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ABSTRACT: The Sturmian expansion of the generalized Dirac-Coulomb Green
function (Szmytkowski, ] Phys B, 1997, 30, 825; erratum 1997, 30, 2747) is exploited to
derive closed-form expressions for electric (o5) and magnetic (o) dipole shielding
constants for the ground state of the relativistic hydrogen-like atom with a point-like and
spinless nucleus of charge Ze. It is found that o = Z~! (as it should be) and

om = —QZa*/27) (47 + 67 — 7 —12) /In1(n + D@2y — D],

where y; = /1 — (Za)? (« is the fine-structure constant). This expression for oy agrees
with earlier findings of several other authors, obtained with the use of other analytical
techniques, and is elementary compared to an alternative one presented recently by Cheng
et al. (] Chem Phys 2009, 130, 144102), which involves an infinite series of ratios of the
Euler’s gamma functions. © 2011 Wiley Periodicals, Inc. Int ] Quantum Chem 112: 1363-1372,
2012
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1. Introduction

I n the series of articles published by our group
over the period of past several years, it has been
shown that the Sturmian expansion of the gener-
alized (or reduced) Dirac—-Coulomb Green function
(GDCGEF), found in [1], may be used as a convenient
toolin perturbation-theory calculations of some elec-
tromagnetic properties of relativistic one-electron
atoms. In particular, closed-form expressions, in
terms of the generalized hypergeometric function
3F> with the unit argument, have been derived for
the ground-state static dipole magnetizability [2], the
polarizability [3], and the Stark-induced magnetic
anapole moment [4] for the system.

Recently, Cheng et al. [5] have reported the use of
the GDCGF Sturmian expansion technique of [1] for
the purpose to find the magnetic dipole shielding
constant oy for the Dirac one-electron atom in its
ground state. Absolutely no details of calculations
have been provided in [5]; only the final expression
for oy has been given therein as a sum of two con-
tributions, one being elementary and the second one
having a form of an infinite series of ratios of the
Euler’s gamma functions. A literature search shows
that calculations of oy for the same system were
carried out before by several research groups and
published in [6-11] (none of those works has been
referenced in [5]). An expression for oy arrived at
in [9-11] (a corresponding formula given in [6-8]
contains a misprint, cf. Section 3 below) appears to
be elementary compared with the one in [5]. This
prompts one to inquire whether the GDCGF Stur-
mian expansion technique is practically capable to
provide the same simple representation of oy as the
one given in [9-11] (and, after a due correction is
made, also in [6-8]). In the present article, we answer
this question affirmatively.

When preparing this report, we have decided
not to focus only on the dipole magnetic shield-
ing constant oy for the Dirac one-electron atom in
the ground state, but to present at first in Section 2
details of calculations of the electric dipole shield-
ing constant og for the same system. The value of
the latter quantity is known exactly to be Z7! [12],
where Z is the nuclear charge in the units of e. This
fact makes the evaluation of o an ideal test of cor-
rectness and robustness of any analytical technique,
including the present one. We believe the material
of Section 2 is highly instructive, as it shows how
certain infinite series encountered in calculations
based on the GDCGF Sturmian expansion technique

may be summed to closed elementary forms. The
practical knowledge gained in that way is then suc-
cessfully exploited in calculations of oy reported in
Section 3.

2. The Electric Dipole
Shielding Constant

Consider a Dirac one-electron atom with an infin-
itely heavy, point-like and spinless nucleus of charge
Ze. In the presence of a weak, static, uniform electric
field Eey, an electronic wave function of a ground
quasi-bound state is, to the first order in the perturb-
ing field, approximated by

V() ~ WO +wD (). (2.1)

Here, ¥ (r) is the ground-state wave function of an
isolated atom and is given by

VO =a, W) +a9 90,0, (22
where
@ + |0, =1 2.3)
(otherwise the coefficients a) 1 are arbitrary),
w0 =1 (oomaren) (1=%3) @9

with

1Z 14y 2Zr\"
P<O> = — —_—— — _Z
) a2y +1) ( g ) exp(=Zr/ao),

(2.5)
|Z 1-—y  [2Zr\"
©) — —
Q% (r) = wTCn+D ( o ) exp(—Zr/ay),
(2.6)

and with @, ,(n,), (n, = r/r), being the orthonormal
spherical spinors defined as in [13]. The second term
on the right-hand side of Eq. (2.1), ¥V (r), is the first-
order perturbation-theory correction to ¥ (r) given

by

VD (r) = —eEex - /

R

&Er GO, ) rvOau), (2.7)
3
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with GO (r, ') being the generalized Dirac-Coulomb
Green function associated with the ground-state
hydrogenic energy level £© = mc?y,.

The symbol y,, appearing in Egs. (2.5), (2.6), and
also in later considerations, is standardly defined as

Ye = VK2 — (Za)?, (2.8)

where « is the Sommerfeld’s fine-structure constant.
Moreover, as usual, 4y denotes the Bohr radius.

The electric field produced at the point r by
the atomic electron, the latter being in the state
characterized by the wave function ¥ (r), is given by

Er) = —— / #r o)LL @9)
drey Jps lr — 7|3
where
pe(r) = —eW' (1) W (r) (2.10)

is the smeared electronic charge density distribu-
tion. Hence, at the point r = 0, where the nucleus
is located, the field is

1 Pe(t")
E0) = — By 2.11
© 4meg \/]R3 rr 7’3 ( )

Now, if ¥ (r) is approximated as in Eq. (2.1), we have

pe(r) = p{(r) + p{P(r), (2.12)
where
P (1) = —eW P (W (r) (2.13)
and
P (r) = =2e Re[W VT ()W (1)]. (2.14)

Consequently, E(0) is approximately given by

E0) ~ E©0) + E?(0), (2.15)

47‘[60 [eS) IK|-1/2
—~(0) AN —
o= 2

K=—00 M=—|K|+1/2
(K20)

into Eq. (2.20). After the angular integrals appear-
ing in the resulting series representation of X are

1 (g£1++)(r,r/)szm(nr)sz}<M(n;> —igi (1 1) a1, Q21 i (1)

i (1, 1) Qg (11,) i (1)

APPLICATION OF THE STURMIAN EXPANSION

with
e L WOTEY WO
EQ0) = yr / . Pr r — (2.16)
R
and
2¢ WOy ()
EY0) = R / By — 7 (217
© dre ¢ ®3 rr 7’3 2.17)

It may be easily shown that, because of parity rea-
sons, the field component at # = 0 due to the unper-
turbed electronic distribution, E®(0), vanishes.

In turn, using the expression (2.7) for ¥ (r), we
find that the first-order field correction E(0) may
be written in the form

EV(0) = —Xg - Eex, (2.18)

where X is the electric dipole shielding tensor given

by

22 _
zE:4e Re / d3r/ P WO ) =GO, ¥ ) WO ().
TT€Q RrR3 Rr3 r
(2.19)

To evaluate X, we rewrite Eq. (2.19) in the form

2¢? . 3 3, Ot
R ney | d ar v
e, eX:eeﬂfR3 r/R3 r (r)

nn'=-1
xr2et -n,GO, r)yey W), (2.20)

Yp =

where e,, with n = 0,+1, are the unit vectors of
the cyclic basis, related to the Cartesian unit vectors
through

1 .
ey =2~¢e;, €61 = :FE(EX + 1Ey). (221)

In the next step, we substitute ¥© (r), as given by
Egs. (2.2) and (2.4), and the multipole expansion
of the generalized Dirac-Coulomb Green function,
which is

) , (2.22)

St (1, TRk ()R ()

evaluated with the aid of the following identities
obeyed by the spherical spinors [13]:
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€y - Ny le (nr)

2u (k + %)2 -
=——Q ,,(n, S r
21 () + 2 +1| +1, (1)

Ve e

1),

2c — 1] b
(2.23)
Ve = (nxy)’
€41 - nrQKﬂ (nr) = :I:\/E—Qfx,ﬂ:tl (nr)

42 —1

Jletu+)(cxp+3)
22k +1)
_\/(KJFM—%)(“FM—%)
V2(@2k = 1)

QK+1,uj:1 (nT)

Qe un1(ny), (2.24)

we arrive at the conclusion that for arbitrary [up
to the normalization constraint (2.3)] values of the
coefficients a') 12 the electric shielding tensor for the
hydrogenic ground state is a multiple of the unit
dyad,

and that the only contributions to the shielding con-
stant o come from the terms with K = +1 and
K = —2. One has

(2.26)

O = Og,;1 + Og,—2,

where

op1 = g /0 mdr /(: oodr/ (PO QUN)r G (r, 1)
PO

X7 (2.27)
Q(U) (1,/)

and

4 o0 o0 _
082 =3 / dr / dr (PO QV)r2GY%r, )
0 0

PO
X7 . (2.28)
QO

with
=(0)

=(0) ’ /
- (r, 1) NS
GO®r, 1) = (j’(“*) 8K ) (2.29)

50 50
K0 ) 8y (1,7

being the radial generalized Dirac-Coulomb Green
function associated with the hydrogenic ground-
state energy level.

To evaluate the integrals in Egs. (2.27) and (2.28),
we shall exploit the following separable expansion
of G (r,1"):

o) 0)
G;?) (7’, 7’,) — Z (0)1 Sné( (7’)
n=—oo Muk — 1 Ty(lK) (r)

x (WRSREY TRGY) K # -1,
(2.30)

which is a corollary from the theory of the Dirac—
Coulomb Sturmian functions [1]. Here

5Oy = A+ y)(n| + 2y n|!
K 2ZN,x(Nux — KT (1n] + 2yx)

2Zr\’% 27
([ ()
0 0

K-N, 27
RS T <a—r)] 231)
0

Il + 2y "

and

TO) = 1 =y (n| + 2y n|!
K 2ZN,x(Nux — KT (1n] + 2yx)

2Zr\’* 27
([ ()
0 0

K —Nuk . on) (221
_—lﬂl p LWVK e (2.32)
YK 0

[with L (p) denoting the generalized Laguerre
polynomials [14]; we define L(f‘l) (p) = 0] are the
radial Dirac—-Coulomb Sturmian functions associ-
ated with the hydrogenic ground-state energy level,
and

o _ Inl+ vk + Nux

= , 2.33
nK )/1 + 1 ( )

where

Nux==£V(Inl + y)? + (Za)? = £/ [n2 + 2|n|yx + K2
(2.34)

is the “apparent principal quantum number” (notice
that it may assume positive as well as negative val-
ues!). The following sign convention applies to the
definition (2.34): the plus sign should be chosen for
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n > 0 and the minus one for n < 0; for n = 0 one
chooses the plus sign if K < 0 and the minus sign if
K > 0.

At first, we attack the double integral in the
expression for og;. Inserting Egs. (2.5), (2.6), and
(2.30)—(2.33) into the right-hand side of Eq. (2.27),
taking the two resulting separated integrals with the
aid of the known formula [Ref. [15], Eq. (7.414.11)]

o _ rB+Hr(n+a—pB)
B @ () —
fo dp pPe PL¥(p) = AT (@ — )
re+HrB—a+1 [Re(B) > —1]

= M —o—n+1)
(2.35)

and employing Eq. (2.34), we obtain o in the form
of the following finite sum:

2
Op1 = 9—Z(7/1 +D’Cn+ DI 2y —1)
5 i (y N =D (N1 (1l =N —y1+1)
N @=[nDIC (1423 + D) (N =1)
(2.36)

n=-2

APPLICATION OF THE STURMIAN EXPANSION

Using again Eq. (2.34), after some algebra, the right-
hand side of Eq. (2.36) simplifies considerably, yield-
ing

(2.37)

As one of the two separated integrals evaluated
above converges at its lower integration limit pro-
vided y; > 1/2, we have the following constraint on
the nuclear charge:

V3
2

Z <« ~ 118.67. (2.38)

Evaluation of the double integral on the right-
hand side of Eq. (2.28) appears to be much more
cumbersome. Proceeding initially as in the case dis-
cussed above, employing Eq. (2.34) and the trivial
but useful identity

V2=yi+3, (2.39)

with much labor we obtain

1 +Dre+y—DIl (o +y1+2)

OE,—2

T 2ZT(h—n—DLGa—n+ 2Ty + 1)

= D(lnl+ 72 =y + DI+ v = 7 = 2) Ny +2
<)

n=—0o0

y (Inl+yv2+nrn+1—=nNy2Dln — DRy +5) — 2y — D(Inl + y2 + N, —2)]

In'C(In| 4+ 2y, + 1)

Nn,—2

(2.40)

nl+y,—n—1+N,

Collecting together those terms in the above series
which correspond to the same absolute value of n,
again with the use of Egs. (2.34) and (2.39), we arrive
at

The series in Eq. (2.41) does not terminate. Never-
theless, we shall show that o _, may be expressed
in the form which is as elementary as the one in the
case of og,1. To this end, we invoke the relationship

i Fm+a)l(n+ay) 2" T(a)l(@a2)

op_s = 4 n+Dre+n-DI'e+n+2) — I'(n+b) n! T(b)
: ZT(r,—n—-DIl(rn—n+2ICn+1 a,a;
i P(n+y,—y1 =20+ y2— n) x oFy ( p 7)) FIsD, 242)
X
p— nf(n+2y, +1)
x B =D +y—m =2+ — ) where ,F; is the hypergeometric function. Trans-
) 7/21 2 — 3)(211 n ;2 — ) =3 (2)/1 _12)] forming Eq. (2.41) with the aid of the above formula
! @. 4‘1) results in
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4 n+Dre+y—DIl (2 +y1+2)

OE,—2 =

9Z (-1 -2 -1 -+ DLy + DRy, + 1)
X [3(n = D — 11 — 2 — 1) oF1 (VZ

—1/1—1,)/2—)/14'1,1

2y, +1 ’
n-n-2,n-n+l
+ @y 420 —3)(yz—y1)zFl< AP
(e R-n-—-2v—n,

Now, we owe to Gauss the following identity [14]:

b ’") T®-a)T(b—a)
[Re(b —a; —ay) > 0]. (2.44)

JF, (ﬂ1,ﬂ2,1> b —a —ay)

Applying it to the three ,F; functions appearing in
Eq. (2.43), we find

r-n—-lLr-n+l
F 01
2 1< 2V2+1 7 >

Fr2n+DHr2y,+1)

= , (2.45)
Fr+y)l(Gn+n+2)
n-n—-2n-n-+1
2F1< 2)/2+1 /1>
re AN 1
_ _ren+2r2p+1 (2.46)
F'(ya+ )2+ 91 +3)
and
F )/2—)’1—2,3/2—3/1_1
241 2y2+1 7
re IR 1
Ry +3Ir2y +1) (2.47)

T+ +DT+n+3)

Plugging Eqs. (2.45)—(2.47) into Eq. (2.43), after some
further simplifications based on the use of the rela-
tion (2.39), we arrive at the afore-announced elemen-
tary representation of the K = —2 component of the

conclusion that the electric dipole shielding constant
for the Dirac hydrogenic atom in its ground state is

os =27, (2.49)

as it should be.
In the nonrelativistic limit

1
n~l-— E(Za)z, (2.50)
so that one has
1 1
~ — 1= =(Za)? 2.51
OE1 37 |: 3( o) ] ( )
and
2 1
L~ — |14 =(Za)?]. 2.52
OE,—2 3Z|:+6(a):| (2.52)

3. The Magnetic Dipole Shielding
Constant

We proceed to the evaluation of the mag-
netic dipole shielding constant. The model of the
hydrogen-like atom we shall adopt for this purpose
is the same as in the preceding section.

In a weak, constant, uniform magnetic field Bey,
the atomic ground energy level £© splits into two,
their energies being given, to the first-order in By, by

shielding constant: £y = O+ £V (M = :I:%) , (3.1)
2(p1 —4)
Og,—2 = _9—Z (248) with
Insertion of og; and og,» as given in Egs. (2.37) e — 2y +1 B 32
and (2.48), respectively, into Eq. (2.26) leads us to the w = SN 3 HBPew (3.2)
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where ug is the Bohr magneton. The corresponding
wave functions, to the same approximation order,
are

W, (1) = W0 () + U0 (1) <M==i%>, (3.3)

with W% (r) givenby Eq. (2.4) (the space quantization
axis being chosen along the external magnetic field
direction) and with

1 —
v (r) = —50Bex / #r GO, ) x )T ().
RrR3
(3.4)

Here, o is the Dirac 4 x 4 vector matrix given

standardly by
0 o
o= (0 0) , (3.5)

where o is the vector composed of the Pauli matrices.
According to the Dirac theory, there is an electric
current with density

7 (r) = —ecW] (raw,(r) (3.6)

associated with the electron being in the state W, (r).
Using the Biot-Savart law, we find that at the point
r the magnetic field due to the current distribution
j# (r') is

R r—r
B,(r) = 5_2/1;3 Ar 7, () x m (3.7)

In the particular case, when the observation point
is located at the nucleus, i.e., at r = 0, the above
expression simplifies to

s, T xju(r/)
B,(0) = M/d-ﬁﬁf (38)

If, as we have assumed above, the electronic wave

APPLICATION OF THE STURMIAN EXPANSION
and
7 () = —2ec Re[ WP (W) (1)]. (3.11)

Consequently, for the magnetic field at the nucleus
location we have

B,(0) ~ B (0) + B{(0), (3.12)

with

WOty % WO (1)
O () — Ho 3.
BM(O)_—ec4—/dr s a

'3
(3.13)
and
WOt x aUD (¢
BELD(O) ZEC—RE/ &Pr - ") — ( ).
r/
(3.14)
If Eq. (3.13) is rewritten in the form
B (0) = ec = Z e
n——l
wOtghre, - (n. x a) WO @
x/ gy L) :/3’ Wi 315)
R3

using Eqs. (2.4)-(2.6) and the spherical spinor
identities [13]

ey - (1, x 0) R, (n,)

. Auk o . (""’_%)2_“29
_1m 7K;¢(nr)+lw w1, (1)
o

. 2
— i Q. ..(n), (3.16
1 |2[( — 1| 1, (n ) ( )

+1 ° (nr X 0') Qku(nr)

function W, (r) is known to the first-order in the per- _ ( 11 )2
turbing field Bey, the current j, (r) may be approxi- = Fi2V2k - =2 Qe us1(ny)
mated as -1

. ktpu+H(ktpn+2

7, (1) = ]LO)(T) —}—](1)(1‘), (3.9) n 1\/( nt3) (k£ pu+3) Qo1 pr (1)

V2Q2k +1) ’
with
VJeFu-DEFu-1)
jl(?) (r) = —ec\Ill(Loﬁ(r)a\I/fLO) ()] (3.10) + 22k — 1) Lt @), (317)
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with no difficulty one finds that

8
B?(0) = sgn(—p) ————boMext, 3.18
X O = sgn(—pw) g hotten, (318)

where

Mo UB

by = ——+ 3.19

0 A ag ( )

is the atomic unit of the magnetic field induction,

whereas 11,y is the unit vector along Bey. The radial
integral

/ " dr 2P0 () QO (1),

0

encountered in the course of evaluation of Bg)) (0),
converges atits lower limit provided y; > 1/2, which
constrains the nuclear charge as in Eq. (2.38).

To evaluate the first-order approximation to the
magnetic field induced at the nucleus, we plug
Eq. (3.4) into Eq. (3.14). This gives

B (0) = —,. - Bex, (3.20)

where

62

T = — Re | d°
Mo 4meg /11‘@3 !

X / acr' \IJ,(LO”(r)gC(O)(r, )r' x aW P (')
RrR3 T
(3.21)

is the magnetic dipole shielding tensor. Rewriting
Eq. (3.21) in the form

62 +1
Ty = — Re Y ey | dr
4 . RS

nn'=

X / &r' v (r)r e, - (n, x a)
RrR3
x GO(r, ey - (1, x W), (3.22)

inserting the multipole representation (2.22) of the
generalized Dirac-Coulomb Green function into
Eq. (3.22) and using the relations (3.16) and (3.17)
to carry out integrations over the angles of the vec-
tors r and 7/, after some labor we discover that, like
its electric counterpart, the tensor Xy, is a multiple
of the unit dyad:

Tty = oyl (3.23)

As the notation used indicates, the factor oy, being
the magnetic shielding constant for the system under
study, is independent of the angular momentum
projection quantum number y; it is given by the sum

OM = OM,-1 + OMm2, (3.24)

where

oM_1 = 2 f " r f Car QO POr))
9 0 0

_ 0 /
x 172G (r, )7 <(1~3(‘O: ((:))> (3.25)

and

oM = —% /"o d”[oo dr’ (Q(O)(T’) P(O)(T’))
9 Jo 0

i O ('
x 172Gy (r, )1’ (%(0) ((:/))> - (3.26)

The Sturmian expansion of G{'(r,7') given in
Eq. (2.30) is inapplicable in the case of K = —1 and
thus it cannot be used for the purpose of evaluation
of the double integral in Eq. (3.25). The valid Stur-

mian representation of G (r, ), which we employ
for that purpose is [1]

) %) 1 S(O) (r)
O, 0
GOrry= > O (T,i?li(r))

n=—oo Mn,—1

(n#0)
x (280,00 T, 00)
1 S(O) ) /
+ (Vl - 5) (ﬁﬁg;) (85240 TE )
1(0) , )
+ <K(0)((7;,))> (Sé?il ™) T(()f)ll (r ))
Sy (r) , ,
! (T?fi (:)> Joe) KOa)), (3.27)

where

10(r) = (m - %) So1 (1)

1
+ ( tnro, Za> TO (1), (3.28)
o 4y .

JOw) =190 +S5”1(r)

1 l4+nyr
= <yl + 5) SO + » ( j n e Za) T (1)
(3.29)
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and

1—
KO() =n ( Az
o ap

- Za) Sy’ (1)
1 T(U)
—\n- E 0,1 (). (3.30)

Exploiting Egs. (2.5), (2.6), and (2.31)-(2.35), we find
that

8Za?
oM-1=""3 +DCn+DIr'@2n -1
+2
n N”/*l +1
X — —_—
’;2( ) Nn,—l
(n#0)

o In| +1
2= nD'T(In| + 21 + D(In] + Np-1 — 1)
2702 + 1 2Za? 2y +1

9 V2! 9 2y -1
27Za? 2 1
pent (3.31)
9 4!

terms on the right-hand side being ordered in corre-
spondence with Eq. (3.27). The first of them is readily
found to be 8Za?/[9y1(2y1 — 1)], so that oy 1 is

270 2y2 +y — 4
9 nen-1

(3.32)

OoM,-1 =

To calculate oy, from Eq. (3.26), we use G;O) (r, 1)
in the form (2.30). Applying Egs. (2.5), (2.6), (2.31)—
(2.35), and (2.39), we arrive at

2Za? Fr+n—-Drr+n+2)
9 I'y,—n—-DIl'(r, = +2I'2y1 + 1

OM2 =

y i Ldnl+y—n =20+ =1 +2)
[nIIC (] + 232 + 1)

n=-—0oo

« Ny —=23|n|+3y, +y1 +1+ 3N,
N2 nl+y,—»m —14+Np

(3.33)

The simplification is achieved after one collects terms
with the same absolute value of n. This gives

2Za? P+ =Dl (e +y1+2)

APPLICATION OF THE STURMIAN EXPANSION

which is the final expression for oy, provided in
[5]. We shall show that, similarly to the series in
Eq. (2.41), the one in Eq. (3.34) may be also summed
to a closed elementary form. To this end, we rewrite
the latter equation as

27a? F+n—DIr(n+y+2)
9 Tr,—n—-Dro—n+2r2n+1

OM2 =

o ir(n-l-)/z—)ﬁ—l)r(ﬂ—l-yz—yl)
n‘rn+2y, +1)

n=0

oo

+§:Nﬂ+n—m—hﬁﬁ+n—m+h
nl'm+2y,+1)

n=0

(3.35)
and further, after use is made of Eq. (2.42), as

27

OM2 =
o Fyp+y—DIr (2 +y1+2)
Vo= —n+DIrCn+DHI'2y+ 1)

vn=—vr—-L»n—-w.
X[zpl( 2y +1 ’1)

N —1/V2—)/1+1,1
2y, +1 ’ )
(3.36)

+(2 — 1) 2F1 (J/z

According to Eq. (2.44), the first of the two »F;
functions appearing above is

v-n-Lnrn-n
F 01
21< 2y2+1 /)

_ F@2n+2r2y, +1)
F+rn+Drn+n+2)

(3.37)

whereas the second one has been already encoun-
tered in the course of evaluation of o, and is given
by Eq. (2.45). Hence, once Egs. (2.45) and (3.37) are
inserted into Eq. (3.36), we eventually arrive at the
following simple representation of oy ,:

2702y +2
27 n+1

(3.38)

OM2 =

From the expressions for the components oy_1
and oy, of oy, displayed in Egs. (3.32) and (3.38), we

O =
e 9 Fr=—n-DI(rz—n+29r2pn+1 deduce that the total magnetic shielding constant for
) i T+ ys— = DT+ s — 11 +2) the hydrogen-like atom in its ground state is
~ nPm+2n+Dn+y —y) . _ 2Za* 4y 6y =T — 12 (3:39)
(3.34) YT pitben -1 '
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in agreement with the findings of Moore [9], Pyper
and Zhang [10] and also of Ivanov et al. [11] (after one
takes into account that the latter authors define oy
with the opposite sign). The expression for oy given
by Zapryagaev et al. in [6-8] becomes equivalent to
the one in Eq. (3.39) after in the denominator of the
former one replaces A, by A1, the latter quantity being
identical with our y;.
In the nonrelativistic limit one has

2Za?

oM = =g [144(Za)?] (3.40)
and
L2 L gy (3.41)
M2 =g el '
and also
Zao? 97
~ 1+ Z(Za)?|. 3.42
- 3[*36(“)] (3.42)

4. Conclusions

In this article, we have proved that the analyt-
ical technique based on the Sturmian expansion
of the generalized Dirac-Coulomb Green function
enables one to arrive at the same simple closed-
form representations of the electric (o) and mag-
netic (o) dipole shielding constants for the Dirac
one-electron atom in its ground state as have been
given previously by several other authors. We find
this encouraging in the perspective of our planned,

mathematically much more challenging, application
of the same calculational technique to the evaluation
of oy for an arbitrary state of that atom. Accom-
plishment of this task would be undoubtly worthy of
effort as although results for some particular excited
states are known (cf., e.g., [9-11]), in the most general
case, to the best of our knowledge, calculations of oy
have never been carried out.

References

1. Szmytkowski, R. ] Phys B 1997, 30, 825; erratum ] Phys B 1997,
30, 2747; addendum arXiv:physics/9902050.

2. Szmytkowski, R. ] Phys B 2002, 35, 1379.

3. Szmytkowski, R.; Mielewczyk, K. ] Phys B 2004, 37, 3961.

4. Mielewczyk, K.; Szmytkowski, R. Phys Rev A 2006, 73, 022511,
erratum Phys Rev A 2006, 73, 039908.

5. Cheng, L.; Xiao, Y.; Liu, W. ] Chem Phys 2009, 130, 144102.

6. Zapryagaev, S. A.; Manakov, N. L.; Rapoport, L. P. Yad Fiz
1974, 19, 1136.

7. Zapryagaev, S. A.; Manakov, N. L. Izv Akad Nauk SSSR Ser
Fiz 1981, 45, 2336.

8. Zapryagaev, S. A.; Manakov, N. L.; Pal’chikov, V. G. The-
ory of Multi-Charged Ions with One and Two Electrons;
Energoatomizdat: Moscow, 1985 [in Russian], p 135.

9. Moore, E. A. Mol Phys 1999, 97, 375.

10. Pyper, N. C.; Zhang, Z. C. Mol Phys 1999, 97, 391.

11. Ivanov, V. G.; Karshenboim, S. G.; Lee, R. N. Phys Rev A 2009,
79, 012512.

12. Sternheimer, R. M. Phys Rev 1954, 96, 951.

13. Szmytkowski, R. ] Math Chem 2007, 42, 397.

14. Magnus, W.; Oberhettinger, F.; Soni, R. P. Formulas and The-
orems for the Special Functions of Mathematical Physics, 3rd
ed.; Springer: Berlin, 1966.

15. Gradshteyn, I. S.; Ryzhik, I. M. Table of Integrals, Series, and
Products, 5th ed.; Academic: San Diego, 1994.

1372 INTERNATIONAL JOURNAL OF QUANTUM CHEMISTRY DOI 10.1002/qua

VOL. 112, NO. 5



