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Starting with the same form of atomic nonlinearity, Weinberg@Ann. Phys.~NY! 194, 336~1989!# and
Wódkiewicz and Scully@Phys. Rev. A 42, 5111~1990!# obtained contradictory results concerning an evolution
of the atomic inversionw in a two-level atom in Weinberg’s nonlinear quantum mechanics: If the atom is
initially in a ground state then either the evolution ofw ~1! can be linear if one uses a nonlinear generalization
of the Jaynes-Cummings Hamiltonian, or~2! is always nonlinear if one uses the nonlinear Bloch equations
derived from the nonlinear atomic Hamiltonian function. It is shown that the difference is rooted in inequiva-
lent descriptions of the composite ‘‘atom-plus-field’’ system. The linear evolution ofw results from a ‘‘faster-
than-light communication’’ between the atom and the field. If one applies a description without the ‘‘faster-
than-light telegraph’’ then the calculations based on a suitably modified Jaynes-Cummings Hamiltonian lead to
the same dynamics ofw as is found in semiclassical calculations based on Bloch equations. It is shown also
that a nonlinear quantum mechanics based on a nonlinear Schro¨dinger equation does not possess a natural
probability interpretation.

PACS number~s!: 03.65Bz, 3.65Ca

I. INTRODUCTION

The purpose of the generalization of quantum mechanics
proposed by Weinberg@1,3,4# ‘‘was not seriously to propose
an alternative to quantum mechanics but only to havesome
theory whose predictions would be close to but not quite the
same as those of quantum mechanics, to serve as a foil that
might be tested experimentally’’@5#. Next, in a series of very
precise experiments Weinberg’s theory was indeed tested@6#,
showing no observable deviations from linearity. All the ex-
periments were based on the assumption that the hypotheti-
cal nonlinearity is of purely atomic origin. The assumption
means formally that the atom is a subsystem of a greater
‘‘atom-plus-field’’ composite system where the atom itself
evolves in a nonlinear way but the field and its interaction
with the atom are described by ordinary linear quantum me-
chanics~LQM!.

The main objective of this paper is to show that a knowl-
edge of a form of a nonlinear Schro¨dinger equation describ-
ing an evolution of an atomicwave functionis not sufficient
for a unique description of the ‘‘atom-plus-field’’ system
even if one assumes that the field and the interaction Hamil-
tonians arelinear ~i.e., like in LQM!. It is also shown that
nonlinear Schro¨dinger equations do not have a unique prob-
ability interpretation. None of those facts was taken into con-
sideration in analysis of experiments testing linearity of QM.

That something important is overlooked can be illustrated
by the following example. Weinberg showed in@1# that a
system consisting initially of a single photon electromagnetic
field and a two-level atom in a ground state performs ordi-
nary linear Rabi oscillations even when the atomic Schro¨-
dinger equation contains a nonlinear term. On the other hand,
Wódkiewicz and Scully@2#, considering the same nonlinear-

ity with the same initial condition for the atomic inversion
and using the Bloch equations, foundnonlinearoscillations
of the inversion. It turns out that the difference is rooted in
nonequivalent descriptions of the composite ‘‘atom-plus-
field’’ system. The linear evolution occurs if we use the de-
scription with an implicit ‘‘faster-than-light telegraph,’’
whereas the nonlinear one is found if no such ‘‘telegraphs’’
are present.

The two descriptions are based on different physical as-
sumptions which were discussed in detail in@7# and @8#. To
make matters worse, it can be shown that there does not exist
a simple alternative between the two ways of describing
compound systems. In fact, even with the telegraphs elimi-
nated there exists aninfinite number ofinequivalentpossi-
bilities of describing systems such as the atom and the field,
if one assumes that the atom alone evolves according to
some nonlinear Schro¨dinger equation.

II. EIGENVALUES AND THE LIKE

Just to get some flavor of the difficulties with the prob-
ability interpretation of NLQM consider the question of re-
sults of single measurements. LetH be a finite-dimensional
Hilbert space andĤ a Hermitian operator acting inH. If
H5^cuĤuc& is the associated observable, the values of
single measurements ofH can be defined in at least three
equivalent ways. Since in nonlinear QM the three options
will lead to different results, we will use here different names
for each of them.

~a! Eigenvalue Eof H5^cuĤuc& is the number satisfying
for someeigenstatethe equation

]H

]c̄m
5lcm . ~1!

~b! Diagonal valuesare solutions of
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detS ]2H

]c̄m]cn
2ldmnD 50. ~2!

~c! The third possibility comes from the fact that, since
eigenstates form a complete orthogonal set of vectors in
H, any solution of the Schro¨dinger equationid/dtuc&
5Ĥuc& can be expressed as

S c1~ t !

A

cN~ t !
D 5S c1~0!e2 iv1t

A

cN~0!e2 ivNt
D ~3!

and the frequenciesvn can be termed theeigenfrequencies.
The three possibilities can also be used for definitions of the
results of single measurements in nonlinear QM. The follow-
ing example shows that they are no longer equivalent.

The so-called ‘‘simplest nonlinearity’’ considered in ex-
periments designed as tests of Weinberg’s nonlinear QM cor-
responds to the following Hamiltonian function:

^cuĤ0uc&1e
^cus3uc&2

^cuc&
, ~4!

where Ĥ05( 0,E2
E1,0). The eigenvalues arel15E11e,

l25E21e, and, if uE22E1u,4ueu, the third eigenvalue ap-
pears:

l05
1

2 SE11E22
1

8e
~E12E2!

2D .
All the eigenstates are stationary. The eigenstate correspond-
ing to l0 is not orthogonal to the remaining two eigenstates,
which excludes the ordinary probability interpretation in
terms of projectors.

The diagonal values are derived from the nonlinear
Hamiltonian operator

Ĥ5S E11e~8p3220p2116p23! 8euc1u2uc2u2c1c̄2

8euc1u2uc2u2c̄1c2 E21e~2p314p211!
D , ~5!

where the state is assumed normalized andp5uc1u2. The
matrix is Hermitian and its eigenvalues~equal to the diago-
nal values ofH! are

E65
1

2
„E11E222e~8p228p11!

6@~E12E2!
228e$~E12E2!~4p

326p214p21!

12e~20p4240p3128p228p11!%#1/2…. ~6!

The diagonal values, as opposed to eigenvalues, are in the
nonlinear casefunctionsand the number of them, again as
opposed to eigenvalues, is always equal to the dimension of
the suitable Hilbert space.

The solution of the respective nonlinear Schro¨dinger
equation is

S c1~ t !

c2~ t !
D 5S c1~0!e2 i ~E112e^s3&2e^s3&2!t

c2~0!e2 i ~E222e^s3&2e^s3&2!tD , ~7!

where the averages in the exponents are integrals of motion.
It follows that the eigenfrequencies are also state-dependent
functions but differ from the diagonal values. Figure 1 shows
eigenfrequencies, diagonal values, and nonlinear eigenvalues
corresponding to~4! with E150, E2510, ande51 ~in di-
mensionless units!. It must be stressed that averages in Wein-
berg’s NLQM are not in general bounded by eigenvalues and
their number can be greater from the dimension of the Hil-
bert space even for arbitrarily small nonlinearities. In addi-
tion a standard theory of measurement based on linear ob-
servables corresponding to observers does not solve the
problem either. The problem is that there is no unique de-

scription of the ‘‘nonlinear system plus linear observer’’
composite system~cf. Sec. III and@7# and @8#!.

III. A TWO-LEVEL ATOM IN NONLINEAR QM

A nonlinear Hamiltonian function tested in experiments
was assumed in the form

H~c,c* !5^cuĤ0uc&1
^cu êuc&2

^cuc&
, ~8!

FIG. 1. Eigenvalues~dashed!, eigenfrequencies~dotted!, and di-
agonal values~solid! corresponding to~4! with E150, E2510, and
e51 ~in dimensionless units!, plotted as functions ofp5uc1u2. The
eigenfrequencies evaluated in eigenstates are equal to respective
eigenvalues.
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where ê is some operator commuting with the two-level
Hamiltonian Ĥ0 . The nonlinear evolution equation corre-
sponding to~8! follows from the Hamilton equations given
by Weinberg. These equations can be derived only in case
the atom is described by a wave function which happens if
the atom does not interact with the field. In case of an inter-
action we have to use a density matrix formalism@9#. A
transition from the pure state Schro¨dinger equation to the
density matrix formalism is not unique in NLQM.

Indeed, a density matrix form of the Hamiltonian function
could involve any of the nonlinear observables

~Tr rê !2

Tr r
, ~9!

Tr ~rêrê !

Tr r
, ~10!

~Tr rê !2Tr ~r2!

~Tr r!3
, ~11!

or

@Tr ~rêrê !#n11

Tr r~Tr rê !2n
, ~12!

and so on. Forr5uc&^cu, all of them, and all their convex
combinations, reduce to~8!, but for mixed states their prop-
erties are completely different@consider, for example,r sat-
isfying Tr rê50 and Tr (rêrê)Þ0#. Each of the above
choices leads to a different evolution of atomic inversion@8#.

Let us choose

Hat@r#5Tr rĤL1
~Tr rê !2

Tr r
, ~13!

whereĤL is the linear Hamiltonian of the atom andê is an
operator commuting withĤL . Assuming that we consider
the atom in a pure stater5uc&^cu we find that a general
solution of the resulting nonlinear Schro¨dinger equation is
~in ordinary units with\Þ1)

ck~ t !5ck~0!expF2
i

\
~Ek12^ê&ek2^ê&2!t G , ~14!

whereek are eigenvalues ofê. The averages ofê are inte-
grals of motion and depend onall nonvanishing components
of uc&.

In the analysis of a coupling between the atom and an
external electromagnetic field we meet two difficulties. First,
we have to decide which states will be involved in the
absorption-emission process. In linear QM the situation is
simple: We take two stationary states of the noninteracting
atom. In nonlinear QM the atomic nonlinearity may lead to
stationary states that are not orthogonal to one another.
Atomic creation and annihilation operators corresponding to
such levels cannot satisfy ordinary anticommutation rela-
tions.

To avoid such complications, the interaction term we
choose is defined in terms of creation and annihilation op-
erators corresponding to the levels of thelinearHamiltonian.

Second, we cannota priori restrict the atomic Hilbert
space to two dimensions because akth eigenfrequency de-
pends on amplitudes of all other components ofuc& and the
evolution cannot be naturally ‘‘cut intoN-dimensional
pieces.’’ We cannot also assume that only theseek in which
we are interested are nonvanishing. Therefore, to make the
analysis perfectly consistent we should give up the two-level
approximation in the interaction term. We shall not consider
such complications although this approximation will further
restrict the generality of the calculations presented below.

Let bk , bk
† be thekth level atomic annihilation and cre-

ation operators satisfying the fermionic algebra
@bk ,bl

†#15dkl and a, a
† be the annihilation and creation

operators of a monochromatic photon field whose frequency
is v. The choice of the creation-annihilation operator lan-
guage leads naturally to the following Hamiltonian function
of the whole ‘‘atom-plus-field’’ composite system:

HA1F~c,c̄ !5K cU(
k

\vkbk
†bk1\va†a1

i\q

2
~b2

†b1a

2a†b1
†b2!UcL 1

K cU(
k

ekbk
†bkUcL 2

^cuc&
. ~15!

The state in the Fock basis isuc&5( kn cknuk&un&. The non-
linear term is therefore equivalent to

^cu ê ^1Fuc&2

^cuc&
5

~Tr ratê !2

Tr rat
, ~16!

which isoneout of a whole variety of inequivalent possibili-
ties.

The Hamiltonian resulting from~15! is

ĤA1F5(
k

\vkbk
†bk1\va†a1

i\q

2
~b2

†b1a2a†b1
†b2!

12
K cU(

k
ekbk

†bkUcL
^cuc& (

k
ekbk

†bk

2

K cU(
k

ekbk
†bkUcL 2

^cuc&2
~17!

and the nonlinear Schro¨dinger equation is
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i\ċ1n5H \v112
(
lm

e l uc lmu2

(
lm

uc lmu2
e12S (

lm
e l uc lmu2

(
lm

uc lmu2
D 2

1n\vJ c1n2
i

2
\qAnc2,n21 ,

i\ċ2n5H \v212
(
lm

e l uc lmu2

(
lm

uc lmu2
e22S (

lm
e l uc lmu2

(
lm

uc lmu2
D 2

1n\vJ c2n1
i

2
\qAn11c1,n11 ,

A

i\ċkn5H \vk12
(
lm

e l uc lmu2

(
lm

uc lmu2
ek2S (

lm
e l uc lmu2

(
lm

uc lmu2
D 2

1n\vJ ckn for k.2.

Writing ckn5Aknexp(2iakn/\) we find that for k.2,
Akn5const for all n. Since alsoici is time independent
~hereafter we putici51), it follows that for k.2, the
exponents depend on time also viâ cue12uc&
5(n (e1uc1nu21e2uc2nu2) whose explicit form has to be
determined. Decomposing

^cue12uc&5
1

2
^cu~e11e2!~b1

†b11b2
†b2!uc&

1
1

2
^cu~e12e2!~b1

†b12b2
†b2!uc&

5~e11e2!^cuR0uc&1~e22e1!^cuR3uc&,

~18!

where the first expression is an integral of motion, we see
that the problem reduces to calculating^cuR3uc&, which is
one-half of the atomic inversion. Denoting«5 ê ^1F , the
total Hamiltonian can be now decomposed into two parts

Ĥ15\~v22v1!R312~e22e1!^cu«uc&R31\va†a

1
i\q

2
~b2

†b1a2a†b1
†b2!,

~19!

Ĥ25\~v11v2!R01 (
k.2

\vkbk
†bk12^cu«uc&S ~e11e2!R0

1 (
k.2

\ekbk
†bkD 2^cu«uc&2.

OperatorsR3, R15 (1/2) (b2
†b11b1

†b2),R25 ( i /2) (2b2
†b1

1b1
†b2), a, anda

† commute withĤ2 so that the evolution
of the atomic operatorsRj is generated by the following
nonlinear generalization of the Jaynes-Cummings Hamil-
tonian:

Ĥ15\v0R312e0^cu«uc&R31\va†a

1
i\q

2
~R1a2a†R2!, ~20!

where v05v22v1 and e05e22e1 . To explicitly distin-
guish between initial conditions and dynamical objects we
shall decomposêcu«uc& as follows:

^cu«uc&5 (
k.2,n

ekucknu21~e11e2!^cuR0uc&1e0^cuR3uc&

:5A1e0^cuR3uc&, ~21!

where A is an integral of motion. Denoting further
\v012e0A5\v08 , 2e0

25\e we finally obtain

Ĥ15\v08R31\e^cuR3uc&R31\va†a

1
i\q

2
~R1a2a†R2!. ~22!

We can now better understand the two-level approximation
in nonlinear QM. The evolution of the atomic operatorsRj is
generated by a two-dimensional Hamiltonian in analogy to
the linear case, but the parameters ofĤ1 depend on compo-
nents of the wave function corresponding to the levels being
outside of the two-dimensional Hilbert space. On the other
hand, the phases of the remaining components depend on the
average of the atomic inversion of the two levels.

The inversion satisfies

d2

dt2
^cuR3uc&52q2^cuR3~N̂1 1

2!uc&

1
iq

2
~D81e^cuR3uc&!^cuR1a2a†R2uc&,

~23!

whereN̂5R31a†a andD85v082v. Define

B5 (
k.2,n

\vkucknu21\~v11v2!^cuR0uc&. ~24!
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^cuN̂uc&, like in the linear case, is constant. In order to get
rid of the average in the last line of~23! we rewrite the whole
Hamiltonian function as follows:

HA1F5\vA1F

5A21B1\v^cuN̂uc&1\D8^cuR3uc&

1e0
2^cuR3uc&21

i\q

2
^cuR1a2a†R2uc&.

~25!

Denoting w52^cuR3uc&, vA5A2/\, vB5B/\, vRWA
5vA1F2vB we finally get

ẅ52D8~vRWA2v^N̂&2vA!1@e~vRWA2v^N̂&2vA!

2D8#w2q2^cuR3~N̂1 1
2!uc&2

3

4
eD8w22

e2

8
w3.

~26!

This equation illustrates a characteristic inconvenience of the
Poisson bracket formalism of nonlinear QM — the nonexist-
ence of the Heisenberg picture. In the linear case we can
solve the Jaynes-Cummings problem completely, indepen-
dent of any particular initial conditions assumed about states.
Here the term̂ cuR3(N̂11/2)uc& involves correlations be-
tween the atom and the field and I have not managed to
express it solely in terms of constants andw unless the state
is an eigenstate ofN̂, or a semiclassical decorrelation is as-
sumed. So let initially the state of the system be a common
eigenstate ofR3 anda

†a with respective eigenvaluesn8 and
n. The atomic inversion then satisfies the general elliptic
equation@13#

ẅ52D8~D8n81 1
8 e!1S e~D8n81 1

8 e!2D82
q2

2
~N1 1

2 ! Dw
2
3

4
eD8w22

e2

8
w3. ~27!

Let us take the ‘‘two-level initial conditions,’’ that is, assume
that the initial state of the system is such that the only non-
vanishing components of the wave function are those with
k51,2. Then\D85\D1e2

22e1
2 whereD5v02v. In most

of the papers dealing with two-level systems~cf. @1,2#! the
authors assume the nonlinearities withe250, which results
in a shift of the resonant frequency. Note, however, that the
~equally simple! choice ofe152e2 causes no shift. Choos-
ing the ‘‘detuning’’D850 and denotinge2/852§2 we get

ẅ5~2§22V2!w22§2w3, ~28!

and, with the initial conditionw(0)521, we find

w~ t !5H 2cn~Vt,§/V! for V.§
2sech~Vt ! for V5§
2dn~§t,V/§! for V,§,

~29!

in agreement with Wo´dkiewicz and Scully@2# who chose the
Bloch equation approach.

It is appropriate to compare our results with those of
Weinberg whose description of the ‘‘atom-plus-field’’ is basis
dependent. With the same form of the atomic nonlinearity

the Hamiltonian function of the composite system in the
Fock basis~this basis was chosen by Weinberg! is

HA1F~c,c̄ !5K cU(
k

\vkbk
†bk1\va†a1

i\q

2
~b2

†b1a

2a†b1
†b2!UcL 1(

n

K cU(
k

ekbk
†bkP̂nUcL 2

^cuP̂nuc&
,

~30!

whereP̂n project onn-photon states. If the initial state of the
whole system has only one nonvanishing componentc11
~one photon and the atom in the ground state! then only
c11 andc20 will appear in the nonlinear Schro¨dinger equa-
tion. Our ‘‘nonmalignant’’ choice leads to a Schro¨dinger
equation of the form

i\ċ115H \v112
e1uc11u21e2uc20u2

uc11u21uc20u2
e1

2S e1uc11u21e2uc20u2

uc11u21uc20u2
D 21\vJ c112

i

2
\qc20 ,

~31!

i\ċ205H \v212
e1uc11u21e2uc20u2

uc11u21uc20u2
e2

2S e1uc11u21e2uc20u2

uc11u21uc20u2
D 2J c201

i

2
\qc11,

while Weinberg’s one leads to

i\ċ115H \v112
e1uc11u2

uc11u2
e12S e1uc11u2

uc11u2
D 21\vJ c11

2
i

2
\qc20 ,

~32!

i\ċ205H \v212
e2uc20u2

uc20u2
e22S e2uc20u2

uc20u2
D 2J c201

i

2
\qc11.

Simplifying the fractions we obtain

i\ċ115~\v11e1
2!c112

i

2
\qc20,

~33!

i\ċ205~\v21e2
2!c201

i

2
\qc11,

which arelinear, and the only modification with respect to
ordinary QM is that the energy levels of the atom are given
by nonlinear eigenvaluescorresponding to the atom in the
absence of radiation. In addition, the ‘‘s3’’ nonlinearity sat-
isfies e1

25e2
2 so that this nonlinearity changes neither the

energy difference nor the shape of the inversion oscillation,
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whereas the ‘‘correct’’ description~i.e., without superluminal
influences @8#! leads to elliptic oscillations even for

w(0)521 andN1 1
251.

This result explains the difference between the calcula-
tions of Weinberg and those of Wo´dkiewicz and Scully. Both
of them are based, more or less implicitly, on different as-
sumptions about the description of composite systems. The
Weinberg description involves the basis-dependent form of
the Hamiltonian function which leads to the faster-than-light
communication between the atom and the electromagnetic
field. The description of Wo´dkiewicz and Scully does not
explicitly treat the atom as a subsystem of the ‘‘atom-plus-
field’’ composite system, but the resulting Bloch equations
turn out to be consistent with the density matrix formalism
which is known to eliminate the ‘‘faster-than-light-
telegraph.’’ Still, this coincidence is purely accidental since
there exists, as pointed out above, an infinite number of in-
equivalent descriptions where the ‘‘telegraph’’ is absent. If
we had chosen some other ‘‘correct’’ form of the total Hamil-
tonian function in our Jaynes-Cummings approach, we

would have obtained a different solution for the atomic in-
version@8#.

The calculations in this section have not used any as-
sumption about the ‘‘smallness’’ of the nonlinearity. More-
over, as we have shown before, it is not evident what should
be actually meant by a small nonlinearity. The ambiguity is
related to the existence of singular nonlinearities which are
negligible in the absence of correlations, but which can be-
come dominant if the nonlinear system in question correlates
with something else. However, since it is reasonable to ex-
pect that any physical nonlinearity should in ordinary situa-
tions be small in some sense, it becomes important to under-
stand in what respect the solutions we have found depend on
approximations. In particular, the role of the rotating wave
approximation should be clarified. The easiest way of doing
that is to consider transitions with the selection rules
Dm561 involving circularly polarized light. It can be eas-
ily shown that the only difference with respect to the
Dm50 transitions discussed above is the necessity of sub-
stituting qq̄ for q2 in the equations forw, so that no quali-
tative change in the time dependence ofw will appear.
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