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Sturmian basis functions for the harmonic oscillator

Radosław Szmytkowski* and Bożena Żywicka-Możejko
Atomic Physics Division, Faculty of Applied Physics and Mathematics, Technical University of Gdan´sk, Narutowicza 11/12,

PL 80-952 Gdan´sk, Poland
~Received 2 November 1999; published 12 July 2000!

We point out that the discrete Sturmian set for the one-dimensional harmonic oscillator, constructed recently
by Antonsen@Phys. Rev. A60, 812 ~1999!#, is incomplete inLx2

2 (R) and thus does not form a basis in that
Hilbert space. We show that forE.0, the spectrum of the Sturm-Liouville problem defining the Sturmian
functions is mixed and consists of an infinite number of discrete positive eigenvalues, coinciding with those
found by Antonsen,and the continuum of eigenvalues covering the negative real semiaxis. The discrete
eigenvalues are simple while continuous eigenvalues are doubly degenerate. A basis inLx2

2 (R) comprises all
Sturmian functions generated by that problem, i.e., those associated with discrete eigenvalues as well as those
associated with continuum eigenvalues. We consider also the defining Sturm-Liouville problem in the case
E<0 and find that then the discrete part of its spectrum is absent: the spectrum is purely continuous, doubly
degenerate, and covers the negative real semiaxis; the associated Sturmian functions form a noncountable basis
in Lx2

2 (R).

PACS number~s!: 03.65.Ca, 03.65.Ge
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I. INTRODUCTION

It is known that in many nonrelativistic quantum
mechanical problems involving the Coulomb potential, t
so-called Schro¨dinger-Coulomb Sturmian functions are
particular value~e.g., @1–6#!. These functions are generate
by solving an eigenproblem consisting of the rad
Schrödinger-Coulomb wave equation, with thefixedreal en-
ergy E and the Coulomb potential strength chosen as an
genvalue, augmented by usual quantum-mechanical bo
ary conditions. An extremely important feature of th
Schrödinger-Coulomb Sturmian functions is that ifE is fixed
at some negative value, they form a discrete set, which
contrast to the bound-state Schro¨dinger-Coulomb energy
eigenfunctions, is complete and forms a basis inL2(R1).

The harmonic-oscillator problem is of comparable imp
tance for nonrelativistic quantum mechanics as the Coulo
one. It is therefore natural to ask the following question
one constructs the Sturmian functions for the harmonic
cillator, would the resulting eigenfunctions be equally use
in applications as their Coulombic counterparts are? An
tempt to answer this question has been made recently
Antonsen@7# who claimed that for a fixed positive energ
parameterE the one-dimensional harmonic-oscillator Stu
mian functions form a discrete basis set suitable for pract
use. Some intuitive premises, supported by our earlier ex
rience in solving quantum-mechanical Sturm-Liouville pro
lems @8–11#, have caused us to doubt the validity of th
conclusions of Ref.@7#. We have decided to reinvestigate th
problem and the present paper reports the results of
study. We show that the functional set found by Antonsen
incomplete inLx2

2 (R): for E.0 the spectrum of the relevan
Sturm-Liouville problem consists of an infinite number
discrete positive eigenvalues, coinciding with those found
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Ref. @7#, and the continuum of eigenvalues covering th
negative real semiaxis, overlooked in Ref.@7#. The discrete
eigenvalues are simple while the continuous eigenvalues
doubly degenerate. We consider also the caseE<0 and find
that then the discrete part of the spectrum is absent; the s
trum is purely continuous, doubly degenerate, and covers
negative real semiaxis. The presence of the spectral cont
prevents us from sharing the optimism of Ref.@7# about the
suitability of the harmonic-oscillator Sturmian functions f
use as a practical tool in solving actual quantum-mechan
problems.

II. STURMIAN BASIS FUNCTIONS FOR THE
ONE-DIMENSIONAL HARMONIC OSCILLATOR

We define the Sturmian functions for the one-dimensio
harmonic oscillator as solutions to the singular Stur
Liouville problem composed of the differential equation

F2
\2

2m

d2

dx2 1l
mv2x2

2
2EGS~x!50 ~xPR! ~1!

augmented by the boundary conditions

S~x! bounded forx→6`. ~2!

Here,v.0 is the oscillator’s angular frequency,E is a real
fixedparameter, whilel is an eigenvalue of the problem. Th
system~1! and ~2! is Hermitian and the general theory o
such systems@12–14# guarantees that all its eigenvalues a
real and the corresponding eigenfunctions form a comp
set.

To handle the differential equation~1!, we introduce the
dimensionless variable

j5S mv

\ D x2 ~0<j,`! ~3!
pl
©2000 The American Physical Society04-1
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and seekS(x) in the form

S~x!5j21/4F~j!, ~4!

whereF(j) is to be determined. It is readily found from Eq
~1!, ~3!, and ~4! that F(j) is a solution to the differentia
equation

F d2

dj2 1

3
16

j2 1

1
2 «

j
2

l

4
GF~j!50, ~5!

where

«5
E

\v
. ~6!

The further progress requires considering the casesE.0 and
E<0 separately.

A. The caseEÌ0

1. The caselÌ0

In this case, Eq.~5! becomes

F d2

d~bj!2 1

3
16

~bj!2 1
h

~bj!
2

1

4
GF~j!50, ~7!

where

b5Al, h5
«

2Al
.0. ~8!

Equation~7! is the Whittaker equation considered in the A
pendix and its two linearly independent solutions are

F ~e!~j !5A~e!Mh,21/4~bj!, ~9!

F ~o!~j !5A~o!Mh,1/4~bj!, ~10!

whereMhg(z) is the Whittaker function of the first kind an
A(e) andA(o) are arbitrary nonzero constants@the meaning of
the superscripts~e! and ~o! will become clear shortly#.
Hence, it follows that forE.0 andl.0, two linearly inde-
pendent solutions to Eq.~1! are

S̃~e!~x!5B~e!~ax2!21/4Mh,21/4~ax2!, ~11!

S̃~o!~x!5B~o!~ax2!21/4Mh,1/4~ax2!, ~12!

where

a5S mv

\ DAl, ~13!

while B(e) andB(o) are nonzero constants. The tilde indicat
that the functions~11! and~12! obey the differential equation
~1! but not necessarily the boundary conditions~2!. We no-
tice that from the properties of the Whittaker functio
summarized in the Appendix, it follows thatS̃(e)(x) and
02210
s

S̃(o)(x) are an even and an odd function ofx, respectively.
Therefore, investigating for what values ofl.0 the solu-
tions ~11! and ~12! satisfy the asymptotic conditions~2!, it
suffices to consider the limitx→1`.

It is known @cf. Eq. ~A4!# that for large positive real ar
guments, the Whittaker functionMhg(z) diverges exponen-
tially unless its indices are related byh2g2 1

2 5n, where
n50,1,2, . . . This implies that the even solutions~11! are
asymptotically bounded if

ln
~e!5

4«2

~4n11!2 ~n50,1,2, . . . !, ~14!

while the odd solutions~12! are bounded if

ln
~o!5

4«2

~4n13!2 ~n50,1,2, . . . !. ~15!

Equations~14! and ~15! may be combined, yielding the dis
crete nondegenerate part of the spectrum of the problem~1!
and ~2! for E.0:

ln5
4«2

~2n11!2 ~n50,1,2, . . . !. ~16!

It stems from relations~A7! and ~A8! of the Appendix that
the corresponding unnormalized eigenfunctions are

Sn~x!5CnHn~kx/A2n11!e2k2x2/2~2n11! ~n50,1,2, . . . !,

~17!

whereHn(z) is the Hermite polynomial and

k5A2mE/\2. ~18!

The eigenfunctions labeled by even or odd indicesn are even
or odd functions ofx, respectively. It is then a simple exe
cise to show that eigenfunctionsSn(x) and Sn8(x) corre-
sponding to different discrete eigenvaluesln and ln8 are
orthogonal in the sense of

E
2`

`

dx x2Sn~x!Sn8~x!50 ~nÞn8!, ~19!

and that, if the factorCn in Eq. ~17! is chosen so that

Sn~x!5
k3/2

p1/42~n21!/2~n! !1/2~2n11!5/4

3Hn~kx/A2n11!e2k2x2/2~2n11!, ~20!

Eq. ~19! is generalized to the orthonormality relation

E
2`

`

dx x2Sn~x!Sn8~x!5dnn8 . ~21!

So far our results agree with those obtained in Ref.@7#.
However, we have not considered yet the possibility of e
istence of negative eigenvaluesl.
4-2
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2. The caselË0

In this case, Eq.~5! may be rewritten in the form

F d2

d~ ibj!2 1

3
16

~ ibj!2 1
2 ih

~ ibj!
2

1

4
GF~j!50, ~22!

where now

b5A2l, h5
«

2A2l
.0. ~23!

Equation ~10! is again the Whittaker equation and its tw
linearly independent solutions are

F ~e!~j !5A~e!M 2 ih,21/4~ ibj!, ~24!

F ~o!~j !5A~o!M 2 ih,1/4~ ibj!, ~25!

whereA(e) andA(o) are nonzero constants. The correspon
ing linearly independent solutions to Eq.~1! for E.0 and
l,0 are

S̃~e!~x!5B~e!~ iax2!21/4M 2 ih,21/4~ iax2! ~26!

and

S̃~o!~x!5B~o!~ iax2!21/4M 2 ih,1/4~ iax2!, ~27!

where this time

a5S mv

\ DA2l ~28!

and B(e) and B(o) are nonzero constants. Again, the tild
indicates that so far we have not taken care of the bound
conditions~2!. The functionsS̃(e)(x) andS̃(o)(x) are an even
and an odd function of the variablex, respectively.

We now ask the following question: for what value
of l,0 are the functionsS̃(e)(x) or S̃(o)(x) bounded for
x→1`? @The limit x→2` need not be considered sep
rately due to the aforementioned symmetry ofS̃(e)(x) and
S̃(o)(x).# To answer the question posed, we make use of
asymptotic expansion~A4! of the Whittaker function, obtain-
ing

S̃~e!~x! ;
x→`

B~e!
2Apeip/82ph/2

uG~ 1
4 1 ih!u

~ iax2!21/4

3cos@ 1
2 ax21h ln~ax2!2 1

8 p2s~e!~h!#

~29!

and

S̃~o!~x! ;
x→`

B~o!
Apei3p/82ph/2

uG~ 3
4 1 ih!u

~ iax2!21/4

3cos@ 1
2 ax21h ln~ax2!2 3

8 p2s~o!~h!#,

~30!
02210
-

ry

e

where

s~e!~h!5argG~ 1
4 1 ih!, s~o!~h!5argG~ 3

4 1 ih!.
~31!

From Eqs.~29! and ~30! we infer that for anarbitrary l

,0 both functions S̃(e)(x) and S̃(o)(x) vanish forx→1`
and therefore obey the boundary conditions~2!. This implies
that the spectrum of the Sturm-Liouville problem~1! and~2!
is mixed and apart from the infinite set of the discrete po
tive eigenvalues given by Eq.~16!, the problem possesse
also the continuous eigenvalues covering the negative
semiaxis. This fact has been overlooked in Ref.@7#. In con-
trast to the case of the discrete eigenvalues, which, as
have shown, are simple, the continuous eigenvalues are
bly degenerate. Henceforth, the tilde over the continu
eigenfunctions will be omitted.

It remains to investigate the problem of the orthogona
and normalization of the continuum eigenfunctions. We sh
discuss in details the case of the even eigenfuncti
Sl

(e)(x) and provide only final results for the odd eigenfun
tions Sl

(o)(x) because both cases are analogous. Cons
thus two differential equations of the form~1! obeyed by two
different even eigenfunctionsSl

(e)(x) and Sl8
(e)(x). We pre-

multiply the equation forSl
(e)(x) by Sl8

(e)(x), the equation for

Sl8
(e)(x) by Sl

(e)(x), subtract, and integrate the result overx
from x52X to x51X, where X.0. On employing the
Green’s integration theorem, this yields

~l2l8!S mv

\ D 2E
2X

1X

dx x2Sl
~e!~x!Sl8

~e!
~x!

5FSl8
~e!

~x!
dSl

~e!~x!

dx
2Sl

~e!~x!
dSl8

~e!
~x!

dx
G

2X

1X

,

~32!

which, after making use of the evenness property of
eigenfunctions considered~their first derivatives are odd!,
may be rewritten in the form

E
2X

1X

dx x2Sl
~e!~x!Sl8

~e!
~x!5

2~\/mv!2

l2l8
FSl8

~e!
~x!

dSl
~e!~x!

dx

2Sl
~e!~x!

dSl8
~e!

~x!

dx
G

x5X

. ~33!

For largeX, the functions on the right-hand side of the abo
equation may be replaced with their asymptotic forms~29!.
This yields, after simple trigonometric manipulations,
4-3
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E
2X

1X

dx x2Sl
~e!~x!Sl8

~e!
~x! ;

X→`

2Bl
~e!Bl8

~e!S \
mv D 2 4pe2p~h1h8!/2~aa8!21/4

uG~ 1
4 1 ih!G~ 1

4 1 ih8!u
S a22a82

l2l8 D
3Fsin@ 1

2 ~a1a8!X21h ln~aX2!1h8 ln~a8X2!2 1
4 p2s~e!~h!2s~e!~h8!#

a1a8

1
sin@ 1

2 ~a2a8!X21h ln~aX2!2h8 ln~a8X2!2s~e!~h!1s~e!~h8!#

a2a8
G . ~34!
i
er
th

c-

um

n

on
r-
the

s

In the limit X→`, on utilizing the following well-known
representation of the Dirac delta function

d~ t2t8!5 lim
a→`

sin@a~ t2t8! f ~a,t,t8!#

p~ t2t8!
@ lim

a→`

f ~a,t,t8!51#,

~35!

we obtain

E
2`

`

dx x2Sl
~e!~x!Sl8

~e!
~x!

5Bl
~e!Bl8

~e! 4p2e2p~h1h8!/2~aa8!21/4

uG~ 1
4 1 ih!G~ 1

4 1 ih8!u

3@d~a1a8!1d~a2a8!#. ~36!

Since botha anda8 are positive@cf. Eq. ~28!#, the argument
of d(a1a8) does not vanish; consequently, the first delta
effectively zero and may be omitted in further consid
ations. The second delta may be transformed by utilizing
identity @cf. again Eq.~28!#

d~a2a8!52S \

mv D 2

ad~l2l8!, ~37!

which yields

E
2`

1`

dx x2Sl
~e!~x!Sl8

~e!
~x!5~Bl

~e!!2S \

mv D 2 8p2e2pha1/2

uG~ 1
4 1 ih!u2

3d~l2l8!. ~38!

Equation ~38! implies that the even continuum eigenfun
tions

Sl
~e!~x!5S mv

\
D

3
eph/2uG~ 1

4 1 ih!u

23/2pa1/4 ~ iax2!21/4M 2 ih,21/4~ iax2!

~39!

are orthonormal in the sense of
02210
s
-
e

E
2`

`

dx x2Sl
~e!~x!Sl8

~e!
~x!5d~l2l8!. ~40!

In the analogous way one shows that the odd continu
eigenfunctions normalized and orthogonal according to

E
2`

`

dx x2Sl
~o!~x!Sl8

~o!
~x!5d~l2l8! ~41!

are

Sl
~o!~x!5S mv

\
D

3
eph/22 ip/4uG~ 3

4 1 ih!u

21/2pa1/4 ~ iax2!21/4M 2 ih,1/4~ iax2!.

~42!

It is easy to verify by applying the complex conjugatio
formula ~A6! that the functions~39! and~42! are real. More-
over, we have an obvious orthogonality relation

E
2`

`

dx x2Sl
~o!~x!Sl8

~e!
~x!50. ~43!

Finally, in the same way in which one proves the relati
~19!, it is found that the continuum eigenfunctions are o
thogonal to those belonging to the discrete spectrum in
sense of

E
2`

`

dx x2Sl
~e!~x!Sn~x!50 ~44!

and

E
2`

`

dx x2Sl
~o!~x!Sn~x!50. ~45!

The set of eigenfunctions$Sn(x)%ø$Sl
(e)(x)ø$Sl

(o)(x)% is
complete inLx2

2 (R) and the following closure relation hold
@15#:
4-4
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(
n50

`

Sn~x!Sn~x8!1E
2`

0

dl Sl
~e!~x!Sl

~e!~x8!

1E
2`

0

dlSl
~o!~x!Sl

~o!~x8!5
d~x2x8!

xx8
~x,x8PR!.

~46!

Consequently, an arbitrary functionF(x)PLx2
2 (R) has an ex-

pansion

F~x!5 (
n50

`

cnSn~x!1E
2`

0

dl cl
~e!Sl

~e!~x!

1E
2`

0

dl cl
~o!Sl

~o!~x! ~xPR!, ~47!

where

cn5E
2`

`

dx x2Sn~x!F~x!, ~48!

cl
~e!5E

2`

`

dx x2Sl
~e!~x!F~x!, ~49!

cl
~o!5E

2`

`

dx x2Sl
~o!~x!F~x!. ~50!

Notice that in generalcl
(e)Þ0, cl

(o)Þ0, and therefore

F~x!Þ (
n50

`

cnSn~x!. ~51!

B. The caseEÏ0

The examination of this case proceeds in the way an
gous to that of the preceding subsection. One finds, howe
that this time the discrete part of the spectrum is absent:
l spectrum is purely continuous, doubly degenerate, and
incides with the real negative semiaxis. Even and odd c
tinuum eigenfunctions corresponding to some particular
genvaluel, chosen to be real and orthonormal in the sens
Eqs.~40! and ~41!, are

Sl
~e!~x!5S mv

\ D
3

eph/2uG~ 1
4 1 ih!u

23/2pa1/4
~ iax2!21/4M 2 ih,21/4~ iax2!

~52!

and
02210
o-
er,
e

o-
n-
i-
of

Sl
~o!~x!5S mv

\ D
3

eph/22 ip/4uG~ 3
4 1 ih!u

21/2pa1/4
~ iax2!21/4M 2 ih,1/4~ iax2!,

~53!

respectively. The eigenfunctions~52! and ~53! differ from
seemingly identical eigenfunctions~39! and ~42!, since now

h5
«

2A2l
<0 ~54!

@cf. Eq. ~23!#. The parametera is defined as in Eq.~28!. In
the limiting caseE50 the eigenfunctions~52! and~53! may
be expressed in terms of the Bessel functions. On utiliz
the relation~A9!, one arrives at

Sl
~e!~x!5S mv

\ D223/2x1/2J21/4~
1
2 ax2! ~E50!, ~55!

Sl
~o!~x!5S mv

\ D223/2x1/2J1/4~
1
2 ax2! ~E50!. ~56!

The set consisting of the eigenfunctions~52! and ~53! is
complete inLx2

2 (R) @15#. The corresponding closure relatio
is @cf. Eq. ~46!#

E
2`

0

dl Sl
~e!~x!Sl

~e!~x8!1E
2`

0

dl Sl
~o!~x!Sl

~o!~x8!

5
d~x2x8!

xx8
~x,x8PR!. ~57!

An arbitrary functionF(x)PLx2
2 (R) possesses the expansio

F~x!5E
2`

0

dl cl
~e!Sl

~e!~x!1E
2`

0

dl cl
~o!Sl

~o!~x! ~xPR!

~58!

with the coefficientscl
(e) and cl

(o) given by formulas analo-
gous to Eqs.~49! and ~50!.

III. CONCLUSIONS

In response to the recent work@7#, in this paper we have
reconsidered the problem of constructing the Sturmian b
functions for the harmonic oscillator. We have obtained
most important results in the case when the energy param
entering the defining Sturm-Liouville problem is positiv
We have shown that then the spectrum of potential stren
is mixed and contains the discrete nondegenerate posi
eigenvalues, given by Eq.~16! and coinciding with those
found in Ref.@7#, and the continuum of doubly degenera
negative eigenvalues, overlooked in Ref.@7#. The presence
of the continuous part of the spectrum causes that eigenf
tions corresponding to discrete eigenvalues donot form a
complete set inLx2

2 (R) ~i.e., donot span that Hilbert space!
4-5
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and, consequently, in generalcannotbe used as an expansio
basis. A complete basis set inLx2

2 (R) is formed by the larger
set comprising the discreteand the continuous Sturmian
functions but, because of the presence of the latter, we
skeptical about the suitability of this basis for use as a t
for solving actual quantum-mechanical problems.
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APPENDIX: CERTAIN PROPERTIES
OF THE WHITTAKER FUNCTION

In this appendix we summarize those properties of
Whittaker function of the first kind,Mhg(z), which have
been useful in studying properties of the harmonic oscilla
Sturmian functions. A more comprehensive treatment of
Whittaker function may be found in Refs.@16,17#.

The functionMhg(z) is defined in terms of the confluen
hypergeometric function

1F1~a;b;z!511
a

b

z

1!
1

a~a11!

b~b11!

z2

2!
1

a~a11!~a12!

b~b11!~b12!

z3

3!

1¯ ~A1!

in the following way:

Mhg~z!5zg11/2e2z/2
1F1~g1 1

2 2h;2g11;z!. ~A2!

It is a solution of the Whittaker differential equation

F d2

dz22
g22 1

4

z2 1
h

z
2

1

4
GMhg~z!50. ~A3!
s

n-

ith

02210
re
l

-
d

er

e

r
e

For large values of the argument the functionMhg(z) has the
asymptotic expansion

Mhg~z! ——→
uzu→`

zg11/2e2z/2F G~2g11!

G~g1 1
2 1h!

~2z!2g21/21h

1
G~2g11!

G~g1 1
2 2h!

z2g21/22hezG , ~A4!

where

2z5eipD~z!z, D~z!5H 21 for 0,argz,p

11 for 2p,argz,0.
~A5!

The following complex conjugation formula holds:

@Ma1 ib,g~ ix !#* 5e2 ip~g11/2!M 2a1 ib,g~ ix !

~a,b,gPR,xPR1!. ~A6!

A variety of special functions may be expressed in terms
the Whittaker function of the first kind. In this work we hav
used the relations

Mn11/4,21/4~z2!5~2 !n
n!

~2n!!
z1/2e2z2/2H2n~z!, ~A7!

Mn13/4,1/4~z2!5~2 !n
n!

2~2n11!!
z1/2e2z2/2H2n11~z!,

~A8!

whereHn(z) is the Hermite polynomial, and

M0,g~ iz!522gG~g11!eip~2g11!/4z1/2Jg~ 1
2 z!, ~A9!

whereJg(z) is the Bessel function.
.
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