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Abstract

The Sturmian expansion of the first-order Dirac—Coulomb Green function
(Szmytkowski R 1997 J. Phys. B: At. Mol. Opt. Phys. 30 825) is employed to
derive an analytical formula for the magnetizability of the relativistic hydrogen-
like atom in the ground state. The Gordon decomposition of the magnetizability
is carried out, allowing one to identify its diamagnetic and paramagnetic parts.

1. Introduction

Within the framework of non-relativistic Schrodinger—Pauli wave mechanics, one shows that
the magnetizability of a one-electron system in a state described by a two-component function

vO(r)is

Xnr = Xor.d + Xor.p (1.1
where
s = =Selan [y e xnO (12)
and
Xorp = %o/‘aémcz A;} d3r /11@3 Er vy QT en, - A+ ) GO, r)n, - (A + )y Q@)
(1.3)

are so-called diamagnetic (or Langevin—Larmor) and paramagnetic (or Van Vleck)
contributions to )., respectively [1]. Here ¢ = e?/(4mep)ch and ag = (4me)h? /me? denote
the Sommerfeld fine-structure constant and the Bohr radius, respectively, n, is a unit vector
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along the z-axis (coinciding with the angular momenta quantization axis) of the Cartesian
coordinate system,

A=—-irxwv (1.4)

o is a vector composed of Pauli matrices and G© (r, 7') is a generalized Green function
associated with an energy level to which the function ¥ @ () belongs.

Evaluating the integrals (1.2) and (1.3) for the ground state of a non-relativistic hydrogen-
like atom with an infinitely heavy point-like and spinless nucleus of charge Ze, one easily
finds that

1 (xzag
Xnr,d = _E 72 Xnr,p = 0 (1.5)
hence, the well known result
1 a2a8
Xnr = _E 72 (1.6)

follows.

The validity of the formula (1.6) is restricted to low-Z hydrogen-like atoms. For multiply
charged one-electron atoms this expression should be replaced by its generalization obtained
within the framework of the relativistic Dirac wave mechanics. Such arelativistic formula for x
was derived independently by Granovskii and Nechet [2], who used an integral representation of
radial components of the first-order Dirac—Coulomb Green function, and by Manakov et al [3]
(cf also [4-7]), who used a Sturmian expansion of the second-order Dirac—Coulomb Green
function.

In this paper we show that the magnetizability of the relativistic hydrogen-like atom may
be conveniently and easily derived, in a way alternative to those presented in [2,3], by using a
Sturmian expansion of the first-order Dirac—Coulomb Green function found by us some time
ago [8,9]. We tabulate magnetizabilities for hydrogen-like atoms with 1 < Z < 137, providing
in this way reference data for future calculations taking into account the finite mass and size
of the nucleus, its spin as well as QED effects. Finally, following ideas of Pyper [10-14] and
the author [15], we carry out the Gordon decomposition of the total magnetizability, providing
a quantitative answer to the question concerning the influence of relativity on the magnitudes
of dia- and paramagnetic contributions to .

2. A relativistic hydrogen-like atom in a weak static uniform magnetic field

The energy eigenvalue problem for bound states of a relativistic hydrogen-like atom, with
an infinitely heavy, spinless and point-like nucleus of charge +Ze, placed in a static uniform
magnetic field of induction B (directed along the z axis of a Cartesian coordinate system), is
constituted by the Dirac equation

2

(Amey)r

(here o and B are the standard 4 x 4 Dirac matrices [16]) supplemented by the boundary
conditions

|:ca [V +eA(r)] + /3mc2 — — E:| Y(r)=20 2.1

r—0 r— 00

ry(r) — 0 ry(r) — 0. 2.2)
In a symmetric gauge, adopted in this work, the vector potential A(r) is

A(r)= 1B xr. (2.3)
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Henceforth we shall assume that the magnetic field is sufficiently weak so that the electron—
field interaction operator

HDY = eca- A(r) (2.4)

may be considered as a small perturbation of the zeroth-order Hamiltonian describing an
isolated atom. The zeroth-order bound state eigenproblem is given by the Dirac—Coulomb
equation

7 2
Cicha -V 4 pm — —Z5  _EO |y Oy =0 2.5)
(47'[ 60)}’
supplemented by the boundary conditions
O 220 @) =20, (2.6)

In the rest of the work we shall restrict ourselves to the case when the unperturbed state
of the atom is the ground state. Then one has

E9 =mc?y, (2.7)
where
Ye = VK2 — (@Z)% (2.8)

The eigenvalue E@ is doubly degenerate. Two orthonormal eigenfunctions to the
problem (2.5) and (2.6) associated with E© are, for instance,

0. _ L PO Q u(n,)
wr =72 <iQ<°>(r) Qim(n,) @9
with M = +1/2. Here

1
—sgn()y St Yiu-12(n,)
Qup(n,) = ( Vgt et (2.10)
e Yiur12(ny)
with
| | —Kk —1 fork <0
I=le+sl=2= forx > 0 1D

and n, = r/r, is a spherical spinor while the radial functions are

©) Z 1+ 2Zr\"
P (l") = — a—om I exp(—Zr/ao) (212)
zZ 1- 2Zr\"
00(r) = ‘/%WITI) (a—or) exp(—Zr/ao). (2.13)

The functions (2.9) are eigenfunctions, associated with the eigenvalues M7, of the projection
J; of the total angular momentum on the magnetic field direction.

Since both the Hamiltonian of an isolated atom and the perturbing operator H" commute
with the operator fz, the perturbation does not mix states associated with different eigenvalues
of J;. Consequently, the perturbation-adjusted zeroth-order eigenfunctions are those in
equation (2.9).

It follows from the above considerations that we may seek approximate solutions to the
eigenproblem (2.1) and (2.2) in the form

Yn(r) = Yl () + 9, (1) Ey~E9+E(). (2.14)
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The corrections w;})(r) and E')’, which, by assumption, are small quantities of the first order
in B = | B|, are solutions to the inhomogeneous problem

Zé? 1
[—icha -V + pmc? — (4nio)r — E(O)} ) =— |:§ecB S(rx a) — E,(é)} Yy ()
(2.15)

ryPm =20 ry () =3 0. (2.16)
Henceforth, we shall assume that

/ EryPT ey @) = 0. (2.17)

R3

In the standard way, from equation (2.15) we obtain

E) =lecB- A 3 Er vV x v () (2.18)

and
D)y =— / &r' GO, ) [LecB - (' x a) — E3 |y () (2.19)
R3

where GO (r, ') is the generalized Dirac—Coulomb Green function for the energy level E©.
It is a solution to the inhomogeneous differential equation (7’ fixed)

Ze?

|:—icha -V + Bmc? — — E(O):| GO, )

Ameg)r
=I5 —r) =y v L a) = vh @) )
(—=mc® < E < +mc?) (2.20)

(here 7 is the unit 4 x 4 matrix) with the boundary conditions

r—0

rgO@ 50 rgOe ) =50 .21)
and obeys the additional orthogonality constraints
/ &Er' GO, vy (') = 0. (2.22)
R3

The latter constraints imply that equation (2.15) may be simplified to
() =—lecB- / &' GO, )@ x )Y (). (2.23)
R3

For the sake of later use in section 4, it is convenient to transform equation (2.23) to an
alternative form. To this end, we rewrite equation (2.5) as

: O _
Oy =" o Ty () + E—f“)ﬁm” (r) (2.24)
mc mc
and equation (2.20) as
i 0 _
GO, = o GO, 1)+ T D G0 )+ g )
1
——s Y By @) (2.25)
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where, for brevity, V.(r) stands for the Coulomb potential. On interchanging the variables
r and ' in equation (2.25), performing the matrix Hermitean conjugation of the resulting
equation and utilizing the well known property

GO, ry =g ', r) (2.26)
we find
; O _ v
GO, v = —;TTICV/Q(O)(T, ') af + Em—cz‘/c(r)g(o)(r, ) B
1 1
+ ﬁﬂa%r’ - - DR ALY (2.27)

M'=%£1/2
Rewriting then equation (2.23) in the form

W) =—lecB- / 3 &r' GO, )@ x )y ()
R,

—jecB- f &r' GO, )@ x )y (r) (2.28)
R}

substituting equations (2.24) and (2.27) into the first and the second integrals on the right-hand
side of equation (2.28), respectively, after some rearrangements we arrive at

ehB

w(l)( )= _% d3'r' g(O)(r’ ’I"/)TLZ . ([\/+E)ﬂ1/f(0)( )+ M”’ (r x (X),Blﬂ(o)(’l‘)

- —W( ) /R &'y (. - (7 x 0By (). 2.29)

Henceforth, for brevity, we shall omit the subscript M at Wz(v(l)) (r) and Iﬂl(wl)(’l"), keeping in
mind, however, that M = +1/2.

3. Magnetizability

The atomic magnetizability y is defined through the relationship

1)
to m*’ - B
= (3.1
where ¢ is the permeability of vacuum and
m® = %f drrx iV (3.2)
R3

is an induced magnetic dipole moment of the atom in the perturbed state ¥ (7). Inequation (3.2)
4D (r) is a first-order contribution to an induced current density in the perturbed state v (1)
and is given by
3V ) = —ecy V(e O (r) — ecy P )y V). (3.3)
On substituting equation (3.3) into (3.2), after integrating by parts and making use of the
boundary conditions obeyed by ¥ (r) and ¥V (r) at infinity, we obtain

mY = —ecRe f Er v QT x )V (r) (3.4)
R3
hence, on utilizing equation (2.23) and the relation €y = 1/uoc?, we arrive at
=12 “Omc / &r f &y O mn, - (r x GO (r, ), - (' x YO ). (3.5)
R3 R3

We have omltted the symbol Re since the double integral in equation (3.5) is evidently real.
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To evaluate the double integral in equation (3.5), we utilize the following partial wave
expansion:

lic|—%

GOr.v) = aZagmc® mc2 Z Z

(f;g;) m_f\K|+—

y ( g(EHK(r Qe (n)QL, () —igl, (1, r')szk,,,(n»sz";m(n;)) (3.6)
18 (r Qe ()QL, () g Q)R (1) '
of the generalized Dirac—Coulomb Green function. Employing the relation
5 @) =iy LT
n;-(n, X k(M) = 1————3a (M 11— n,
: 7% 4> — 1 26 + 1| +hu
- _)2 - Q 3.7

- |2K—_1| e—1.u(72r) (3.7
reduces equation (3.5) to the form

X = X-1%X+2 (3.8)
where

oo © / / / © r/
X1 = %/ dr / dr’ rr’ (QO @) P(O)(r))Gg){(r, r’) (%(O)Er’;) 3.9
0 0
Xi2 = é/ dr/ dr' rr’ (0O PO1)) G 1) (%‘”Er/i)‘ (3.10)
0 0
The 2 x 2 real and symmetric matrix
g () g (1)
G‘((O)(r, r) = < ) , ’ ) @10
8= +)K(}’ r') g(__),((rar)

appearing in equations (3.9) and (3.10) is a generalized radial Dirac—Coulomb Green function
associated with the ground state energy (2.7) and with the set of 2|« | partial waves belonging to
the combined parity and total angular momentum quantum number «. The Sturmian expansions
of GQ (r,r") and G(O) (r, 1) follow from the general formulae for G(O) (r, r’) found in [8]. These
expansions are

G(O)( ) 00 1 (S(O) 1(r)> ( ©) S(o) ) T(()) )
) = E _ Moy r r
1 l‘LS?)q _1 T(O,)l( ) 1 1 1

n=-00

(n£0)

LS ) © ©
+(n — j) ( ) (50,71(7'/) TO,,l(V/))

T(;f>_>1< )
)
+ (Ié(o)((r))) (S(()(,))—l(r,) T()(,O_)l(”,))
So 1) © (! O
(T()(,O)l( )> (JPE) KPE)) (3.12)

where
190) = (n = 1 SO, )+ (Mi + aZ) 7%, () (3.13)

’ a  a ’

Oy — 70 ©) © L+yr ©)

JVr) =1"(r)+ 50,71(’") (y1 + )S )+ (Ta_o +aZ> To,fl(’”) (3.14)

KO =n (%;—0 - ) S () = (i = DT () (3.15)



Magnetizability of the relativistic hydrogen-like atom 1385

and
o 1 S, ()
) ’ n,+2 ) o0 ’ ©) (.
G, (rr) = E Tl (T(J) (r)) (2 Sy 2 (r) T, 5 (")) (3.16)
n=—00 N/n,.;_z - n,+2

respectively. Here
© _ Inl+ Vi + Ny

= TV ® e (3.17)
Y1 +1

SOy = (L+yD(nl+2y)In|!
" 2Z Ny (Npe — ) (0] +2y,)

2Zr \* 27 ~N 27
s (Z2E) ezt | Lo (ZED) ¢ BT S p om0 (220 (3.18)
ap ao |n| + 2y, ao

1) = \/ (1 =y (ln| +2y)lnl!

nK

ZZNnK(NnK - IC)F(|I’£| +2VK)

2Z Y ZZ — NnK ZZ
(22N o-zra L0, T\ _ KT Nae Lo ~er (3.19)
aop aop |l’l| + 27//( ao

(with L@ (p) denoting the generalized Laguerre polynomials [17]) are the radial Dirac—
Coulomb Sturmians and

Nue = £/ (Inl + 7% + (@Z)? = £/ |n]? + 2Inly, +i> (3.20)

is the ‘apparent principal quantum number’ (notice that it may assume positive as well as
negative values!). The following sign convention applies to the definition (3.20): the plus sign
should be chosen for n > 0 and the minus one for n < 0; for n = 0 one chooses the plus sign
if ¥ < 0 and the minus sign if « > 0.

The radial integrals in equations (3.9) and (3.10) are easily evaluated after making use of
the Sturmian expansions (3.12) and (3.16) and the integral formula

o ry+HI'(n+o —
f dp pre L@ (p) = LY X DTt y) (3.21)
0 n!T'(e —y)
In the case of k = —1, one arrives at the following simple expression for y_;:
a?al (yi + D(EyE = 1)
i =— . 3.22
X-1 - T (3.22)
In turn, in the case of k = +2, on collecting terms with the same values of |r|, one finds
s = _o’ag 1 T2y + 92 +2) i M2(n+y,—y — 1) (3.23)
T2 e+ DRy — ) ST+ 2+ Dty — p1) '
or, equivalently,
s = oezag Fz(yl +y+2)
g = —
’ 72 72(2 — y)T 2y + DT Qy2 + 1)
xsh(pp-n—-lLrn-vn—-Lr—-y:2rn+L,yn-n+L1 (3.24)
where 3 F; is a generalized hypergeometric function. Consequently, we have
B RV M2y +72+2)
z? 18 2, =y Cyi + DT 2y + 1)

3sFhpm—-—vn—-Lyn—-vn-1Ln—-y;2n+l,n—-—yn+l; 1)] (3.25)
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that agrees with earlier findings of Granovskii and Nechet [2] and Manakov et al [3-6] (see
also [7]). In the non-relativistic limit

c—> 00 c—> 00

y — 1 Yy —> 2 (3.26)
and the generalized hypergeometric series reduces to unity, hence one finds
x =2 e (3.27)
2 72 '

which agrees with the non-relativistic formula (1.6).

Numerical values of x for 1 < Z < 137, computed from equation (3.25), are presented
in table 1. The number of terms necessary to include in the series 3 F, in order to achieve
convergence to the number of figures quoted varied from 1 for Z = 1 and 17 for Z = 80
to 272 for Z = 137. In table 2 numerical values of the ratio x / x, are presented for selected
values of Z.

It is interesting to notice that while for the non-relativistic atom the magnetizability is
always negative, in the relativistic case there is a critical value of Z, Z, such thatfor Z < Z the
magnetizability is negative, i.e. the induced magnetic moment is anti-parallel to the perturbing
field, and for Z > Z. the magnetizability is positive, implying the parallel orientation of
the induced magnetic moment and the external magnetic field. We have found Z, = 130
which differs from the result Z, = 118 predicted, with the same assumptions about the atomic
nucleus, by Manakov et al [3,6] (the origin of this difference is unclear to us). The dependence
of Z. on a particular nuclear model adopted might be worth investigating in future.

4. Dia- and paramagnetic contributions to the magnetizability

The partitioning of the magnetizability x into diamagnetic (xq) and paramagnetic (xp)
components has its origin in the analogous partitioning of the induced current density 5V (r):

i) =3 ) + 5P ). 4.1)
Indeed, on combining equations (3.2) and (4.1), for the induced magnetic dipole moment one
finds

m® = m) + m® 42)
where
mfil) = %/ d*rr x j((jl)(r) ml()l) = %/ d*rr x jlgl)(r) (4.3)
R3 R3
and, consequently,
X = Xd+ Xp 4.4
with
(1) ()
no my - B Ho my - B
=——— =——— 4.5
XM= B2 * T T B 43)

We shall find jél) (r) and jlgl) () with the aid of the Gordon decomposition of the induced
current density 5V (r). To carry out this decomposition, we rewrite the expressions

j(r) = —ecy ' (r)ay (r) 3O = —ecy P oy @ (r) (4.6)
for the current densities in the states ¥ (r) and ¥ (r), respectively, in the following ways:

i) = —tecy (may (r) — fecy (Mo (r) (4.7)

i) = =tecy P (May P (r) — Jecy VT (r)ay O (r) (4.8)

and transform the Dirac equations (2.1) and (2.5) to the forms
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Table 1. Magnetizabilities for ground states of relativistic hydrogen-like atoms with infinitely
heavy point-like and spinless nuclei. The number in brackets following the entries is the power of
10 by which the entry is to be multiplied. The value of the inverse of the fine structure constant
used was o~ = 137.0359895.

Z X (azag)

VA X (ozzag)

z

x (ea3)

1 —4.999 644 99(—1)
2 —1.24964500(=1)
3 —5.55200571(-2)
4 —3.12145034(=2)
5 —1.996 450 58(—2)
6 —1.38533977(~2)
7 —1.01685940(—2)
8 —7.77701637(=3)
9 —6.13736047(~3)
10 —4.964 526 10(=3)
11 —4.096763 18(~3)
12 —3.43676022(~3)
13 —2.92312464(~3)
14 —2.51557248(=3)
15 —2.18678215(~3)
16 —1.91769333(—3)
17 —1.69468108(—3)
18 —1.50779665(—3)
19 —1.349 638 37(—3)
20 —1.21460741(=3)
21 —1.09840540(—3)
22 —9.97688105(—4)
23 —9.09822090(—4)
24 —8.327108 68(—4)
25 —7.646 686 76(—4)
26 —7.04327568(—4)
27 —6.50568135(—4)
28 —6.02467223(—4)
29 —5.59258046(—4)
30 —5.202994 50(—4)
31 —4.85051993(—4)
32 —4.53059184(—4)
33 —4.23932631(—4)
34 —3.97340206(—4)
35 —3.72996540(—4)
36 —3.50655341(—4)
37 —3.30103143(—4)
38 —3.11154193(—4)
39 —2.93646244(—4)
40 —2.77437073(—4)
41 —2.62401588(—4)
42 —2.48429408(—4)
43 —2.35422839(—4)
44 —2.23295160(—4)
45 —2.11969177(—4)
46 —2.01375995(—4)

47 —1.91453971(—4)
48 —1.82147816(—4)
49 —1.73407823(—4)
50 —1.65189208(—4)
51 —1.57451534(—4)
52 —1.501582 13(—4)
53 —1.43276080(—4)
54 —1.367750 10(—4)
55 —1.30627591(—4)
56 —1.248 088 40(—4)
57 —1.19295945(—4)
58 —1.14068043(—4)
59 —1.09106026(—4)
60 —1.04392365(—4)
61 —9.991095 68(—5)
62 —9.564 698 55(—5)
63 —9.15868035(—5)
64 —8.771782 14(=5)
65 —8.40284110(—5)
66 —8.05078190(—5)
67 —7.714608 94(—5)
68 —7.39339931(—5)
69 —7.08629657(—5)
70 —6.792 505 09(—5)
71 —6.51128493(—5)
72 —6.24194723(=5)
73 —5.983850 10(—5)
74 —5.73639475(—5)
75 —5.499 022 16(—5)
76 —5.271209 88(—5)
77 —5.05246928(—5)
78 —4.84234291(-5)
79 —4.64040217(~5)
80 —4.446245 19(—5)
81 —4.25949483(—5)
82 —4.07979687(—5)
83 —3.90681845(—5)
84 —3.740 246 46(—5)
85 —3.57978621(—5)
86 —3.425160 16(—5)
87 —3.276 106 74(—5)
88 —3.13237926(=5)
89 —2.99374493(—5)
90 —2.85998395(—5)
91 —2.730888 66(—5)
92 —2.60626277(~5)

93

94

95

96

97

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137

—2.48592059(—5)
—2.369 686 43(—5)
—2.25739395(—5)
—2.148 885 59(—5)
—2.04401202(-5)
—1.942 631 68(—5)
—1.84461031(-5)
—1.749 820 52(—5)
—1.658 141 41(=5)
—1.569 458 20(—5)
—1.483 661 86(—5)
—1.400 648 86(—5)
—1.320320 82(—5)
—1.24258425(=5)
—1.16735032(—5)
—1.094 534 61(—5)
—1.024.056 90(—5)
—9.55840971(—6)
—8.898 144 14(—6)
—8.259084 78(—6)
—7.640579 12(—6)
—7.042 008 26(—6)
—6.462785 T4(—6)
—5.90235648(—6)
—5.360 195 88(—6)
—4.835809 08(—6)
—4.32873047(—6)
—3.83852333(—6)
—3.36477977(—6)
—2.907 120 94(—6)
—2.465 197 58(—6)
—2.03869103(—6)
—1.62731480(—6)
—1.23081688(—6)
—8.48983140(—7)
—4.81642151(=7)
—1.28672216(—7)
+2.09988273(=7)
+5.34325095(—7)
+8.44223233(=7)
+1.139424 82(—6)
+1.41945203(—6)
+1.68344633(—6)
+1.92975529(—6)
+2.154 585 33(—6)
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Table 2. Ratios of relativistic to non-relativistic magnetizabilities for ground states of hydrogen-like
atoms with infinitely heavy point-like and spinless nuclei.

Z X/ Xnr Z X/ Xnr Z X/ Xnr

I +0.999929 60 +0.751625 120  +0.110549
10 +0.992905 70  +0.665665 129  +0.004 282
20 +0.971686 80 +0.569119 130 —0.007098
30 +0.936539 90  +0.463317 137 —0.080879
40 +0.887799 100  +0.349964
50  +0.825946 110 +0.231314

Y(r) = —ﬁa Vt/f(r)——ﬁa Ay + E D50y @)
YOw) = L o Ty O () + _—ZVC()W“)(r) (4.10)
mc mc

where V. (r) stands for the Coulomb potential. On substituting the expressions (4.9) and (4.10)
into the first terms on the right-hand sides of equations (4.7) and (4.8) and their Hermitian
conjugates to the second terms, after some matrix algebra we obtain [18,19]

. eh i eh i e2 §
Jjr)=——Im [ (r)BVY(r)] — ——V X [V (")BEY ()] — =¥ (r)BA(r)Y (1)
m 2m m

4.11)
3O = Im WO () pvy @ (r)] — V x [y QT () BEyY @ (r)] (4.12)
where the 4 x 4 vector matrix X is
o 0
2:(0 U). (4.13)

Subtracting equation (4.12) from (4.11), making use of the first of equations (2.14) and
neglecting second-order terms, we arrive at equation (4.1) in which

2
iy () = —%Wo”(r)ﬁA(r)w“” (r) (4.14)
gy (r) = —%Im AT A 4 A O R AR COY:A A A D)

- ‘;—hv x Re [y VT () =y D ()] (4.15)

are the sought induced dia- and paramagnetic current densities, respectlvely

The explicit expression for the induced diamagnetic moment m( is immediately obtained
on substituting equation (4.14) into the first of equations (4.3) and makmg use of equation (2.3).
This yields

’B
$=-2 f Ery Ot @y x (n, x MY O @), (4.16)
4m R3
From the first of equations (4.5) and from (4.16) we obtain
xo= =t [ & @m <) @.17)

(cf equation (1.2)). The integration over angular variables is straightforward and reduces
equation (4.17) to the form

Xa = —ga’ay / T PP POG) - 09 QO (4.18)
0
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The remaining radial integration is also trivial and yields the final result for the diamagnetic
contribution to x:

o’ag iy + D@y +1)
z? 12 '
Similarly, substituting equation (4.15) into the second of equations (4.3), making use of
the identity

Xa=— (4.19)

r—00

/ Errx[VxF@r)]=2 / d*r F(r) (r*F(r) =3 0) (4.20)
R3 R3

(1)

after some manipulations, for the paramagnetic moment m;, ° we find

m{ = —%Re fm &Ery QT BA + )V (). (4.21)
Substituting here equation (2.29) and the result into the second of equations (4.5), we obtain

Xo=Xp+ Xp * Xp (4.22)
with the contributions given by
Xp = %oc agme /R* d*r /ﬂ;w Er' v O rn, - A+ )

xBGO (r, ) pn, - (A + )y O ) (4.23)
Xy = je’agRe fR 3 Er gy OTm, - (A+S)n, - (r x )y O(r) (4.24)

Xy’ = 3¢’a;Re { / Fry O @n, - A+ D)y )
R3

X / Ay O (), - (¢ x a)ﬂlﬂ(o)(r’)}. (4.25)
R3

Since the operators n; - (A + ) and n; - (r X «)B are, respectively, Hermitean and anti-
Hermitean with respect to the volume scalar product, the expression in curly brackets on the
right-hand side of equation (4.25) is purely imaginary. Consequently, x. """ vanishes and

Xp = Xp + Xp~ (4.26)
It is interesting to notice that in the relativistic theory the paramagnetic contribution to y is
the sum of two terms. The first one, Xr;’ is an analogue of the non-relativistic expression (1.3)
while the second one, XF’)/, is an additional contribution of a purely relativistic origin.
On making use of the partial wave expansion (3.6) and the relation

Ve + 32—

2,wc
(A + U)Qku(nr) - KM( r) |2K + 1| Q—K—l,;}.(nr) (427)
the contribution x,, is found to be
Xp = Xp—1 + Xp+2 (4.28)
where
(o] oo , P(()) r/
Xp—1 = %azagf dr/ dr' (PO —10©0)GY 1) (_lQ(g)(i/J (4.29)
0 0 3

and
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Table 3. Relative dia- and paramagnetic contributions to magnetizabilities for ground states of
relativistic hydrogen-like atoms with infinitely heavy point-like and spinless nuclei. The number
in brackets following the entries is the power of 10 by which the entry is to be multiplied.

z Xd/x Xp/ X Xp /X Xp/ X

1 +1.00(+0)  +7.99(=12) —133(=5) —1.33(=5)
10 +1.00(+0)  +8.05(—8)  —1.34(=3) —1.34(-3)
20 +1.01(+0)  +1.32(—=6)  —5.44(=3) —5.44(-3)
30 +1.01(+0)  +6.91(—=6)  —1.26(=2) —1.26(—2)
40 +1.02(+0)  +2.30(=5)  —233(=2) —2.33(-2)
50 +1.04(+0)  +6.03(=5)  —3.84(=2) —3.84(-2)
60  +1.06(+0)  +1.37(—4)  —595(=2) —5.93(-2)
70 +1.09(+0)  +2.86(—4)  —8.88(—2) —8.85(—2)
80  +1.13(+0)  +5.69(—4)  —1.31(=1) —1.30(—1)
90  +1.19(+0)  +1.11(=3)  —1.95(=1) —1.93(—1)
100 +1.30(+0)  +2.23(=3)  —3.00(=1) —2.98(—1)
110 +1.50(+0)  +4.87(=3)  —5.09(—1) —5.04(—1)
120 +2.12(+0)  +1.41(=2)  —1.28(+0) —1.26(+0)

129 +2.94(+1)  +4.67(=1)  —2.89(+1)  —2.84(+1)
130 —1.60(+1) —2.89(—=1)  +1.73(+1)  +1.70(+1)
137 —5.05(=2) —2.65(=2)  +1.08(+0)  +1.05(+0)

’ o *© / ’ O
Xpur = So2ad /O dr /0 dr’' (0 Q<0>(r))G<+°;(r,r)< 00 (r,)>. (4.30)

The radial integrals in equations (4.29) and (4.30) are easily evaluated with the aid of the
Sturmian expansions (3.12) and (3.16) and the integral formula (3.21), yielding

o =0 (4.31)
and

. _ g+ D*en+D) i+ +2)
Xp+2 = 72 72 2 — )T Cyi+ DTy + D

x3BHhy—y—Lyn-v—-1Lyrn—-—y;2n+Ln—-—yn+l; 1):| (4.32)

respectively. In turn, on utilizing the relations (3.7) and (4.27), equation (4.24) may be
transformed to the form

oo
X = —Leia? / dr rPO (1) 00 () (4.33)
0

which, after performing the radial integration, yields

o?ad (1 —yH Ry +1)
" 0 1 1
= . 4.34
p zZ? 24 ( )
Hence, on combining equations (4.26), (4.28), (4.31), (4.32) and (4.34), for the paramagnetic
contribution to x we finally obtain

_ @[+ DRy + D2 —y1) B M2+ +2)
X0 = 7 36 72(ys — y)T 2y + DT 2y2 + 1)

x3BHhy—y—Lyn—-v—-1Lyrn—y;2rn+Ln—-—yn+l; 1):|- (4.35)
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From equations (4.18) and (4.35) it is seen that, as might be expected, the sum
Xd + Xp coincides with the expression (3.25). Moreover, in the non-relativistic limit, from
equations (4.18) and (4.35) one infers

2.3
e =5 —% “ZCZ’O X =30 (4.36)
which agrees with equation (1.5).

In table 3 relative dia- and paramagnetic contributions to magnetizabilities for selected
hydrogen-like atoms are compared. It is seen that always | x1;| < | XI/,/| and that Xl; tends to
reduce the contribution of x, to x. Moreover, in agreement with the qualitative results already
deduced by us from table 1, for Z < 130 the diamagnetic contribution x4 dominates over the
paramagnetic one yxp, while for Z > 130 the opposite situation occurs.
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