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Nonlinear Schrodinger equation and two-level atoms
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Starting with the same form of atomic nonlinearity, Weinb&Aqn. Phys.(NY) 194, 336(1989] and
Wodkiewicz and ScullyfPhys. Rev. A 42, 51111990 obtained contradictory results concerning an evolution
of the atomic inversiorw in a two-level atom in Weinberg's nonlinear quantum mechanics: If the atom is
initially in a ground state then either the evolutionvef1) can be linear if one uses a nonlinear generalization
of the Jaynes-Cummings Hamiltonian, @) is always nonlinear if one uses the nonlinear Bloch equations
derived from the nonlinear atomic Hamiltonian function. It is shown that the difference is rooted in inequiva-
lent descriptions of the composite “atom-plus-field” system. The linear evolutiom tésults from a “faster-
than-light communication” between the atom and the field. If one applies a description without the “faster-
than-light telegraph” then the calculations based on a suitably modified Jaynes-Cummings Hamiltonian lead to
the same dynamics af as is found in semiclassical calculations based on Bloch equations. It is shown also
that a nonlinear quantum mechanics based on a nonlinear dichen equation does not possess a natural
probability interpretation.

PACS numbds): 03.65Bz, 3.65Ca

I. INTRODUCTION ity with the same initial condition for the atomic inversion
and using the Bloch equations, foundnlinear oscillations

The purpose of the generalization of quantum mechanicef the inversion. It turns out that the difference is rooted in
proposed by Weinbergl,3,4] “was not seriously to propose nonequivalent descriptions of the composite “atom-plus-
an alternative to quantum mechanics but On|y to hsome field” system. The linear evolution occurs if we use the de-
theory whose predictions would be close to but not quite thé&cription with an implicit “faster-than-light telegraph,”
same as those of quantum mechanics, to serve as a foil th@hereas the nonlinear one is found if no such “telegraphs”
might be tested experimentally5]. Next, in a series of very —are present.
precise experiments Weinberg’s theory was indeed t¢éfed The two descriptions are based on different physical as-
showing no observable deviations from linearity. All the ex- sumptions which were discussed in detai[#} and[8]. To
periments were based on the assumption that the hypothefiiake matters worse, it can be shown that there does not exist
cal nonlinearity is of purely atomic origin. The assumption@ simple alternative between the two ways of describing
means formally that the atom is a subsystem of a greatefompound systems. In fact, even with the telegraphs elimi-
“atom-plus-field” composite system where the atom itself hated there exists ainfinite number ofinequivalentpossi-
evolves in a nonlinear way but the field and its interactionbilities of describing systems such as the atom and the field,
with the atom are described by ordinary linear quantum meif one assumes that the atom alone evolves according to
chanics(LQM). some nonlinear Schdinger equation.

The main objective of this paper is to show that a knowl-
edge of a form of a nonlinear Schiimger equation describ-
ing an evolution of an atomiwave functioris not sufficient

for a unique description of the “atom-plus-field” system  just to get some flavor of the difficulties with the prob-
even if one assumes that the field and the interaction Hamllab|||ty interpreta’[ion of NLQM consider the question of re-
tonians ardinear (i.e., like in LQM). It is also shown that sults of single measurements. L&t be a finite-dimensional
nonlinear Schrdinger equations do not have a unique prob-yipert space andd a Hermitian operator acting 7. If
ability interpretation. None of those facts was taken into ConH=<l//||:||¢) is the associated observable. the values of
sideration in analysis of experiments testing linearity of QM. ingle measurements ¢f can be defined in’ at least three
That something important is overlooked can be illustrate quivalent ways. Since in nonlinear QM the three options

by the foIIovyln.g e.X?f.“p'e- Wemberg showed fifi] that a . will lead to different results, we will use here different names
system consisting initially of a single photon eIectromagnetlcfOr each of them

field and a two-level atom in a ground state performs ordi- : o . o
nary linear Rabi oscillations even when the atomic Schro f r(gz)r?g:imgg;g;eHg tﬁ't:;L@ is the number satisfying
dinger equation contains a nonlinear term. On the other hand(,) 9 q
Wodkiewicz and Scullyf2], considering the same nonlinear-

Il. EIGENVALUES AND THE LIKE
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9°H ) - (sloslw)®
de —NSmn|=0. 2 H te—F— v, 4
(awwn " ARolY)* < =g
(c) The third possibility comes from the fact that, since
eigenstates form a complete orthogonal set of vectors iwhere Hy= ( The eigenvalues arex,=E;+e,

77, any solution of the Schrbnger equationid/dt|y)
=H|4) can be expressed as

Py (1) Y (0)etet

)T 5 ® No==| Byt Epm
Yn(t) Yn(0)etont A

and the frequencies,, can be termed theigenfrequencies

The three possibilities can also be used for definitions of théll the eigenstates are stationary. The eigenstate correspond-

results of single measurements in nonlinear QM. The follow4ng to A is not orthogonal to the remaining two eigenstates,

ing example shows that they are no longer equivalent. which excludes the ordinary probability interpretation in
The so-called “simplest nonlinearity” considered in ex- terms of projectors.

periments designed as tests of Weinberg’s nonlinear QM cor- The diagonal values are derived from the nonlinear

responds to the following Hamiltonian function: Hamiltonian operator

A_=E,+e, and, |f|E2— E,|<4|€|, the third eigenvalue ap-
pears:

a(El_Ez)z

_[Eate(8p°-2007+160-3)  8elyal{rl2uts
8el 1|2 a2 Ex+e(—p3+4p?+1))’

©)

where the state is assumed normalized amd ¢4|?>. The  scription of the “nonlinear system plus linear observer”
matrix is Hermitian and its eigenvaluésqual to the diago- composite systencf. Sec. Il and[7] and[8]).
nal values ofH) are

1 I1l. ATWO-LEVEL ATOM IN NONLINEAR QM
E+=§(E1+ E,—2e(8p?>—8p+1)

A nonlinear Hamiltonian function tested in experiments

2 3 9 was assumed in the form
*[(E;—E,)?—8€{(E;—E,)(4p3—6p?+4p—1)

+2€(20p*— 40p3+ 28p2— 8p+1)}1%). (6) (Ylely)?

H(g, g% = (lHol ) + 7o ®

The diagonal values, as opposed to eigenvalues, are in the (wiv)
nonlinear casdunctionsand the number of them, again as
opposed to eigenvalues, is always equal to the dimension offrergy
the suitable Hilbert space.
The solution of the respective nonlinear Sdairmer —— .

equation is wr

(D) [ (0)e~i(Ex+2e(os)~ (o)t T

7 i
(1) ,(0)e (Ba2(og)= (o))t @ ¢

4t
where the averages in the exponents are integrals of motion.
It follows that the eigenfrequencies are also state-dependent 2
functions but differ from the diagonal values. Figure 1 shows

eigenfrequencies, diagonal values, and nonlinear eigenvalues : T SR : i
corresponding tq4) with E;=0, E,=10, ande=1 (in di- . / ~~~~~~~~~~~~ L AR
mensionless unislt must be stressed that averages in Wein- [ T

berg’s NLQM are not in general bounded by eigenvalues and

their number can be greater from the dimension of the Hil- G, 1. Eigenvaluegdashed, eigenfrequencie&lotted, and di-

bert space even for arbitrarily small nonlinearities. In addi-agonal valuegsolid) corresponding té4) with E;=0, E,=10, and

tion a standard theory of measurement based on linear ol=1 (in dimensionless unijsplotted as functions gf=|,|2. The
servables corresponding to observers does not solve thg&genfrequencies evaluated in eigenstates are equal to respective
problem either. The problem is that there is no unique deeigenvalues.
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where € is some operator commuting with the two-level To avoid such complications, the interaction term we
Hamiltonian Hy. The nonlinear evolution equation corre- choose is defined in terms of creation and annihilation op-
sponding to(8) follows from the Hamilton equations given erators corresponding to the levels of tiiear Hamiltonian.
by Weinberg. These equations can be derived only in case Second, we cannca priori restrict the atomic Hilbert
the atom is described by a wave function which happens ipace to two dimensions becausé&th eigenfrequency de-
the atom does not interact with the field. In case of an interpends on amplitudes of all other componentsyf and the
action we have to use a density matrix formali$g]. A evolution cannot be naturally “cut intoN-dimensional
transition from the pure state Schlinger equation to the pieces.” We cannot also assume that only thesén which
density matrix formalism is not unique in NLQM. ~we are interested are nonvanishing. Therefore, to make the
Indeed, a density matrix form of the Hamiltonian function 4n1ysis perfectly consistent we should give up the two-level
could involve any of the nonlinear observables approximation in the interaction term. We shall not consider
R such complications although this approximation will further
(Tr pe)? restrict the generality of the calculations presented below.

Trp © Let by, b} be thekth level atomic annihilation and cre-
ation operators satisfying the fermionic algebra
Tr (pepe) [by.b/1, =8 and a, a' be the annihilation and creation
T, (100  operators of a monochromatic photon field whose frequency
P is w. The choice of the creation-annihilation operator lan-
- ) guage leads naturally to the following Hamiltonian function
(Tr pe)“Tr (p*) of the whole “atom-plus-field” composite system:
e o
or )
” t L
T (e Harr (8= 9| 2 harbib+hwa'at —=(bjbia
EPE
LT pepe)l (12)

Tr p(Tr pe)?™ '

2
<w2k exbiby w>
"’>+ W B

and so on. Fop=|y)(y|, all of them, and all their convex

combinations, reduce @), but for mixed states their prop-

erties are completely differefitonsider, for exampley sat-

isfying Trpe=0 and Tr pepe) #0]. Each of the above

choices leads to a different evolution of atomic inverdidh
Let us choose

—a'blb,)

The state in the Fock basis|ig)= > kn #in/K)|n). The non-
linear term is therefore equivalent to

(Tr pe)?

Halp]=Tr pH + Trp

, 13 R N
13 (WO LI)? (Tr pu)?

<‘/’|‘/’> T Pat

: (16)
whereH, is the linear Hamiltonian of the atom arndis an
operator commuting wittH, . Assuming that we consider
the atom in a pure state=|#){y| we find that a general
solution of the resulting nonlinear Schiiager equation is
(in ordinary units withf # 1)

which isoneout of a whole variety of inequivalent possibili-
ties.
The Hamiltonian resulting froni15) is

¢k<t>:¢k(0>exp[— HEH2ADa— (0], 14

Harp=> hoblb+hwala+ m—q(bTbla—aTbsz)
where ¢, are eigenvalues of. The averages o are inte- K K 2 2 !
grals of motion and depend @il nonvanishing components

of [4). 1
In the analysis of a coupling between the atom and an v ; ey ¥ ¢
external electromagnetic field we meet two difficulties. First, +2 (o) ; exby by

we have to decide which states will be involved in the
absorption-emission process. In linear QM the situation is 2
simple: We take two stationary states of the noninteracting <¢2 ekbﬁbk w>

atom. In nonlinear QM the atomic nonlinearity may lead to _ K

stationary states that are not orthogonal to one another. (¢ t//)z

Atomic creation and annihilation operators corresponding to

such levels cannot satisfy ordinary anticommutation rela-

tions. and the nonlinear Schdinger equation is

17
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S ey ? S elpf2) Hi=f(w;~ 01)Ra+2(e;— e1)(dle| Y)Rs + hwa'a

L Im Im

_ L tht
Sl \ S vl "y harah

(19

i |:|2:75(w1+wz)RoﬁLkgz fiobibi+2(ye| )| (e1+ €2)Rg
tnhw ¢ Y1n— 5 0q o1,

+ 2 hedby |~ (vlel)?.

2 OperatorsR;, R;= (1/2) (b3b;+b]b,),R,= (i/2) (~bjb,

_ % &l iml? % € iml? +blb,), a, anda’ commute withH, so that the evolution
=9 hwy+2———— e,— | —— of the atomic operator®; is generated by the following
E e z | 1m 2 nonhngar generalization of the Jaynes-Cummings Hamil-
Im m tonian:

Hy=fwoRs+ 2€0( ] e| h)Rs+hwa'a

i
— / if
+nfiw ¢2n+2 ﬁq n+1'/f1,n+1 ’ +Tq(R+a_aTR_), (20)

where wg=w,— w1 and eg=e€,—€;. To explicitly distin-
guish between initial conditions and dynamical objects we
shall decomposéy|e| ) as follows:

S el [ X alvml? T (leln= 2 edvial (et ea) (WRol )+ eof IRsl )
ihdno=4 hodt2— |

2 timl? 2 tml? 1= A+ eo(¥IRa| ), (21)

Im Im

where A is an integral of motion. Denoting further
hwo+2egA=hw), 2e5=He we finally obtain

+nho ¢ P, for k>2. Hy=fwjRs+ % (| Ro| )Ry + hiwa'ta

ifq
+7(R+a—aTR,). (22)

Writing  ¢n=AxneXp(—ian/f) we find that for k>2,
A,=const for alln. Since also|| is time independent

(hereafter we pufly|=1), it TO”OWS that for k>2, the generated by a two-dimensional Hamiltonian in analogy to

exponents depend on time also viayeidy) the linear case, but the parametersl:qfdepend on compo-

= n (€1]th1n*+ €2] 20| ?) Whose explicit form has to be nents of the wave function corresponding to the levels being

determined. Decomposing outside of the two-dimensional Hilbert space. On the other
hand, the phases of the remaining components depend on the
average of the atomic inversion of the two levels.

1 . . o
(Wlesdv) =5 (vl(ex+ e)(blby+blby)| ) The inversion satisfies

We can now better understand the two-level approximation
in nonlinear QM. The evolution of the atomic operat&sis

d? -
1 Ra| )= — g% |Ry(N+3
+§<I,Z/|(El_62)(b;|r_bl_b;b2)|lfl> EZ<¢| 3|¢> q <¢| 3( + )|¢>

=(€1+ €2)(Y|Ro| ) + (2~ €1){(#[Rs ), +g(Ar + e(Y|Rs| W) (WIR, a—a R_|y),

(18 23)

where the first expression is an integral of motion, we sevhereN=R;+a'a andA’ = wy—w. Define
that the problem reduces to calculatifig|Rs| ), which is

one-half of the atomic inversion. Denoting=e® 1, the B= 4 24 B+ R 24
total Hamiltonian can be now decomposed into two parts k>22,n ol (@1t @2 )(YRoly). (29
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(#|N| ), like in the linear case, is constant. In order to getthe Hamiltonian function of the composite system in the
rid of the average in the last line (23) we rewrite the whole  Fock basis(this basis was chosen by Weinbgig
Hamiltonian function as follows:

- ifiq
Harr=fioair Ha+e(#, 'Jf):< 1//‘ ; hwbiby+fiwa’a+ T(bﬁbla

=A%+ B+ho( YN[ ) +HA (Y| Rs| o) N
<l//‘zk Ekblbkpn l//>

ifiq
+ 3(UIR| )+ - (YIR.a-a'R_|y). _afb;bz)‘ ¢> S i |
n (WPl
(25 (30)
Denoting w=2(y|Rs|¢), wa=A% %, wg=Blh, opua R
=wp,p— wg We finally get whereP,, project onn-photon states. If the initial state of the

whole system has only one nonvanishing compongnt

(one photon and the atom in the ground stateen only

. 3 €2 11 and o Will appear in the nonlinear Schidimger equa-

—A’]w—q2<¢|R3(N+%)|¢)—ZEA’W2—§w3. tion. Our “nonmalignant” choice leads to a Schlinger
equation of the form

W=2A"(wrpa— w(N)— wp) [ e(wrpa— w(N)— wp)

(26)

This equation illustrates a characteristic inconvenience of the iﬁ{/,u: ( fiwy+2
Poisson bracket formalism of nonlinear QM — the nonexist-
ence of the Heisenberg picture. In the linear case we can (

€] 11 ®+ €] Ph2d? .
[0 ®+ad® 1

2 2\ 2 H
solve the Jaynes-Cummings problem completely, indepen- €1l *+ €[ Yg +4 _I_ﬁ
. o 2 2 @11~ 5 7Aoo,
dent of any particular initial conditions assumed about states. |11+ [ 2
Here the term(|R3(N+1/2)|¢) involves correlations be- (31)
tween the atom and the field and | have not managed to

express it solely in terms of constants amdinless the state R

|hlpzoz{hﬁ)2+2

is an eigenstate dfl, or a semiclassical decorrelation is as- |14+ | o] €2
sumed. So let initially the state of the system be a common ) o .
eigenstate oR; anda'a with respective eigenvalues and [ @ldul”+ el L
n. The atomic inversion then satisfies the general elliptic [pra?+ | 2] Yoot 5 AGY,
equation[13]

o while Weinberg's one leads to
W=2A"(A'n"+5€)+| e(A'n"+56)—A'— 5 (N+3) |w

2 _— €1|l//11|2 €1|¢11|2 2

ihyp=\ho1+2——— €~ | 7 2| tho|yn
3 € |24 [¢14]
—Z 6A’W2—§W3. (27)

i
. I . Y . — 5 Qi

Let us take the “two-level initial conditions,” that is, assume 2
that the initial state of the system is such that the only non- (32)
vanishing components of the wave function are those with
k=1,2. ThemiA' =#iA+ e2— €2 whereA = wo— w. In most - €2l 2d?|?
of the papers dealing with two-level systerfts. [1,2]) the 1iihoo=) hwp+2 [ €2\ Tund?
authors assume the nonlinearities wég=0, which results
in a shift of the resonant frequency. Note, however, that theSimplifying the fractions we obtain
(equally simple choice ofe; = — e, causes no shift. Choos-

ing the “detuning” A’ =0 and denoting:?/8= 252 we get

€3] P20l

i
Yoot > Q.

. i
it 1= (hwy+ €) gy — > hiQipa,

W= (252-Q2)w—252w3, (28)
and, with the initial conditiorw(0)=—1, we find (33
. i
—onQt,s/0) for Q>s iﬁ¢20:(ﬁw2+fg)¢2o+Eﬁqlﬂu,
w(t)=4 —sechliQt) for Q=g (29

—dn(st,fs) for Q<s, which arelinear, and the only modification with respect to

in agreement with Wakiewicz and Scully2] who chose the ordinary QM is that the energy levels of the atom are given
Bloch equation approach. by nonlinear eigenvaluesorresponding to the atom in the

It is appropriate to compare our results with those ofabsence of radiation. In addition, ther3” nonlinearity sat-

Weinberg whose description of the “atom-plus-field” is basis isfies €2=¢5 so that this nonlinearity changes neither the

dependent. With the same form of the atomic nonlinearityenergy difference nor the shape of the inversion oscillation,
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whereas the “correct” descriptiofi.e., without superluminal would have obtained a different solution for the atomic in-

influences [8]) leads to elliptic oscillations even for version[8].

w(0)=—1 andN+ 1=1. The calculations in this section have not used any as-
sumption about the “smallness” of the nonlinearity. More-

This result explains the difference between the CaICUIaover as we have shown before, it is not evident what should
tions of Weinberg and those of Wikiewicz and Scully. Both be actually meant by a small nonlinearity. The ambiguity is

of them are based, more or less implicitly, on different 8Syelated to the existence of singular nonlinearities which are

sumptions abou_t t_he c_iescr|pt|on of composite systems. Thﬁegligible in the absence of correlations, but which can be-
Weinberg description involves the basis-dependent form of,me gominant if the nonlinear system in question correlates
the Hamiltonian function which leads to the faster-than-light,iin, something else. However, since it is reasonable to ex-
communication between the atom and the electromagneti§ect that any physical nonlinearity should in ordinary situa-
field. The description of Wdkiewicz and Scully does not tions be small in'some sense, it becomes important to under-
explicitly treat the atom as a subsystem of the “atom-plus-stand in what respect the solutions we have found depend on
field” composite system, but the resulting Bloch equationsapproximations. In particular, the role of the rotating wave
turn out to be consistent with the density matrix formalismapproximation should be clarified. The easiest way of doing
which is known to eliminate the “faster-than-light- that is to consider transitions with the selection rules
telegraph.” Still, this coincidence is purely accidental sinceAm= *1 involving circularly polarized light. It can be eas-
there exists, as pointed out above, an infinite number of infly shown that the only difference with respect to the
equivalent descriptions where the “telegraph” is absent. IfAm=0 transitions discussed above is the necessity of sub-
we had chosen some other “correct” form of the total Hamil- stituting qq for g2 in the equations fow, so that no quali-
tonian function in our Jaynes-Cummings approach, weative change in the time dependencenofill appear.
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