)(E), such that for any regular solution of
the equation

7O — Elg(E.r)=0  (re?) (22)

(notice that we consider the inner region again!) the
relation

BOGE, p) = —y DR (E)io P (p)p(E, p) (23)

is satisfied on the reaction surface <. Properties of
A(E) (and related operators) have been discussed
extensively by Szmytkowski (1998a, b, 1999, 2001a); in
particular, it has been found that the integral kernel of
Z(E) has the following spectral expansion:

AE. p.p) =3 FOWE. pb, (EWIE. 9B, 24)

where the numbers {b,(E)} and the functions {y,}
(normalized as in Eq. (14)) are eigensolutions of the
system (9) and (10).

In virtue of Eq. (5), it appears that Eq. (23) holds
when Y(k, p) is substituted for ¢(E, p), i.c.
Bk, p) = =y O R Eio! () (k. p). (25)

Collecting the coefficients { By, } into a square matrix
B, after substituting Egs. (19) and (21) into Eq. (25), we
obtain the algebraic linear system

WB = M. (26)
The square matrices W and M with elements

(Wl = P2t (D)0t + 77O ()R (27)
and

M] — 4k ie %

< [P (0)3t O + 77 O (DIRS,) ) (28)

respectively, depend on matrix elements of the operator
p}y(ﬂ( E):

wmx'm'

R*(A;),x’m’ = (AMWIL@(JF)A‘/.’m’)a (29)
where

Qm(ny)
Aum(ny) = < T ) (30)

with n, = p/p (notice that in the present case n, = n(p)).
The elements (29) form an R-matrix R™(E).

Once the coefficients { By} have been found, by
solving the algebraic system (26), the function Y(k,r) is
known in the outer region and, through the limiting
passage r— p, also on the surface .#. Utilizing this fact in
Eq. (18), we obtain

Gy = Z pil[AMm,M’m’Piw(p) + Bum,wm’P;V(p)]

X (l//v|/1w.,,)Qi,m, (”k)X~ (3 l)

Substitution of this result into Eq. (8) yields the function
Y(k,r) in the inner region. Thus, our task of finding
W(k, r) in the whole space R® has been completed and the
integral in Eq. (4) may be performed.

4. Conclusions and outlook

In this paper we have presented an adaptation of the
relativistic eigenchannel R-matrix method (Hamacher
and Hinze, 1991; Szmytkowski, 1998a, 1999, 2001b) to a
theoretical description of photoionization of relativistic
one-electron systems. We work on a numerical imple-
mentation of the formalism presented above and on its
extension to quasi-two-electron systems.
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Appendix A. The continuum radial Dirac—Coulomb
functions

The continuum radial Dirac—Coulomb functions
PMor Wy and QM °f W(r) used in this work are
solutions to the Dirac system

(mc> — E)/ch—{/r —d/dr+u/r
d/dr+u/r —(mc* + E)/ch—{/r
Pl ) =0 Al
oy v ) = D
where
{=az (A2)

(o is the fine-structure constant). For E > mc?, they may
be expressed in terms of the Whittaker functions of the
first (M, p(x)) and second (W, g(x)) kinds (Magnus et al.,
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1966) in the following way:

. o1 .
PQ/I(},.) _ M COS(q&M)[M—in,yK—1/2(21kr) + wmd (% + Vx)M—i;i,}'x+l/2(21kr) (A 3)
M L . . o . > .
0, () “ \ esin(@,)[M iy, —122ikr) + op (0 — 9,)M iy, 11/2(2ikr)
P}I:V(V) N CW W—in,yyfl/2(2ikr) +ow W—i77,",'u+1/2(2ikr) (A 4)
0, (r) F N O 9 )W, 1 2Qikr) + 0wl o= 2 )Wy 12 Qikr) )
PV (r ) i .
where /;V( ) —f7® exp[—i(kr + 5 In 2kr
— oy 6
=\/u> -, AS
e ¢ (A-5) — lnl 469 (A.17)
E — mc2)(E + mc?
ooV E +me) A6)
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