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Discontinuities in Dirac eigenfunction expansions
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An expansion, over a finite interval, of a two-component function in a basis of
eigenfunctions of a one-dimensional regular Dirac differential operator with sepa-
rated homogeneous boundary conditions imposed at ends of the interval is consid-
ered. It is shown that at the ends of the domain the expansion does not converge to
the expanded function unless the latter obeys at these points the same homogeneous
boundary conditions as the basis eigenfunctions. General results obtained in the
work are illustrated by an analytically solvable example. The problem is related to
the R-matrix theory for Dirac particles. €001 American Institute of Physics.
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[. INTRODUCTION

In theoretical physics one frequently encounters the situation that a given function, defined
over some domain, is expanded in a functional basis. Among a variety of bases used in such
expansions, those generated by differential eigenvalue problems are of major importance. Proper-
ties of expansions in series of eigenfunctions of differential operators were extensively investi-
gated by generations of mathematicians and mathematical physicists and their results are con-
tained in a vast literature of the subjdct. Refs. 1-6 and references thepein

Expansions, over a finite interval, of a given two-component function in a basis of eigenfunc-
tions of a one-dimensional regular Dirac differential operator with separated homogeneous bound-
ary conditions were studied, for instance, in Refs. 5 and 6. However, in these monographs only a
particular case, when at ends of an interval an expanded function obeys the same boundary
conditions as basis eigenfunctions, was considered. One may imagine expansion problems in
which at end points a two-component function to be expanded is admitted to satisfy boundary
conditions that differ from those obeyed by basis eigenfunctions. Problems of that kind are not of
purely academic interest and are met in applications of relativistic quantum mectegi¢# the
R-matrix theory for Dirac particl€s®). It is also very likely that they may be encountered in a
mathematical modeling of one-dimensional magnetohydrodynamical phenomena where differen-
tial operators of the Dirac type occt¥!! We have not found any mathematical study of such
problems in available literature and it is a purpose of this work to fill in this gap to some extent.
We concentrate on the interesting and important question concerning convergence of an eigen-
function expansion at ends of a domain. We prove that at these points the expansion does not
converge to the expanded function unless the latter obeys there the same homogeneous boundary
conditions as the basis function@hat result is by no means obvious since in an analogous
problem concerning expansions of one-component functions in bases generated by second-order
Sturm-—Liouville eigensystems the expansions do converge at the end points except the very
special case when basis eigenfunctions are forced to vanish at these)pSiifitste show that
magnitudes of jumps in both components of the expansion may be precisely determined and we
provide relevant expressions. These general results are illustrated by an analytically solvable
example.
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II. THE PROBLEM

Consider the eigenproblem consisting of the Dirac differential system

fa(X)

pP(X)—Npp(x)  —d/dx+t(x) )
gn(X)

d/dx+t(x)  q(x)—A,p(X)

)=0 (X1 <X=<Xy) (2.9

augmented by the separated boundary conditions

fa(Xj)cosa;+gn(X)sina;=0 (i=1,2). (2.2
It is assumed that the intervik,,x,]CR is finite, thatp(x), q(x), t(x), and p(x) are real,
bounded and continuous functions of the variakle[x,X,], with the additional constraint
p(x)>0, and thatw; and «, are real parameters. Under these assumptions the eigengsieém

and(2.2) has an infinite number of discrete nondegenerate real eigenvajug& The associated
eigenfunctions are orthogonal in the sense of

fXXZpr(X)[fn(X)fn/(X)+gn(X)gnr(X)]=0 (AnFNpr). 2.3

If they are chosen to be real and normalized so that

fXXZdXP(X)[fn(X)fnr(X)+9n(X)9n/(X)]= Snn’ (2.9

they obey the closure relation

i fn(x))f , L ax—x) (1 o) o )
2 gy | (M) G =mmsl g | tasxx<x) (25

where 8(x—x') is the Dirac delta function defined so that*

0 for x<a<b or a<b<x,
b ¢(x) for a<x<b,
f dx' 8(x—x")p(x")= 1 (2.6
a

§¢(x) for a=x<b or a<x=b

for any interval[a,b]CR and any sufficiently regular functiop(x) defined ona,b].

Let (F(x) G(x))" be an arbitrary two-component function with continuous components of
bounded variation ifix;,X5]. Its expansion in the set of eigenfunctions of the prob(2ri) and
(2.2) is defined as

FO| < o [t
<€<x>>_n=2w C”(gnm (X1 =x=X7) 2.7
with the coefficients
X2
C;FL dxp(X)[ fa(X)F(X)+gn(X)G(X)]. 2.9

The closure relatiori2.5) implies that
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F(x)
G(x)

[ F()
E(x)
The validity of Egs.(2.5 @d (2.9 is restricted to theopeninterval (x;,X,). Since both

functions F(x) G(x))Tand F(x) G(x))T are defined in thelosedinterval[x; ,X,], we ask
the question: how are these functions related at the end pojrdaadx,?

) (X1 <X<Xy). (2.9

Ill. THE SOLUTION

To answer the question posed above, we have to consider an extension of the closure relation
(2.5 to the case when one of the variables is fixea;atln analogy with(2.5), we postulate

S(X—X;)
p(Xi)

i J
Ki L

o falx)
2 On(Xi)

n=—oo

(Ffa(x) gn(x))=

) (X1=<X=Xy), (3.1

wherel;, J;, K;, andL; are yet unknown constants. Notice that, because of the boundary
conditions(2.2), these constants are not independent but are related through

Ji:Ki:_liCOtai, Li=|iCOt2ai. (32)

Hence, it follows that Eq(3.1) may be rewritten in the form

)
)

From Egs.(2.7) and (2.8 we have

o
n=—o

fn(Xi
gn(xi

B Iié(x—xi)( 1 —cota;

(fa(x) gn(x))_W ~cota, COlzai) (X =<X=<X,). (3.3

(g&;) = f:lzdxmmni (;:((i‘ii)an(x) 9n(x)) EEQ . (3.9
and, on substituting here E(B.3 and performing integration, we obtain
(E(xi)> [ 3OO 3G () cota ) s
G(xi) 11,G(x;)cof a;— :1;F(x;)cote;
Equation(3.5) implies
F(x:)cosa; +G(x;)sina; =0, (3.6)

which might be also inferred from Eq&.7) and(2.2).
To answer completely the question raised at the end of Sec. Il, we have to determine the
constantd ; andl,. To this end, let us choose

fi(x)
gk(x)

F(x)
G(X)

(X1SX<Xp), (3.7

where the function on the right is an eigenfunction of the syst2rt) and(2.2). Because of the
orthonormality relation(2.4), in this particular case from E@2.8) we infer

Ch=dnk (3.9

and thus
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(E(x)) _
G(X)

Utilizing Egs. (3.7 and(3.9) in Eq. (3.5), we arrive at the homogeneous algebraic system
3—1 — 31, cotey

( — 1, cota; %I, colzai—l>

Sincef(x;) andgy(x;) do not vanish simultaneously, one has

%li_l _%liCOtai
de =0, (3.11
—%liCOtai %liCO'.zai—l

fi(x)
gk(x)

) (X SX<Xy). (3.9

fir(xi)
Ok(X;)

=0. (3.10

hence, it follows that
l,=2sirf q;. (3.12

In Appendix A we present an alternative derivation of that result.
Having determined the constarits from Egs.(3.3), (3.5, and(3.12 we deduce

i fo(X;) 8(x—x;) ( 2sifa; —sin Zai)
nZZe |\ On(X)) (FX) gn(x))= p(x) | —sin2a; 2cof (xg=x<xp) (313
and
(E(X|)> F(Xi)Sinz aj— %G(Xi)Sin Zai
— = . 3.1
G(x) G(x;)cog a;— 3F(x;)sin 2q; (319
These two equations constitute the main result of this article.
If Eq. (3.14) is rewritten in the form
F(x) | F(xi)—[F(xi)COSai+G(xi)sinai]c05ai)
G(x)/ \G(x)—[F(xj)cosa;+G(x;)sine;]sina; |’ (3.19

it is immediately seen that, since the sine and the cosine never vanish simultaneously, at the end
point x=x; one has

Fx) | (F(x)
(E(Xi))_ G(x;) (3.16
if and only if
F(x;)cosq;+G(X;)sina; =0, (3.17)

i.e., if and only if the function to be expanded obeys atxxthe same homogeneous boundary
condition as the basis eigenfunctioristhe boundary conditiort3.17) is not satisfied, Eq92.9
and(3.15 imply that atx=x; the eigenfunction expansid2.7) has a discontinuity

lim

X=X

(3.18

(E(x)) (E(xi)> F(x)cof o+ 1G(x;)sin 2a
Gx)) G0

G(x) | 1E(x)sin 20+ G(x)siMP o |
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This fact was not realized in early formulations of fRematrix theory for Dirac particld€ which
resulted in errors corrected by Szmytkowski and Hitrz8.

It should be emphasized that the previous results are specific for bases generated by Dirac
differential eigenproblems; the reader is asked to consult Appendix B on the analogous problem
for second-order Sturm—Liouville eigensystems.

It is interesting to consider Eq§3.13 and (3.14) in two particular cases. The first case is

cosa;=0=sina;==*1. (3.19

Then Eqgs(3.13 and(3.14 become, respectively,

o [ falx) s(x—x)[2 0O

n;x gn(xi) (fn(x) gn(X)):W(O O) (X1$X$X2), (320)
F(x)| [F(x)
(E(Xi)) Lo (3.2

It is seen that in this case the expansion converges=a¢ in the upper component but fails to
converge in the lower one unle&x;)=0. The second case to be considered is

sina;=0=cosa;=* 1. (3.22
Then
Z (gl aon="0 {0 Z) s 02
and
F(x) 0
(axi)): G(x) 924

i.e., atx=x; the expansion converges in the lower component but fails to converge in the upper
one unles$=(x;)=0.
IV. AN ILLUSTRATIVE EXAMPLE

As an example illustrating the general results obtained earlier, in this section we discuss the
particular case when the Dirac eigenvalue probl@m) and(2.2) is

(—)\n —d/dx)(fn(x) B _
didx  —x, Jlga00) "0 (0=x=b). @D
f,(0)=0, f.(b)cosB+g,(b)sing=0. (4.2

Comparing Egs(4.1) and (4.2 with (2.1) and(2.2), one identifies
p(X)El, Xl=0, X2=b, a1=0, a2=ﬂ. (43)
Solving the systent4.1) and(4.2), one finds that its eigenvalues are

mn—p
n— b

n=0+1,+2,..., (4.4)

while corresponding eigenfunctions, normalized according to
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b
JO dX[fn(X)fn’(X)+gn(x)gn’(x)]: 5nn’ y (45)
are
fn(X) _ 1 [sin\pX
gn(X))_ﬁ COSA X (0=x=<b). (4.6)

A. The closure relation and its extension

To verify that eigensolutions to the systdml) and(4.2) do obey Eqs(2.5 and(3.13), we
should investigate the series

o [ falx) , TG I(xx”)
2 (gn(x) (Fa(X') gn(X >)—(K(X'X,) L(X'X,)) (4.7
in the domain 6x,x’<b. We begin with considering the series
I(x,x)= 2 fa(0fa(X) (4.8

n=-—w

in the extended domain «o<x,x"<<e. To sum it, we construct a sequence of finite sums

N

N
(X X)) = Z_an(x)fn(x’)=% > sin(wn—pB)x/b]sin (7n—B)x'/b]. (4.9

Obviously, one has

[(X,x")=lim Ty(x,x"). (4.10

N— o
The sum in Eq(4.9) is easily found to be

Si 2N+1)(x—x")/2b
InOGX) = n[27|;(sin[7T(x£x')/2b] Lcogate—x by

_sin{m(2N+1)(x+x')/2b]

bsia(x+x 2] oA HX)/b]. (4.13
With the aid of the formula
SiN(2N+1)7Xx
Wan 8(x—n) (NeN), (4.12)
N— o0 =-%

which is well known in the theory of Fourier seri¥sfrom Eqgs.(4.10 and(4.11) we infer

o

[(x,x")= Z [8(x—x"—2nb)— &(x+x"—2nb)]cos 2 B. (4.13

Let us now restrict to the case wher<®,x’ <b. Then

—b<x—x'<b, 0<x+x'<2b. (4.14
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It is evident that under the constrairis14) the argument of the first delta in the summand in Eq.
(4.13 may vanish if and only in=0, while the argument of the second delta never vanishes.
Consequently, in this case all but one term on the right side of£#3 are effectively zero and
the latter equation reduces to

[(x,x")=8(x—x") (0<x,x'<bh), (4.15

in agreement with the result that may be inferred from Eg%) and(4.3).
Next we concentrate on the casef<b andx’ =0. This case is the simplest one since then
EqQ. (4.13 becomes

o

1(x,00= X [8(x—2nb)—&(x—2nb)]cos nB=0 (0=x=b), (4.16

which agrees with the result that may be obtained from E48) and(3.13.
Finally, we consider the most interesting case=b. Then

[’

I(x,b)= _}; [8(x—(2n+1)b)— 8(x—(2n—1)b)]Jcos B

=23in,6’2_ S(x—(2n+1)b)siN(2n+1)B] (—o<x<w®). (4.17

If 0<x=<bh, the argument of the delta may vanish if and onlni 0; the remaining terms in the
series are effectively zero and Ed.17) reduces to

I(x,b)=2sirf BS(x—b) (0=<x=<Db), (4.18

which again agrees with the result that may be deduced from(BE@.and (3.13.

The reader will find no difficulty in verifying that in the domainsX,x’ <b the remaining
three matrix elements on the right side of E4.7) are identical with those deduced from Egs.
(2.5, (4.3, and(3.13.

B. The expansion problem

Consider now the expansion of the two-component function

1

Vb

where\ is a real parameter, in the bas$i&6). The expansion is

SinA X
COSAX

F(x)
G(x)

) (0=x<bh), (4.19

(E(x)) - Cn(sin)\nx
(0=x=<b) (4.20

G/ COSA /X

=2 %

with the expansion coefficients given by

sin(\,—\)b

b (4.20)

1 (b
C”ZBL dX[ Sin\ ;X SINA X+ COSA ;X COSAX]=

On utilizing the relationship

sin(Ab+ B)sin\,b

sin(\,—\)b= sing '

(4.22
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which stems from elementary trigopnometry and from the boundary cond#i@n the expansion
(4.20 becomes

(E(x))_sin()xb+,8) " sinnb

SiNA X
G(x) Jbsing nFe (\g—N)b

COSA pX

0=x<bh). (4.23
Xx=b

Below we shall attempt to sum the series on the right side of£83 at the end pointg=0 and
Let us begin with the end point=0. Then the expansiof#.23 becomes

(ﬁm)_sin(xbw) 2 sin\ b (o)
G(0)]  Jbsing n<= (\g—Mb\1)"

(4.29
It is obvious that~(0)=0 while evaluation 05(0) requires summation of the series
“. sin\,b
S = —_—. 4.2
1 n;w (An—N)b 4.29
To perform the summation, we rewrify as follows
o ()"sing 2(\b+p)
Sl_n;_m mn—(Ab+p3) )\b+,8+2 (= ()\b+,[3)2—(77n)2 ' (4.26
On making use of the knowh partial fraction expansion of 1/sin
- - n
sinz + 2 (= ) (n-n) (4.27
we obtain
sing
L= Sin(Ab 1 B) (4.2
hence, it follows that
(E(O))_ 1(0) 429
G(0)) b1/ '

The same result may be inferred from E¢3.14), (4.3), and(4.19

Next we turn to the case of the end poitb. Then the object of our interest is the series

(E(b))_sin()\bJr,B) “sink,b

(sin)\nb 4.30
G(b) Josing n<== (\y=A)b|COSNyb/" :
To sum it, we have to consider the series
Z siPA,b
S2= n_E,c, (Ap—N)b’ (4.31

“ sin\,bcos\,b
Si= >

o —)\ —Nb (4.32
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Of these, onlyS, has to be investigated since, because of E4®) and (4.6), we have

S;=—S,cotp. (4.33

To deal with the serieS,, we rewrite it in the following way:

=, 2, %: S 2, (xbi(;;tf:m)z B
Hence, because of the knotfirpartial fraction expansion of cat
cotz= E+§1 — (4.39
we find
S,=—sir? Bcot(Ab+ B). (4.3
Consequently, Eq4.30 becomes
F(b)| 1 [—sinBcogrb+p)
(E(b)) B %( cosB cog\b+p) |° (4.39

The same result may be inferred from E¢3.14), (4.3), and(4.19.
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APPENDIX A: AN ALTERNATIVE DERIVATION OF EQ. (3.12)

Consider an auxiliary inhomogeneous boundary value problem

(p(X)—kp(X) —dldx+t(x)\ [ f(x) o o L
ddx+t(x)  qx)—rp(x) | g =0 (a=x=Xa), (A1)
f(xj)cosa;+g(xj)sina;=A; (i=1,2), (A2)

where the functiong(x), q(x), t(x) andp(x) are the same that appear in E8.1), A e R, \
#\n, AjeR, andA7+A%+0. We construct the series

1 . fr
o) = el uxno &
with the coefficients defined by
Ch= fxdep(X)[fn(X)f(X)+gn(X)g(X)]- (A4)
X1

It is obvious that, because of regularity df(k) g(x))" [implied by Eq.(A1)], one has
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i)
9(x)

[cf. Eqg.(2.9)] but, because of Eq2.2) and the definition(A3),

f(x)
g(x)

) (X1 <X<Xy) (A5)

f(x;)cosa; +g(x;)sina; =0. (A6)
To find a convenient expression for the coefficieris4), we premultiply Eq.(2.1) by

(f(x) g(x))7, Eq.(A1) by (f,(x) g,(x))7, subtract and integrate the result over the interval
[X1,X5]. This yields

0= [ 00T 1,00 100+ 8,009001=[1,0900 — 108,012 (A7

hence, on making use of the boundary conditi¢hg) and(A2) and the definitior{A4), it follows

o= Azfr(x2) _ Aifn(Xq) (A8)
" (Np—MN)sina,  (A,—MN)sina;”

Next, let us operate from the left on both sides of E49) with the differential operator
appearing in Eq(Al). Because of Eq(2.1), this gives

(p(x)—)xp(x) _d/dX+t(X)><f_(X)
d/dx+t(x) q(x)—Ap(x) /) 9(x)

) px) 2 Ao~ gn((X)))

(X =SX<Xy) (A9)

or, after utilizing the resultA8),

d — _
ax T [FO0+[a00=Ap(01GX) = Gmp(). E Fa(X2)gn(X)
~Gna P, 2 Fa(X1)gn(X)
(xg= x<x2) (A10)
and
d _ _
~ gy HHO0 I+ [POO AP0 TF 0= o p(x) E fa(X2)fa(x)
~Sna P, 2 Fa(X2)fa(x)
(X1<X=<Xy). (A11)

Right sides of Eqs(A10) and (A1l) may be transformed if one makes use of E8.3). This
results in

Azlzcota’z A1|1C tal

001000 =Ap()TgIX) = — =G 2m= 8(X—Xo) + =2 om— (X —x4)

(X SX<Xy), (A12)

d
d_X +t(X)
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d _ — Ay Aily
~ gx T G)+[P(X) = Ap(X)]F(x) = sina, O(X—=Xz) = Sina, O(X—X1)
(X =<X<Xy). (A13)

In the following step, we integrate Eg#12) and(A13) either fromx; to x<<x,, passing then to
the limit x| x;, or fromx>x; to X,, passing then to the limi{x,. The results may be compactly
written as

— Aili COtai
Fo) =)=~ g, (A14)
— Ail
g(x) —g(xj) = Zsina;’ (A15)

After supplementing Eq9A14) and (A15) by the boundary conditiofA6), we obtain a set of

three linear algebraic equations for three unknownsf(x;) andg(x;). Solving this set forl; ,
one obtains

li=2sirf a, (A16)

which coincides with Eq(3.12.

APPENDIX B: EXPANSIONS IN EIGENFUNCTIONS OF SECOND-ORDER
STURM-LIOUVILLE SYSTEMS

Consider the second-order Sturm—Liouville eigensystem

d df,(x)
x| PO FA00Fa00 ~Xap (0 To(x) =0 (xy=x=Xp), (BL)
fa(X)cosa;+p(x;)f(x)sinag;=0 (i=1,2 (B2)

on the finite interval x;,x,]CR. Herep(x), q(x), andp(x) are real, bounded and continuous
functions of the variablexe[X;,X5,], with the additional constraintsp(x)>0, p(x)

e CY([x41,%,]), andp(x)+0, while «; and «, are real constants. Provided the eigenfunctions to
the system(B1) and(B2) have been normalized according to

f Axp (X)X F ()= B (B3)
it holds
“ S(x—x")
nZO f(X) (X)) = m (X1<X, X" <X5) (B4)
and
- I 8(X—X;
PIRNCSINGE ,ﬁ(x—x)x) (x=x=xp), (B5)

where
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2 for sina;#0
i= (B6)

0 for sing;=0.

Equations(B5) and (B6) may be obtained in a way similar to that in which E§.13 has been
derived.

Let F(x) be any continuous function of bounded variatioq ¥3,X,]. Then, it follows from
Egs.(B4)—(B6) that its eigenfunction expansion, defined as

F(x>=n§0 f(X) J:zdx'mx')fn(x')F(x') (X, <X=<Xyp), (B7)

has the following properties:

F(X)=F(x) (X;<x<X5), (B8)

_ (F(xi) for sina;#0,
F(x)= (B9)

0 for sina;=0.
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