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Abstract

The Green’s function for the Helmholtz differential operator VZ+A(L+N =1
on the N-dimensional (with N > 1) hyperspherical surface SV of unit radius is
investigated. Its closed form is shown to be

GMVin,n) = 7 : }(\(N—l)/Z)
(N — 1)Sy sin(rrr)

where Sy is the area of SV, C ia) (x) is the Gegenbauer function of the first
kind, while n and n' are radius vectors, with respect to the centre of sV,
of the observation and source points, respectively. The Green’s function
G™M(x;n,n') fails to exist whenever A is such that it holds that A(x +
N —1) = L(L+ N — 1), with L € N. For these exceptional cases,
the generalized (known also as ‘modified’ or ‘reduced’) Green’s function
G(LN) (n,n') is considered. It is shown that G(LN) (n, n’) may be expressed

(—n-n)),

compactly in terms of the Gegenbauer polynomial C gN*l)/ 2 (n-n') and
the derivative [aCi(Nfl)/ 2)(—n-n’)/ak])\:L. Explicit expressions for the
derivatives [9C}" (x)/02],_, and [9C""2 ()/02],_, . wi
found and used to transform the functions G""*" (n, n’) and G**** (n, n') to
potentially more useful forms.

with n € N, are

PACS numbers: 02.30.Jr, 02.30.Gp, 02.30.Hq

1. Introduction

The Green’s functions technique is known to be one of the most valuable mathematical tools
used in theoretical physics [1-10]. Because of this, Green’s functions, particularly those
for partial differential operators of mathematical physics, are themselves frequent objects of
studies. The present paper contributes to the theory of Green’s functions for the Helmholtz
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operator. Specifically, we shall investigate the Green’s function and, in those particular cases
where the latter fails to exists, the generalized Green’s function for the Helmholtz operator on
the N-dimensional (with N > 1) hypersphere S" in the Euclidean space RV*! [11].

The motivation for the present study has arisen in the course of a research aimed at
developing a variant of the perturbation theory for atomic processes within the framework
of the adiabatic hyperspherical formalism [12-21]. The approach (to be described in detail
elsewhere) starts with converting a differential eigenproblem for the adiabatic hyperspherical
Hamiltonian into an integral one; this is achieved with the use of the hyperspherical Helmholtz
Green’s function constructed in this work.

The structure of the paper is as follows. In section 2, we recall basic facts about the
hyperspherical Laplace and Helmholtz operators. Also, we summarize these properties of their
eigenfunctions—hyperspherical harmonics—which shall find applications in later sections. In
section 3, we arrive at the closed form of the Green’s function for the hyperspherical Helmholtz
operator; we also point at misprints in [22], where the analogous formula appeared. For some
particular values of the propagation constant, the Green’s function found in section 3 fails to
exists. Then, however, one may define a generalized (known also as ‘reduced’ or ‘modified’)
Green’s function for the hyperspherical Helmholtz operator. We discuss this object in section 4.
First, we present a compact general formula for the generalized Green’s function under study;
this formula contains a derivative of the Gegenbauer function of the first kind with respect to
its degree. If 1 < N < 3, the Gegenbauer function involved may be expressed in terms of
the Chebyshev function of the first kind (for N = 1), the Legendre function of the first kind
(for N = 2) and the Chebyshev function of the second kind (for N = 3), and we exploit this
fact to derive more explicit forms of the generalized Helmholtz Green’s functions in these
particular cases. Finally, we proceed to discussing in sequence the cases of N arbitrary odd
and N arbitrary even. We derive formulae for the derivatives of the Gegenbauer functions of
the first kinds, C i")(x) and C inﬂ/ 2 (x), where n € N, with respect to their degrees, evaluated
at non-negative values of the latter, i.e., for [BCE") (x)/01],_, and [8C£"+1/2)(x)/8)\]A:L,
where L € N. These formulae, which also seem to be of interest from the point of view
of the theory of special functions, are then used to obtain explicit representations of the
generalized Helmholtz Green’s functions in the aforementioned two cases. The paper ends
with an appendix in which we summarize those properties of the Gegenbauer, Legendre and
Chebyshev functions and polynomials, which have found applications in the present work.

2. Laplace and Helmholtz operators, and their eigenfunctions, on the surface of the unit
sphere in RV+!

Let SV, with N > 1, be the surface of the unit sphere in the Euclidean space RV*'. We shall
denote by {e;}, withk =1, ..., N + 1, unit vectors of a Cartesian coordinate system in RN
the origin of which is located at the centre of S". For any point on SV, its radius vector n is
uniquely determined [23, 24] by specifying N real angles {t} (k = 1, ..., N) restricted by

0< <7 k=1,2,....,N—1) 2.1a)
0< 9y <27 (2.1b)
and such that
k—1
ek-nzcosz?kl_[sinz?k/ k=1,2,3,...,N) (2.2a)

k'=1
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N
exa m= [ [sindp. (2.2b)
k=1
(In equation (2.2a), and hereafter, we adopt the convention which states that if the upper limit
of a product index is less by unity than the lower one, then the product’s value equals unity.)
The infinitesimal surface element on SV is

N
d¥n = [ [ doy sin™* o, (2.3)

k=1

and the surface area of S" (i.e., the total solid angle about a point in RV*!) is

2 (N+1)/2
Sy = fN dn="—1—. 2.4)
S

r(%0)

The Laplace differential operator on S” (the N-dimensional spherical Laplacian) is defined
in terms of the angles {9} as [23-25]

N d 9
X:: (lt[l sin zﬂkr) <— + (N —k) cotz?ka—ﬂk)
N

>

— 0 0
1_[ sin 2 9 | sin~™R 9, — ( inV 7k ﬁk—) . 2.5
— 0y 0y

k'=1

The Helmholtz differential operator on S" (the N-dimensional spherical Helmholtz operator)
is then defined as

HMOsn) = VE+A(A+N — 1) (2.6)

where, for the sake of later convenience, we have expressed the square of the (in general
complex) propagation constant in terms of the parameter A € C.

If the Laplacian (2.5) is constrained to operate on functions which are single-valued
and non-singular on SV, its eigenfunctions are the hyperspherical harmonics {Y,(niv)(n)} (see
[24, 26-31]), which obey

ViyMm)y = -1+ N - 1YV (n) ( €N). 2.7
Evidently, it holds that
[VZ2+2(a+N = DY) =[2G+ N — 1) =1+ N — DIV, (n), (2.8)

Im Im
i.e., the hyperspherical harmonics are also eigenfunctions of the Helmholtz operator (2.6).
Eigenvalues in equations (2.7) and (2.8) appear to be dl(N) -fold degenerate, with
21+ N — 1)+ N —2)!
) ( ) ) for [>1
d" = IY(N —1)! (2.9)
1 for 1=0

and the second subscript at ¥, ,(,flv) (n) serves to distinguish between dl(N) linearly independent
harmonics associated with a particular eigenvalue of Vi (or HM (x; ).

We shall not give here the explicit expression for the hyperspherical harmonics since its
knowledge is unnecessary to achieve the goal of this work; the interested reader is referred to
[24, 26-31]. Instead, below we shall summarize these properties of {Yl(n]f) (n)} which have
proved to be useful in the present context.
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First, the hyperspherical harmonics may be chosen to be orthonormal over S" in the sense
of

ygN dVn YV )Y, N (n) = 818w (2.10)
S

and throughout the rest of the work it will be assumed that the relation (2.10) holds. Second,
they form a complete set in the space L>(S", d¥n) and this fact is reflected by the closure
relation

00 d[(N)
SNy oy m) = 6N m - n). @.11)
=0 m=1

In equation (2.11), and hereafter, 8\ (n — n/) is the Dirac delta distribution on S"; it may be
expressed in terms of the one-dimensional Dirac delta as'
2 5(1—m-n))

sM(n—n) = :
A T R e

2.12)

The last property of {Yl(rflv) (n)} we wish to highlight here is the so-called addition theorem
which states that [24, 2628, 30]

)
d’

Yy ) =

m=1

C on 2.13
(N—1DSy (r-m) (2.13)

where Cl(“) (x) is the Gegenbauer polynomial (cf the appendix).

3. Green’s function for the Helmholtz operator on S™

3.1. General considerations

The Green’s function, G™)(A; n, n’), for the Helmholtz operator (2.6) is defined formally
as a single-valued and finite (except for the point m’ whenever N > 2) solution to the
inhomogeneous Helmholtz differential equation (n' fixed)

[Vi+r(x+N = D]GM 0 n,n) =8N (n—n) (3.1)

with the right-hand side being the Dirac delta distribution (2.12). Invoking facts known from
the general theory of Green’s functions [1-10], from equations (3.1), (2.8), (2.10) and (2.11)
we deduce that GV (A; m, n') has the spectral expansion

oo ¢ V) g\ y W
Y "(n)Y, " (n)
G™ rn,n) = Im Im ) 3.2
(i, m) ;;A(/\+N—l)—l(l+N—1) 3-2)
The expansion (3.2) may be simplified upon using the addition theorem (2.13); one obtains
1 = 20+ N —1
GM™ rn,n) = C((N—l)/Z) e 3.3
(s m, n) (N—l)SNl;(,\—l)(HNH—U ! (n-n) (3-3)

' To avoid misunderstandings, we emphasize that in this paper we adopt this particular definition of the one-
dimensional Dirac delta function, according to which for any test function f(x) it holds that

Xl 1
/ de(x—xl)f(X)=§f(X1) (xo < x1).

X0
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or equivalently

1 (1 1
GMoinn)= —2> - VP (). 3.4
i) = N sy lzo(k—l A+N+l—1> ’ (n-m) ©h

After due notational changes (A — o, N — n — 1, Sy = w,_1,n — w, n’ — v), the
right-hand side of equation (3.4) should replace the misprinted expression at the bottom of
p 555 in [22].

Two inferences may be drawn from equation (3.3). The first one is that the Green’s
function GV (1; n, n’) depends on the radius vectors m and n’ through their scalar product
n -n’ only; in other words, it holds that

GM(:n,n)=F™MO; cosh) (3.5)
where
0=/(n,n). (3.6)

The second inference is that the analysis of equation (3.3) requires special care when N = 1;
because of this, in the following subsection this particular case will be treated separately.

3.2. The case of N = 1

Separating out in equation (3.3) the term with [ = 0, rewriting subsequently the remaining
series with the formal use of the property (A.2), applying equation (A.20) and exploiting the
fact that S; = 27 yields GV (A; n, m/) as a series of the Chebyshev polynomials of the first
kind (cf the appendix):

[o¢]

I | /
+;Z—)\2_12T1(n-n) (3.7

GPY0un,n) =

2w A2

or still more explicitly

GP;n,n) = (3.8)

1 <= cos[l arccos(n « )]
+ — .
~>

27 A2 P A2 =12

On the other hand, it is easily provable that the function cos(1x) has the Fourier expansion

cos(Ax) = sm(“) ( +2A Z cosll( — x”) (=7 < x < 77). (3.9)

p -
Comparing equations (3.8) and (3.9) one finds that
cos[A arccos(—n - n)]

GO0 m.n) = 3.10
(& m,7) 2 sin(Th) (3-10)

or equivalently
1
GPYoun,n)= —— T, (-n-n’ 3.11
( )= Dsinteny M ) G0
where T, (x) is the Chebyshev function of the first kind (see the appendix). For the sake of
later comparison with the main result of section 3.3, it is convenient to rewrite equation (3.11),
with the use of relation (A.20), in the form

T cOn.n) (3.12)

GPnn)=———
himm) = S sinGra) O

where C i“) (x) is the Gegenbauer function of the first kind (cf again the appendix).
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3.3. The case of N > 2

We proceed to discussing the case of N > 2. To simplify the analysis, we may exploit the
property of G™)(1; n, n’) expressed in equations (3.5) and (3.6). We choose the Cartesian
basis, introduced at the beginning of section 2, in such a manner that the unit vector e;
coincides with the radius vector n’ specifying the observation point. With this choice, it holds
that

0 = (3.13)
so that, in virtue of equations (3.1), (2.5), (2.12) and (3.5), we have

d d
—(sintV'O—= )+ A+ N = DsinV 1o | FM(A; cos0)
do do

sin6#5(1 — cosH) 0O<o <) (3.14)

N-1
The distributional equation (3.14) contains two pieces of information. First, it says that
the function F™)(A; cos®) is regular on the interval 0 < 6 < 7 and satisfies here the
homogeneous equation
[i <sinN—' ei) +A(0+ N — 1)sinV~! 9} F™M(%; cos0) =0 0 <6 <m).
do de
(3.15)

Second, it informs that at the end point & = 0 the following limiting relation holds:

limsin¥—1 0 dFM (1 cos0) _ 1

010 do Sn_1
(cf the footnote to equation (2.12)). From what has been said above, F¥)(1; cos #) may be
determined uniquely. Indeed, changing in equation (3.15) the independent variable to

X =cosf (3.17)

(3.16)

yields

[(1—x2)d—2—1\7xi +A(A+N—1)} FM:x)=0 (-1<x <1 (3.18)
o2 ™ Jx) = < . .

This is a particular case of the Gegenbauer differential equation (A.12) and the requirement of

regularity of F M (x; x) in the interval —1 < x < 1, including the point x = —1, leads to the

inference that F™)(1; x) may be expressed in terms of the Gegenbauer function of the first

kind (cf the appendix) as

FMGsx) =AMy (—x) (3.19)
where A™) (1) is a constant which remains to be determined. Returning to the angular variable
0, plugging equation (3.19) into the constraint (3.16) and making the limiting passage with
the aid of equation (A.11) yields

AMG) = -

(N — 1)Sy sin(wr)’
On combining equations (3.5), (3.19) and (3.20), we arrive at
b4 _

GP0in) = s & ) (WD, G2
In the particular case N = 2, the Gegenbauer function in equation (3.21) becomes the

Legendre function of the first kind (cf equations (A.21) and (A.19)) and equation (3.21) yields

the well-known [32—42] result for the Helmholtz Green’s function on S%:

1

GP0:n,n)= ——P(—n-n). 3.22
(A;m,n) pyE—y 5 (—n-n) (3.22)

(3.20)
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3.4. Unification

In sections 3.2 and 3.3, we have shown that in the cases N = 1 and N > 2 the Green’s
function for the Helmholtz operator (2.6) is given by equations (3.12) and (3.21), respectively.
However, it is easy to see that, in view of the defining relation (A.2), equations (3.12) and
(3.21) may be unified into a single formula

T c=/2)
(N — 1)Sy sin(rr) *
This is the main result of section 3. After the notational changes mentioned below

equation (3.4), the formula in equation (3.23) should replace the one in equation (5.1) in
[22].

GMVn,n) = (—n-n). (3.23)

4. The generalized Green’s function for the Helmholtz operator on S™

4.1. Compact closed form of the generalized Green’s function for the Helmholtz operator
on SN

It is seen from the spectral expansion (3.2) that the Green’s function G M x; n, n') for the
Helmholtz operator (2.6) fails to exist when

AA+N -1 =L({L+N-1) (L € N). .1

In this case one may still consider the generalized Green’s function G(LN) (n,n’), defined
formally as a solution to the inhomogeneous Helmholtz equation

d(N)

L
[VZ2+L(L+N—-D]GMn,n)=6Mm-n) - Z Y )y ) 4.2)
M=1
subject to the orthogonality constraint
ﬁN dVn YN )G (n,n') =0 (Mel1,2,....a"}). (4.3)

Exploiting the closure relation (2.11) and the orthonormality property (2.10), it is easy to see
that the expansion of G(LN) (n, n’) in the basis of the hyperspherical harmonics is

)
dl

_ Y(N)(n)Y(N)*(n/)
GMm.ny= > )" o “.4)
=0 m=1

— L~ L (L+N—1)—I(l+N—1)
(#L)
On making use of the expansions (4.4) and (3.2), it may be verified that the following
limiting relation holds:

M, n) = lim v
LA AO+N—D>LL+N=1) I[A(A + N — 1]
x{[A(A+N —=1)—L(L+N — DIGM(;n,n)). 4.5)

Combining this result with the closed representation (3.23) of GM(x; n, n), after obvious
transformations one finds

1 d A—L)YA+L+N—1)

GV, n) = —2— lim 2
L (N =1)Sy i=L 21+ N — 191 sin(;rA)

cNIPD ().

(4.6)
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The limiting passage in equation (4.6) is easily accomplished with the aid of the 1’Hospital
rule. This results in the following compact expression for the generalized Green’s function
for the Helmholtz operator on SV :

B _\L 8C((N—1)/2) S
GV, n') = (=) N (—n-n)
(N = 1Sy oA A=L
1 _
+ Ci(N D/2)
(N—1QRL+N —1)Sy
valid except for the case when it holds simultaneously that N = 1 and L = 0; this exceptional
event will be considered in section 4.2, where we shall look at the case of N = 1 in detail.

(n-n) 4.7

4.2. The case of N = 1

In this particular case, in virtue of the defining equation (A.2), the result (4.7) simplifies to
()9 (=n -m) Lo,
= +—C . L #0). 4.8
I a TR L (n-n) (L #0) (4.8)

On exploiting the relation (A.20), linking the Gegenbauer and the Chebyshev functions of the
first kinds, equation (4.8) may be cast into the form

GS)(n, n')

- (=)E 0T (—n-n)
GV, n) = - T (n-n' L #0). 4.9
L (n,n) L ) T r(n-mn) (L #0) 4.9)
However, it follows from equations (A.16) and (A.17) that
oT;
g}fx) = —U,_1(x)v'1 — xZ arccos x (4.10)

where U, (x) is the Chebyshev function of the second kind, and consequently we _ﬁnd that if
L # 0, then the explicit expression for the generalized Helmholtz Green’s function G(Ll) (n,n’)
is

Gm,n) = 2L Upr—1(n-n')y/1 — (n-n/)?arccos(—n - n)
1

To study the case of L = 0, we use the unconstrained formula (4.6), which, in virtue of
equations (A.2) and (A.20), for N = 1 and L = 0 becomes

(1) , 1. 19 A
G, (n,n)=—-lim - ———

4 2—0 X 9 sin(TA)
From this, with no difficulty we find that the explicit expression for the generalized Helmholtz
Green’s function G(()l)(n, n’) is

T(—n-n). (4.12)

B} 1
G (m,n) = —E[arccos(—n-n’)]z + (4.13)

E.
4.3. The case of N =2

This particular case has been studied in detail by the present author in [42]. Therefore, here
we shall summarize only the main results of that study.
The generalized Green’s function G(Lz) (n, n/) may be expressed as

(P aP(—n-n)

G(z) , / +
L) = on |, 4n@L+1)

P (n-n') (4.14)
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where P; (x) is the Legendre function of the first kind and Py (x) is the Legendre polynomial
(cf the appendix); equation (4.14) also follows from equations (4.7), (2.4) and (A.21). It can
be shown [42-44] that the explicit representation of the derivative [0 Py (x)/0A],=L 1S

P (x) 1+x 21+ 1

L—1
— _\L+H
o |, == +2§() L—D(L+i+1)

[Pr(x) = PL(x)]. (4.15)

(Here and below we adopt the convention which states that if the upper limit of a summation
index is less by unity than the lower one, then the sum vanishes identically.) Combining
equations (4.14) and (4.15), one finds

L-1

_ 1 l-n-n 1 21+ 1
G(Z) n)=—P eI — P L
p ) =P n)in—— 2n12:0:(L—l)(L+l+l) -
L-1
1 1 21+ 1
L _ 2y (o)t P (n-m/ 4.16
4m <2L+1 ;() (L—l)(L+l+1)) L(n-m) (4.16)
or equivalently
GP(n,n) = LP (n-n) lnl_L.n/+LL_l 2+ 1 P(n-n)
LA gy T 2 am S (L—D(L+1+1)
1
+4—[¢(2L+2)+¢(2L+1)—21//(L+1)]PL(’n-n/) 4.17)
i1
where
1 dI'(z)
- 4.18
v (2) ro d (4.18)
is the digamma function [45]. The identity
= 2A+1
L+1+1
— =vQRL+1)—Yy(L+1 4.19
Z} S T @ — Y@L LD (4.19)

which has been used to pass from equation (4.16) to equation (4.17) is easily provable with
the aid of the known formula [45]

L
1
L+l)=—y+ )Y - 4.20
Y(L+1) =~y Z;l (4.20)
with y denoting the Euler—Mascheroni constant.

4.4. The case of N =3

This is the last particular case we wish to consider. From equations (4.7), (2.4) and (A.22) we
have
(P (—nn)

GV (n,n) = + UL(n-n). 421
L) = |, Tsewenltm) 2D
However, on making use of the definitions (A.17) and (A.16) it may be easily shown that
oU, (x) arccos x
— 2 =T —_— 4.22
5 = T = (4.22)

Combining equations (4.21) and (4.22) yields the following final result for the generalized
Helmbholtz Green’s function in the case considered here:

_ , 1 , arccos(—mn - n/)
G(L3)('n, n)=——T(n.n)

1
472 V1= M R 1
—(n-n) T (L+1)

Ur(n-n). (4.23)



1004 R Szmytkowski

4.5. The general case of N odd

Having discussed in sections 4.2 and 4.4 the particular cases N = 1 and N = 3, now we
proceed to analysing the case of N arbitrary odd:

N=2n+1 (n € N). (4.24)

The only restriction imposed in what follows is that n = 0 and L = 0 cannot hold
simultaneously (note, however, that this exceptional case has been already discussed at the
end of section 4.2).

Under the constraint (4.24), equation (4.7) becomes

1 aC™(—n-n) 1

G(2n+1) n, n/ — (— L B
L ( ) =) 2n82,41 oA =L 2n(L +n)Sou41

CP(m-n). (4.25)

It follows from equation (A.15) that the Gegenbauer function C i") (x) may be expressed as

1 dc?® )

c”(x) = 4.26
PO ST e (4.26)
or, in virtue of equation (A.20), equivalently as
1 d" Ty (x)
c”(x) = 4.27
PO TG T DG e “-27
Hence, we infer that the derivative 8C§")(x)/ aX may be written as
acm 1 d" ATun 1
) _ @) 1y (4.28)
oA 201 (n — DX +n)dx® A A+n

Making here use of the earlier result (4.10) and of equation (A.22), performing then the
n-fold differentiation with respect to x with the aid of the Leibniz theorem, and exploiting
equation (A.14) we find

0C @) 2 N e T
= ¢ Xi(x) = —C 4.29
G A+n gzkk! k-1 () X (x) P (x) (4.29)

where we define

dk
Xp(x) = F\/ 1 — x2 arccos x. (4.30)
X
The function X (x) may be easily shown to be of the form
Ap(x) By (x)
Xk(x) = W arccos x + m (431)

where Ay (x) and By (x) are polynomials obeying the differential-difference relations

dA;(x)

A1 (x) = (1 — x?) "

+ 2k — DxAg(x) (4.32a)

and

Bt (x) = (1 — x2) 280

+2(k — DxBr(x) — Ag(x) (4.32b)

subject to the initial conditions

Ap(x) =1 By(x) = 0. (4.33)
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On combining equations (4.25) and (4.29), we arrive at the final result

- 1 S e L
G(2n+l) , N — C(n +1)
) S ) Sy 2 Pk

1
An(L +n)S2,41
Exploiting equations (A.2), (A.20), (A.22), (4.31) and (4.33), it is not difficult to verify
that for n = 0 equation (4.34) goes over into equation (4.11). Similarly, if n = 1, the
use of equations (4.31)—(4.33), (A.13), (A.22) and (A.18) transforms equation (4.34) into
equation (4.23).

(n-n)Xi(—n-n’)

' (n-n)). (4.34)

4.6. The general case of N even

Finally, we proceed to considering the case when N is arbitrary even:

N=2n+2 (n e N). (4.35)
In this case, equation (4.7) becomes
_ ) 1 a(;(n+]/2)(_,nl. n/)
G (n,n) = ()" ’
2n+1)S,42 or AL
1

c P .m)). (4.36)

+
2n+ 1)L +2n + 1) Sosa

To transform the expression on the right-hand side of equation (4.36) to a more tractable form,
we have to evaluate the derivative [BC,{"H/ 2 x)/ 8)»] To this end, we first observe that
equation (A.14) gives

A=L"

1 dc? )
Qn -1 dxn (4.37)

hence, in virtue of the relationship (A.21), we have
1 d" Pyyn(x)

(n+1/2) _
G =TT e (4.38)

C () =

and further

8C§"+1/2) (x)
oA

B 1 d® 9P (x)
e @u—=D!dx" 9 |_;,,

(4.39)

On inserting here our finding (4.15), after subsequent use of equations (4.19), (A.21) and
(A.14), we arrive at

(n+1/2)
8CA+ / (x) :Cgﬁ'l/z)(x)ln 1+x
|,
n! Z jo(2n =2k =Dl D ()
@n — DIl = k(n —k)! (1+ x)k
L—1

20+ 2n+ 1
+2 L+ C(”+1/2)
;( ) (L—D(L+2n+l+1) ! (x)

+2[Y QL +2n+1) — Y (L +n+1)IC? (x). (4.40)
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With equation (4.40) in hand, we may finally rewrite the generalized Green’s function (4.36)
as

G2 (o ) = 1 C (n ) In l-n.n
B Q2n+ DS - 2
n! Z @n —2k - Dy P men)
2n+ DS — k(n —k)! (1 —n-n)Hk
L—-1
2 20+2n+1 (n+1/2)

+ I (n-n)
2n+1)S,42 pr (L—D(L+2n+1+1)

+m[l//(214 +2n+2)+ 1//(2L +2n+1)

— 2y (L +n+DIC P (). (4.41)

It is easy to check that particularizing equation (4.41) to the case n = 0 yields the result given
in equation (4.17).

Appendix. Gegenbauer, Legendre and Chebyshev functions and polynomials

In this appendix, we summarize these properties of the Gegenbauer, Legendre and Chebyshev
functions and polynomials, which have proved to be useful in the considerations carried out
in sections 3 and 4. The presented formulae have been excerpted from [24, 45-47].
Throughout the whole appendix, x is a real variable from the interval —1 < x < 1.
For o # 0, the Gegenbauer function (of the first kind) is defined as

'+ 2w) I 1—x
————— ) Fi | A, A+ 2050+ = (A.1)
'+ HIQw) 20 2

where , F is the Gauss hypergeometric series. For « = 0 and A # 0, it is defined through the
limiting procedure

C7(x) =

c¥x) = lim écﬁ” (x) (A.2)
so that
C;O)(x) = % 2 Fy (—k, A; 1; ! —x) = gcos()» arccos x) (A.3)
A 2 2 A
while for « = 0 and A = 0, by definition, one has
cPx)=1. (A.4)

When A = L € N, the function C }(\a) (x) degenerates to the Gegenbauer (ultraspherical)
polynomial. If & # 0, this polynomial is given by the Rodrigues-type formula

'L +2a) _ d* _
C(a) — (— L ﬁ 1— 2\—a+1/2 1— 2\ L+a 1/2. A5
L ) =() 2L+2°’_1L!F(a)F(L+a+%)( x°) —de( x°) (A.5)
If « = 0and L # 0, from equations (A.2) and (A.5) one finds
dL
©0) _ (L 2 L 2\L-1)2
C, (x)= (=) —L(2L—1)!!\/1 X —de(l x°) . (A.6)

The case of « = 0 and L = 0 is covered by equation (A.4). The Gegenbauer polynomials
have a definite parity with respect to the reflection at x = 0; one has

C¥(—x) = (0)FC¥ (x). (A7)
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For « # 0 it holds that?

. 7 T +2a) Y —a
Ci¥(x) = zj—l_/z @) /A pLE) () (A.8)
where
w 1 1+x\"? 1 —x
P (x) = 2P| v, v+ L —
ra —pw \1—x 2
2% 1—x
= (=) F (v — v+ L — s 1 = —— A9
F(1_/”( x7) z1<v mov+ 1 — " — ) (A9)

is the associated Legendre function of the first kind. From the relationship (A.8) and from the
following limiting representations

e F(_’lf) 0 for p<0
P® (x) 25 Cvmmtvs = (A.10)
sin(rv)
In(1 + x) for © =0,
it may be inferred that
. 1
_sin(z2) F((lx/z_ 7) (14 x)~+1/2 for o > 1
xi— 2e=1/210 2
C@) B v @) (A.11)
sin(T A) 1
In(1 + x) for o= 5

The Gegenbauer functions Ci“)(x) and Ci")(—x) satisfy the second-order linear
differential equation

d? d
|:(1 —xz)@—(2a+l)xa+k()\+2a)] F(x)=0. (A.12)
Ifa > % and A € N, the function C ia) (—x) is the only (up to a multiplicative factor) solution
to the above equation which remains finite at x = —1.
Among useful properties of the Gegenbauer functions there are: the recurrence relation
2a(1 = xHC* P (x) = (L +20)xCP (x) — (A + 1DC) (x) (A.13)
and the differential relations
4" (x) T(@+1) e
=2" co 0 A.14
oo M) O (x) (o #0) (A.14)
qr C(O)
d*—(x) =2"(n — HIC”, (x). (A.15)
x}’l

The Chebyshev functions of the first and the second kinds are defined as
T, (x) = cos(X arccos x) (A.16)

and
sin[(A + 1) arccos x]  sin[(A + 1) arccos x]

sin(arccos x) B J1=x2 ’

2 Equation (A.8) does not contradict equations (10.9.33) in [24] and (3.15.4) in [46] since the definition of the
associated Legendre function used therein differs by a phase factor from ours.

U,(x) = (A.17)
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respectively. A relationship between the Chebyshev functions is
Ui (x) = xUy(x) = T (x). (A.18)
The Legendre function of the first kind is defined as

1—
P.(x) = F, (—,\,,\+1;1; 2x>. (A.19)
All these three functions are simply related to the Gegenbauer functions; it holds that

e @ for A#0

L) =12 (A.20)
Cy (%) for A=0
P(x) =" ) (A21)
and
U,(x) = CP(x). (A22)

When L = L € N, the functions in question degenerate to polynomials named after their
parent functions and given by the Rodrigues-type formulae

1 d*
T = O G Y - g (A.23)
1 odt
Pp(x) = AT =D (A.24)
and
L+1 1 dt
— (L A 2L
Ur(x) =(-) (2L+1)”deL(1 x7) , (A.25)
respectively.
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