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...Of even greater interest it seems to me is the question of whether quantum mechan-
ics is necessarily true. Quantum mechanics has had phenomenal successes in explaining
the properties of particles and atoms and molecules, so we know that it is a very good
approximation to the truth. The question then is whether there is some other logically
possible theory whose predictions are very close but not quite the same as those of quan-
tum mechanics. It is easy to think of ways of changing most physical theories in small
ways. For instance, the Newtonian law of gravitation, that the gravitational force between
two particles decreases as the inverse square of the distance, could be changed a little by
supposing that the force decreases with some other power of the distance, close to but
not precisely the same as the inverse square. To test Newton’s theory experimentally we
might compare observations of the solar system with what would be expected for a force
that falls of as some unknown power of the distance and in that way put a limit on how
far from an inverse square this power of distance can be. Even general relativity could
be changed a little, for instance by including more complicated small terms in the field
equations or by introducing weakly interacting new fields into the theory. It is striking
that it has so far not been possible to find a logically consistent theory that is close to
quantum mechanics, other than quantum mechanics itself.

| tried to construct such a theory a few years ago. My purpose was not seriously
to propose an alternative to quantum mechanics but only to have some theory whose
predictions would be close to but not quite the same as those of quantum mechanics,
to serve as a foil that might be tested experimentally. | was trying in this way to give
experimental physicists an idea of the sort of experiment that might provide interesting
quantitative tests of the validity of quantum mechanics. One wants to test quantum
mechanics itself, and not any particular quantum-mechanical theory like the standard
model, so to distinguish experimentally between quantum mechanics and its alternatives
one must check some general feature of any possible quantum-mechanical theory. In
inventing an alternative to quantum mechanics | fastened on the one general feature of
quantum mechanics that has always seemed somewhat more arbitrary than others, its
linearity...

After some work | came up with a slightly nonlinear alternative to quantum mechanics
that seemed to make physical sense and could be easily tested to very high acuracy by
checking a general consequence of linearity, that the frequencies of oscillation of any sort
of linear system do not depend on how the oscillations are excited. For instance, Galileo
noticed that the frequency with which a pendulum goes back and forth does not depend on
how far the pendulum swings. This is because, as long as the magnitude of the oscillation
is small enough, the pendulum is a linear system; the rates of change of its displacement
and momentum are proportional to its momentum and its displacement, respectively. All
clocks are based on this feature of oscillations of linear systems, whether pendulums or
springs or quartz crystals. A few years ago after a conversation with David Wineland
of the National Bureau of Standards, | realized that the spinning nuclei that were used
by the bureau to set time standards provided a wonderful test of the linearity of quantum
mechanics; in my slightly nonlinear alternative to quantum mechanics the frequency with
which the spin axis of the nucleus precesses around a magnetic field would depend very
weakly on the angle between the spin axis and he magnetic field. The fact that no such
e [ect had been seen at the Bureau of Standards told me immediately that any nonlinear
e [ecks in the nucleus studied (an isotope of beryllium) could contribute no more than one
part in a billion billion billion to the energy of the nucleus. Since this work, Wineland



and several other experimentalists at Harvard, Princeton, and other laboratories have
improved these measurements, so that we now know that nonlinear e [ects would have to
be even smaller than this. The linearity of quantum mechanics, if only approximate, is
a rather good approximation after all.

None of this was particularly surprising. Even if there are small nonlinear corrections
to quantum mechanics, there was no reason to believe that these corrections should be just
large enough to show up in the first round of experiments designed to search for them.
What | did find disappointing was that this nonlinear alternative to quantum mechan-
ics turned out to have purely theoretical internal di Cculties. For one thing, | could not
find any way to extend the nonlinear version of quantum mechanics to theories based on
Einstein’s special theory of relativity. Then, after my work was published, both N. Gisin
in Geneva and my colleague Joseph Polchinski at the University of Texas independently
pointed out that in the Einstein-Podolsky-Rosen thought experiment (...) the nonlinear-
ities of the generalized theory could be used to send signals instantaneously over large
distances, a result forbidden by special relativity. At least for the present | have given up
the problem; I simply do not know how to change quantum mechanics by a small amount
without wrecking it altogether.

This theoretical failure to find a plausible alternative to quantum mechanics, even
more than the precise experimental verification of linearity, suggests to me that quantum
mechanics is the way it is because any small change in quantum mechanics would lead
to logical absurdities. If this is true, quantum mechanics may be a permanent part of
physics. Indeed, quantum mechanics may survive not merely as an approximation to a
deeper truth, in the way that Newton’s theory of gravitation survives as an approximation
to Einstein’s general theory of relativity, but as a precisely valid feature of the final theory.

Steven Weinberg in Dreams of a Final Theory [1]



Chapter 1

INTRODUCTION

A reader of this work may feel a bit confused by its title. “Aspects of what?” — one may
ask — “And why only aspects?” And, indeed, the name “nonlinear quantum mechanics”
suggests that we are dealing with an existing theory, whereas what we have in mind is
a collection of various attempts of constructing a generalization of quantum mechanics
(QM).

The adjective “nonlinear” corresponds usually to a nonlinear generalization of the
Schrodinger equation. Much less often it is associated with the linearity of the Liouville-
von Neumann equation, or the linearity of the space of states, or the linearity of the
space of observables. Each of these elements constitutes a specific level of the linearity
of ordinary QM, and therefore there are several places where the putative nonlinearity
may be introduced.

The linearity of the Schrodinger (wave) equation results in the quantum mechanical
superposition principle. The principle means mathematically that a linear combination of
any number of solutions of the evolution equation is again a solution of this equation; and
vice versa — any solution can be decomposed into a linear combination of other solutions.
Physically the first part of the principle means that waves of probability can interfere in a
linear way. But anybody who observed waves produced by a ship in a harbour knows that
real waves on water interfere in a nonlinear way: There exist various feedback influences
of the produced waves on their sources. Only in an idealized case of very weak waves
the linear approximation describes the behaviour of the ship in a correct manner. This
property is shared by practically all oscillations observed at the macroscopic level. It
follows that the observed phenomena of quantum interferences cannot be considered as
an evidence of the fundamental linearity of quantum evolution.

The other part of the superposition principle seems more essential and is related to
the projection postulate. The postulate states that a measurement of a physical quantity
is equivalent to a projection of an initial state vector, describing a pure state of the system
in question before the measurement, in some direction in the Hilbert space of pure states.
The projected state describes the state of the system after the measurement. According
to the Copenhagen interpretation, the onthological status of the projection is the same as
in ordinary probability calculus, where a measurement is represented by a projection on a
subset of some probability space (the so-called Bayes rule for conditional probabilities). It
is obvious that at the dynamical level the projection postulate can be consistent provided



the projection “maps solutions into solutions”, which is typical only of linear evolutions.
The projection postulate is useful for calculation of probabilities but for obvious reasons
it does not follow from the Schriodinger dynamics. It raises also interpretational questions
which shall be discussed in Chapter 6.

The linearity of the Liouville-von Neumann equation reflects another principle: the
convexity of the “figure of states”. Convexity means that a convex combination of two
pure states is also a state — a mixed state. One of the properties of QM state figures is
the fact that they are not simplexes, which means that a mixed state can be decomposed
in a number of equivalent, physically indistinguishable ways. The pure states (projectors
or propositions) form a boundary of the figure. The projection postulate can be also
formulated for mixed states: The measurement projects the convex combination into one
of the projectors belonging to the boundary.

The superposition and convexity principles are logically independent. To understand
that, it is su [cieht to note that a superposition of two pure states is a pure state, while
a convex combination of two projectors is not a projector. In classical mechanics the
two aspects are present as well — this can be illustrated by the usual nonlinearity of the
Hamilton equations of motion and the linearity of the Liouville equation.

The putative nonlinearity can be introduced here in three ways. Either one general-
izes the Schrddinger equation and maintains the linearity of the Liouville-von Neumann
equation (like in classical mechanics), or generalizes both of them, or keeps the evolution
of pure states linear but modifies the evolution of mixed states. In the approaches of
Kibble [2, 3], Bialynicki-Birula et al. [4, 5, 6, 7], or Weinberg [8, 9, 10] one concentrates
on the evolution of pure states. The question how to describe mixed states is left open
in those works (one of possibilities — the probability measure approach — is discussed
in this context by Bugajski [11], cf. also [12]). In the approach of Mielnik [12, 14, 15],
see also [17], a basic principle is the convexity of the figure of states, but pure states can
evolve in a nonlinear way, so there is no ordinary superposition principle. The convexity
is, in this formulation, an important constituent of the probability interpretation of the
theory. The third possibility, which introduces nonlinear evolution only for mixed states,
is discussed here in Chapter 7.

Now, as we know more or less what can be “deformed” in the theory, it remains to
find out how to do it. There are again numerous possibilities.

In the first place, it can be shown that the dynamics of states in QM is a classical
Hamiltonian dynamics for pure states (Chapter 2), and Lie-Poissonian dynamics for
mixed ones (Chapter 7). Accordingly, it turns out that it is su [Cieht to extend the set
of QM observables to make the dynamics nonlinear. Such a modification was proposed
by Kibble, Weinberg, Polchinski [18], Jordan [19] and perhaps others. Also the approach
of Bialynicki-Birula and Mycielski can be regarded as belonging to this class of theories.
The proposal of Kibble additionally initiated a di [erknt direction of investigations, where
one tampers with the manifolds of states. This direction was further explored by the
Milano group [21, 22, 23, 24, 25, 26] who discussed dynamical systems on general Kahler
manifolds. Also all attempts of unifying general relativity with QM can be included in
this class of theories [27]. It can be shown that a nonlinear Schrodinger equation appears
naturally if a gravitational field of an isolated particle is taken into account [28].

All these attitudes to nonlinear generalization of QM can be collected under the name
“nonlinear quantum mechanics”. Still, the reader must be hereby warned that none of
the above proposals is a complete alternative even to the nonrelativistic linear QM.



So what aspects of the above formulations will be discussed in this work?

First of all, I will concentrate on Hilbert space models. This restriction, significantly
simplifying the discussion, will be su [ciehtly general to illustrate various di Cculties that
should be met in any nonlinear QM. In majority of papers on nonlinear QM their authors
concentrated on dynamics of states but left intact the problem of probability interpreta-
tion (the important exeptions are the works of Mielnik and Weinberg). Hence, one of the
main themes returning in this work in several places will be the probability interpretation
of states and observables (alternative definitions of eigenvalues and probabilities).

The other important point which, in my oppinion, is a source of prejudices about
nonlinear QM, is the problem of composite systems. The question is related to the
existence of “faster-than-light telegraphs” (in separated systems, Chapter 4), “telekinetic
phenomena” (the role of observers, Chapters 6 and 7), and even description of Rabi
oscillations in two-level atoms (Chapter 5).

A separate chapter will be devoted to the two-level atom in Weinberg’s nonlinear QM
(Chapter 5). The two-level atom will serve as an example helping to understand many
arbitrary elements “smuggled” in usual discussions of possible experimental implications
of generalized QM.

In Chapters 6 and 7 we shall attempt to develop the suggestion of Wigner who
discussed a possible relationship between conscious observation and linearity of quantum
evolution. We will formulate a hypothesis concerning a role of information for evolution
of quantum states and define “observers” in information theoretic terms. In this way we
shall outline a new program for nonlinear QM. The new framework will be free of the
main di Ccultties of the ordinary approaches but, as expected, will lead to open problems
of its own. In the final part we shall formulate the Dirac equation in a Hamiltonian way
especially suitable for a relativistic extension of our formalism.

A few words have to be said about the topics that have not been included in this work.
In particular, the reader will not find here any historical review of previous attempted
generalizations. | am aware of the fact that an inclusion of such a review would make
the work much more comprehensive but, simultaneously, much longer. Also a review of
experiments made in search of putative nonlinearities would be in place here. | hope,
however, that after having read the work the readers will understand the reasons for
omitting the question. Even the experiments with two- or four-level systems in ion
traps include such a number of arbitrary factors (to mention only the infinite number of
possible descriptions of the “atom-+field” composite system) that their serious discussion
would make the work twice bigger. On the other hand, the interferometric experiments
designed as tests of the Bialynicki-Birula—Mycielski equation applied only to quantum
systems in pure states and hence are unrelated to my own proposal.

Finally, 1 think | should explain that | do not stick to the framework | propose as
something physically “real”. | simply think that | have managed to show a direction for
further investigations, the direction that has not been fully explored as yet. This may be
important, since a large number of authors tried to find for nonlinear QM some general
non-existence theorems, and many claim they have found them. My own viewpoint is
almost the opposite, as the reader will see later.

Most of the results presented in this work appear for the first time in a written form.
This concerns first of all the analysis of probabilities and eigenvalues. The examples were
usually invented as counter examples illustrating points that were omitted or presented in



an unclear way in other papers. The quantum description of the two level atom, especially
the questions related to the description of the joint “atom-+field” system and the two
level approximation cannot be found in literature. | have also included my earlier results
on composite systems, but here presented in a more systematic way. The description in
terms of density matrix is a generalization of the earlier works of Polchinski, Jordan, and
Bialynicki-Birula and Morrison. The latter work was an inspiration for my own proposal
of nonlinear QM.



Chapter 2

QUANTUM MECHANICS
AS A CLASSICAL
HAMILTONIAN SYSTEM

A departure point for the generalizations of ordinary, linear QM discussed below is the
observation that quantum theory can be regarded as a particular classical Hamiltonian
theory. This statement is in apparent conflict with what one usually reads in quantum
mechanical textbooks. A student who has passed an exam on quantum mechanics will
probably object and formulate two main quantum features of QM:

1. The algebra of quantum observables is non-Abelian as opposed to the Abelian
algebra of functions on a phase space. In particular, the energy is represented in
quantum theories by Hamiltonian operators in contrast to Hamiltonian functions
of classical theories.

2. The evolution equation of a pure state of a conservative system is, in quantum
theories, given by the Schrodinger equation in opposition to the Hamilton equations
of classical theories.

It is one of the purposes of the studies on generalized quantum theories to understand
what is actally the element of the theory that makes quantum theory guantum. We
shall see that the two dilerkences described above are not, in fact, actual. Therefore the
real di Cerence lies somewhere else. It will be argued that the di [erknce is closely related
to the associativity of the algebra of quantum observables, that is, to the fact that the
guantum observables possess a richer algebraic structure than the classical ones.

Let us begin with some Hilbert space H of square integrable functions M - C»
defined on a finite dimensional manifold M. The manifold M may be, for example,
a spacelike hyperplane in the Minkowski space or a mass hyperboloid. Let a [CM and
W4 (a) be a value of an A-th component of the function ¢ [H taken at a. Since C™ has a
natural structure of a symplectic manifold with the symplectic form being the imaginary
part of the scalar product, it follows that H has a natural structure of a “phase bundle”
[29] whose fibers are the finite dimensional Hilbert spaces H, = C™ with coordinates



{d4(a)}. In the approach used in this work the Hilbert space and its corresponding
projective space P (H) will be treated as real manifolds. This can be achieved by a
realification of the model spaces. (The realification of a complex linear space is obtained
by restricting the field of scalars to real numbers.) Since the manifolds are modelled
on complex Hilbert spaces there exist complex valued scalar products in their tangent
spaces. The scalar products lead naturally to symplectic and Riemannian structures on
the (realificated) manifolds. Let [-J}[ be a scalar product in T,H CHlor TP (H), for
some  [30]. The symplectic form is

Wy (Y, 9) = 2vIm Q| QL (2.1)
and the Riemannian metric tensor
9y (¥, 9) = 2vReUi|QLyl. (2.2)

The constant v depends on conventions (say, whether the scalar product is linear in the
first or in the second argument) or physical applications (for P (H) v is related to the
holomorphic sectional curvature; in the symplectic formulation of quantum mechanics it
can be shown to be h) — here we will put v = 1 which is equivalent to the units with
h =1 (cf. [31, 32, 30, 21, 22, 23, 24, 25, 26, 2]). Pure states ¢ [H are sections of the
bundle, in general defined on its dense subsets (manifold domains [32]). The manifold of
states is an infinite dimensional manifold of the sections; this manifold (a phase space)
will be denoted by P.
A basis in a space tangent to a point in H,, (treated as a real manifold) is

0 0
and —; 2.3
364(a) T @3)
here a is fixed and summation can be only over the discrete indices. The corresponding
basis in T,P is denoted by
d d
—— and ——— 2.4
564(0) 564 (@) @4
where one can sum over discrete indices and integrate over the continuous ones (the
integration involves some invariant, or quasi-invariant measure on M). The basis in the
dual to TP is denoted by

dp(a) and da(a) (2.5)

where “dual” means that
404 (55 5) = 355~ P) (26)
d(ﬁy(@(%) = 385(a—B). @.7)

The symplectic form and the metric tensor in T,P are defined as

0 = I8 d 4 (a) T (0) = i04 (da(c) CaD A (o) — (o) CADAD)) (28)

and

g =23"dda(a) Cdha (o) =544 (ddpa(a) Cdda (o) +dda () Cdda(a)) (2.9)

10



where we have introduced the following summation convention: Summation is over re-
peated Roman indices and integration is over the repeated Greek ones. This convention
will be often applied. For two tangent vectors in TP

6
and 5
() ——— 2.11
=g >5¢ @ @5 (211)
one finds indeed
o, 9) = 2im e (2.12)
9(b,9) = 2Reijo] (2.13)
where the scalar product is anti-linear in the first argument.
The two tensors can be combined into one Hermitian form
— 1 H — sAA’
= 5@ +iw) =377 do4(a) LdPa(a). (2.14)
The components of K can be derived from the potential
Fl, 6] = 5 d.a()a (@) (2.15)
by
/ o%f
KA (0,0') = —————. 2.16
() = 560050 (@) 219

The symplectic form is closed as independent of ¢, or as derivable from the potential by
w = i0of (2.17)
(cf. [31, 33))

An analogous language can be formulated for the projective space P (H). Let W = [y]
be a class of vectors complex proportional to a nonvanishing ¢ [CH and choose some
Wi (K) 8 0. We define the following local projective coordinates

WER (o) = pa(@)/ Pk (K) (2.18)
WEra) = WER(a). (2.19)
Let ~ , ~
FIW, W] = In(1 + 3 Wi (a)WhF (o). (2.20)
The symplectic form and the metric tensor for P (H) can be derived from F by
5%F
KA (a,0) =
@) = @)
6AA’6(G —a) 6AC’60A’@gln(a)ngn(a/)

_ - (2.2
1+ 355" WEr(B)WEr(B) (1+5BB/LP§“(B)W§5(I3))2( Y

11



In analogy to the Hilbertian formulation

= iKY (o, o )dWE (o) CAWE (o), (2.22)
= K (a,a)dWEr (o) CAWEs (o). (2.23)

«| €I

The metric (2.23) is an infinite dimensional version of the Fubini-Study metric, and plays
an important role for geometric phases, such as the Berry phase, (cf. [34] and references
therein). It it convenient to define also the “inverse” of K defined by

(@ a) = (1+ 855 WE@WEF®) ) (34a8(c — ) + WES(@WEF () (224)
where by the inverse it is meant that

Kad (o, a) 155 (0, B) = 34.8(a" —B') (2.25)
KA (o, ) EL B, o) = 833(a— B). (2.26)

Consider now two functionals: The matrix element
HW, 4] = Yar (o) HA A (', a)pa(a) (2.27)
of a self-adjoint operator H, and its average

War (o YHA A, )4 (a)

Hw, y] = , 2.28
S O PR ) 229

The latter is also a functional defined on P (H):
HIW, y] = H[Y, ¥] (2.29)

although in the projective coordinates H (also playing a role of a Hamiltonian function)
is not a bilinear functional of the projective coordinates.
A straightforward calculation shows [21, 22, 23, 24, 25, 26] that the Hamilton equa-
tions
tx,0=dH (2.30)

and _
1x,0=dH (2.31)

are equivalent to the Schrodinger equation
idy =iy (2.32)
dt '

and its adjoint expressed either in the Hilbertian or projective coordinates (by the way,
the projective form of the Schriodinger equation is nonlinear). The Poisson bracket of
observables (averages or matrix elements of some self-adjoint operators) written in terms
of I and resulting from the Hamilton equations is in one-to-one relationship with the
commutator of the operators. It follows that the Schrodinger equation is equivalent to
the Hamilton equations for an infinite-dimensional Hamiltonian system, and the non-
commutability of observables is of the same nature as the classical non-commutability

12



of functions on a phase space with respect to the Poisson bracket (various explicit ex-
pressions of the bracket will be discussed in several places in this work). The only
subtlety that is involved in such calculations is related to the dilerkntiability of aver-
ages of unbounded operators. These functions are everywhere discontinuous and the
di [erentiability must be understood in a weak sense [32, 21, 22, 23, 24, 25, 26]: we will
usually use functional derivatives and all functionals will be assumed to be functionally
di Lerentiable. The ordinary canonical coordinates “q” and “p” correspond to real and
imaginary parts of the state vector’s components.

The above conclusions may suggest that quantum mechanics is just an ordinary clas-
sical theory, perhaps more sophisticated from the dynamical viewpoint. On the other
hand we know that the most profound conceptual di [culties of quantum mechanics (the
EPR-Bohm and Schrddinger’s cat paradoxes, the Bell theorem, the measurement prob-
lem) can be formulated even in two dimensional Hilbert spaces. Such systems, being
dynamically equivalent to a two dimensional harmonic oscillator, are dynamically triv-
ial. It follows that there must exist some additional, “non-Hamiltonian”, properties of
guantum mechanics that lead to its physical nontriviality. We will show later that an
important property of linear QM is the additional, associative structure of the algebra
of observables. This property is very restrictive and is closely related to the probabilistic
nature of the theory.

13



Chapter 3

SOME
GENERALIZATIONS

The observation that quantum dynamics is in fact a classical one immediately opens
some possibilities of generalizations. One can either try to modify the Hamiltonian for-
mulation itself or simply try to explore general possibilities immanent in the Hamiltonian
framework.

In this chapter we shall follow the latter direction in a way analogous to this proposed
by Kibble [2] and developed and extended by Weinberg [10], Polchinski [18] and Jordan
[19].

3.1 States

We will discuss theories where states are represented in the same way as in ordinary
guantum mechanics (the so-called normal states): by vectors or rays in a Hilbert space
or by density matrices. We know that even in the ordinary statistical quantum theory
there exist states that are not normal, but we shall not include such subtleties here. We
should also bear in mind that possible extensions of QM may involve di [erent manifolds
of states [2], for example general Kahler manifolds [21, 22, 23, 24, 25, 26]. A necessity of
some extension of that kind is suggested by Penrose [35]. We will not include stochastic
generalizations either, cf. [37].

3.2 Observables

We have shown that the observables in QM belong to a restricted class of functionals
defined on a phase space. In the Hilbertian formulation they take the form AW
(diagonal matrix elements of a self-adjoint operator) where [P [Cis not normalized. It
follows that such observables are not equal to the measurable quantities, and a relation
with these latter is established in two equivalent ways: Either one divides the value
of the observable evaluated at [P [Cby the squared norm of |Y[Cbr takes its value in
the normalized |Q[J In the projective space formulation the observables are equal to
measurable quantities (averages).

14



The fact that quantum observables are so specifically chosen leads to a special, com-
plex Hilbertian type of the quantum mechanical probablity calculus. It seems it was
Mielnik who noticed [12, 14, 15, 16] that there exist many dilerknt and inequivalent
probability models and tried to relate them to some nonlinear quantum theories. Such a
perspective seems quite natural and suggests that one should try to investigate theories
where obsevables, like in classical mechanics, belong to a more general set of functionals.

In the Kibble’s approach the set of observables consists of dilerentiable functions
defined on a projective space. In the Weinberg formulation [10] one assumes that the
observables are defined on a Hilbert space but satisfy the (1,1)-homogeneity condition

AW, b)) = AW, AD) = AAW, B). (3.1)

Averages are defined in [10] like in ordinary quantum mechanics. The (1,1)-homogeneity
and the definition of averages introduces the projective structure into the set of states
and, eledtively, into the dynamics. This is the way the Weinberg approach can be
regarded as a variant of the Kibble’s one. (We shall see later that Weinberg’s theory
contains also some elements that are new with respect to the Kibble’s proposal.)

The homogeneity condition (3.1) can be expressed by means of the Euler conditions
as follows A A
I "J”awn A. 3.2)
(In this section we will often apply finite dimensional conventions; in the full, infinite
dimensional framework functional derivatives must be substituted for the partial ones
and the Euler homogeneity condition would read, for example,

Wra-—

LIJTL( ) _llJfL( )

e‘nun(a) &un(a) =A).

With the help of (3.2) we can deduce some general properties of the observables. Applying
(3.2) twice we find that

(3.3)

_0A - 0°A - . o
A= mwn - qJ'rnmLpn - LIJ'rrzA'ranLIJn - EI]'A(LIJ, LlJ)NJD (34)
and
0A _ 0°A

o, ap,ap, v = AW WIWDL. (3.5)

We can see that the homogeneity condition leads naturally to a nonlinear operator al-
gebra. A matrix multiplication of such nonlinear operators can be easily expressed in
terms of first partial derivatives of observables since

JA 0B
al“m anm

This [=product conserves the (1,1)-homogeneity of observables because the nonlinear
matrices defined in (3.4) are (0,0)-homogeneous. The (0,0)-homogeneity implies, on the
other hand, that the matrices are, in certain sense, “almost constant”. Indeed,

02A 2 02A
<awk'”’g] ETT (awzawm)‘“’” RS TTRE T TR @7)
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A[B =

= WIAW, 1B, Y)W (3.6)




by virtue of the 0-homogeneity Euler condition. Consider now a di [erkntiable function
t - g, (1). Eg. (3.7) and its complex conjugate imply that

W] A(LIJ Y)W O (38)

for any observable A. The algebra of observables equipped with the above [=product
possesses a natural left and right unit element n(y, @) = MY

Despite some similarities to the ordinary linear operator algebra our algebra of observ-
ables is associative if and only if the operators are linear. This leads to several di [erences
with respect to ordinary quantum mechanics. For example, [=powers of A will not, in
general, [zdommute with A, a fact that will influence the integrability of the theory.

In linear QM the [=powers of an observable are related to higher moments of random
variables measured in experiments, hence lead to the probabilistic interpretation of the
theory. In nonlinear theory the product (3.6) leads to the first non-unique element of the
formalism we shall meet later.

For let us consider an observable A. We know that it can be written in a form of a
matrix element [di|A|y Cihere A is the nonlinear operator defined in (3.4) (for simplicity
we shall, from now on, omit in our notation the dependence of A on ). The [=Square of
A can be defined in two ways: Either as ;- a(?f or as [MI|AA|YAnd the two expressions
are equal. If we want to define the third power we encounter several possibilities. The
apparently most natural choice of (A [CA) [CA or A A [CA) is not very reasonable as
they are in general complex and non equal even if A is real. The reality condition leads
uniquelly to (A C(A CA) + (A [A) [A) but this uniqueness will be lost for higher
powers. In Section 3.4 we shall see also that [does not lead to a consistent probability
interpretation of A. The second definition can be chosen as EI]|AAA|L|J = ATALAL. We
see that once we have defined A, which is unique, all its T=powers are unique as well.
Notice that since A (B = ATBI both products lead to the same Poisson bracket hence
generate the same evolution of observables.

Both products can be defined also in terms of density matrices Quantum observables
are 1-homogeneous in density matrix i.e. A(Ap) = AA(p) or pmn = A. The nonlinear
operators are obtained by

~ oA
A = 3.9
apnm ( )
(notice the reversed order of the indices). The products are
JA 0B _
AB =pn,=—=— =AIlB 3.10
P apkn apmk ( )
and A
ATHIC = TrpABC. (3.11)

These properties of T_hint at the possibility of defining the probability interpretation
of nonlinear QM in terms of Tihstead of L1We shall discuss this possibility in a more
detailed way in the context of eigenvalues and dynamics.

Another way of viewing the di Cculities with [“dan be illustrated as follows. An ob-
servable A can be defined as a scalar function on a manifold of states. All one-parameter
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groups of canonical transformations generated by some observables are homogeneity pre-
serving. Writing a canonical transformation in terms of components

’ = _ oy, %_
lIJn(L|J,L|J) - anm LlJm + allJm ms (3.12)
—

0

we find the second term vanishing by virtue of the (1,0)-homogeneity Euler condition
for @, (W, ). The canonical transformations (3.12) look holomorphic, just like a change
of a chart on a complex manifold. The “holomorphy” is however only apparent as the
transformation coe [ciehts depend on both ¢ and ¢ even though the second term in
(3.12) vanishes. Consider now the “gradient ”

0A
FITIS (3.13)
We know that, by definition,
0A
Lpnm - A (314)

which may suggest that (3.13) transforms “contravariantly” with respect to the “covari-
ant” transformation rule (3.12). This is not the case, however. We find

0A _ oy, 0A oy, 0A
O OY, 00, OWy, O,

with the last term, in general, nonvanishing. Still, its contraction with {,, does vanish
as a result of the (0,1)-homogeneity of (¢, ). The Cproduct is defined as a “scalar
product” of “gradients” % and % and as such does not represent a scalar. A [
B is invariant under a change of coordinates provided the transformation ¢ - ¢’ is
holomorphic. Such a class is much narrower than the class of canonical transformations.
As a particular consequence, [=products of two integrals of motion are not, in general,
integrals of motion (an integral of motion is a “scalar” with respect to the time evolution

understood as a canonical transformation).

(3.15)

One of the most important questions of nonlinear quantum mechanics concerns a
definition of observables that correspond to subsystems of a larger system. Let us begin
the discussion with recalling the ways we do it in ordinary QM.

From a physical viewpoint any system (with the exeption of the Universe itself) is a
subsystem of something greater. If we say that H (Wsubsystem, Wsubsystem) 1S @ Hamilitonian
function of a subsystem we mean that H(Wsubsystem, Wsubsystem) describes a subsystem
which is noninteracting and noncorrelated with the rest of the Universe. Quantum me-
chanically this means that the state of the Universe is | 5= |Ysubsystem LI ket CLOF
p= NJsubsyste’rrz D]Dsubsysteml mst)

Subsystem observables in linear QM can be written as

AW, P) = MIA Chhe |0 TrpsupsystemA. (3.16)

Let now {|r31denote a basis in the Hilbert space of the “rest” and {|al}l be the one of
the subsystem. A general form of the state of the whole system (here we assume for
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inessential simplicity that the whole system is in a pure state) is

WE D> o lafis: ) o0 ko (3.17)

An average of A in the state |{[Céan be expressed by means of the decomposition (3.17)
as follows

A CTl |9l 3 @) AP @) o) O]

AW, Y) = My O - @@ e O [y

3 @) |Alo™) CIj|1 eIy O
— @nen0O myd

(3.18)

The physical meaning of (3.18) is obvious: The whole ensemble of subsystems is de-
composed into subensembles corresponding to dilerent results of measurements of an
observable whose spectral family is given by {|r(IF]}, and the average of A in the sub-
system is calculated for each subensemble separately. The form (3.18) is useful as an
illustration of the “collapse” of a state vector phenomenon. Indeed, the average is cal-
culated as though the ensemble of subsystems consisted of subensembles collapsed by an
external observer and, in certain sense, the ensemble is treated as the one composed of
individual objects each of them posessing some “property” measured (via correlations)
by the external observer.

The description in terms of the reduced density matrix psypsystem SUggests a slightly
dilerent interpretation of the average. If we believe that density matrices represent
ensembles and not individual systems the form

K(UJ, llj) = Trpsubsystem'& (319)

means that we do not care about specific possible decompositions of the ensemble, but
treat it as a whole. The presence of the reduced density matrix in (3.19) does not mean,
of course, that we cannot use the state vector’s components — it simply restricts the
form of observables to only some functions of Y.

Quantum mechanics when viewed from the first perspective looks as a theory of
individual systems but with some form of fundamental limitation of knowledge about
states of such individuals. The second possibility turns QM into a kind of a “mean
field theory”. Still, since both forms of description are physically indistinguishable such
discussions whithin the linear framework seem purely academic.

In nonlinear theories the situation is drastically changed. The nonlinearity is supposed
to be fundamental, hence applying to each individual even if the individual is well isolated
from other physical systems and no mean-field approximation is justified.

The problem is practically the following. Assuming that we know a form of an ob-
servable describing a given subsystem itself (that is, if no interactions or correlations with
the “rest” exist) what is the form of the observable if there do exist some interactions or
correlations with the “rest”. A reversed problem is simpler: If we know a description of
the “whole” system and the observable in question is additive then the observable repre-
senting the subsystem is this part of the whole one that refers to the subsystem. (Note
that non-additive observables, like higher order correlation functions, can be defined only
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in terms of the “whole” system, so, by definition, are excluded from our considerations
here.)

The first, explicitly non-mean-field-theoretic, guess for the subsystem’s (additive)
observable is suggested by the “collapse-like” form (3.18) of the average, i.e.

Asubsystem (U, 1) = > A@@T), 0() (3.20)

where A is a given function defined on a Hilbert space of the subsystem and the other
definitions are like in (3.17). It is this definition that was chosen by Weinberg in his
formulation of nonlinear QM. For non-bilinear A(®("), (")) the form and value of (3.20)
depend on the choice of the basis {|r}

Example 3.1 Consider the following non-bilinear observable

= _ [Mos W _ (9 ]* — [w2l?)?
A, p) = = (3.21)

My (W1 |? + [Wo?
where o3 is the Pauli matrix and |y [Cbelongs to a two-dimensional Hilbert space. Let

the whole system be described by | &= 22:1 > W, lalG]rial Definition (3.20) yields

P (W1r* = Wa2r|?)?
Asu DSystem ) = 322
bsyst (llJ llJ) 2 NJ17'|2 + |L|J27~|2 ( )
Let us choose now
W5 Py [1E0161+ §o2]206]|1215] (3.23)
N—— S~——
[@()) |@(2))
In this particular state _
Asubsystem(mi llJ) = Il-lJlll2 + NJ22|2 (324)

so that each “collapsed” subensemble contributes to the observable separately. Let us
choose now a diLerknt basis {|r’'c} in the Hilbert space of the “rest”, such that |1]1=
F5(IV B+ [2'B), 261= 5 (11'BI- [2'). Now

W3~ (15 25 [V o (011 10— af205) 12 (3.25)

|<I>(1)'> |<I>(2)'>
Substitution of |®(1) [&nd |92’ Cinto (3.20) gives
— 1 2 2\2 1 2 2\2
Avbossron@,§) = = (W11 ! W22 2) 4 1Y ! W22 2)
2 |Pia]? + ool 2 g1 ] + 2ol

(W11 ? — [W22]?)?
— 2
[Wi1]? + [Wo2|? (3.26)

which is also a sum of contributions from two subensembles, but now “collapsed to linear
polarizations”.O
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The above example reveals two properties of (3.20):

1. This form is basis-dependedent so one should rather write Asubsystem(w,qj) =
Asubsystem(wa qJ1 {|r|}D1

2. If the “rest” is described by linear QM then no change of {|r(} can influece ob-
servables that correspond to “the rest” itself. In particular, if one considers a total
energy of the whole system then a change of {|r (Hwill influence its value (we change
the energy of the subsystem and maintain the energy of the “rest). It follows that
the form (3.20) can apply only to systems that, as a whole, are open (that is, there
must exist also some another nonlinear system not contained in the “whole” one
and compensating the changes of energy due to the changes of {|r(}).

3. The “subsystem-+compensating subsystem-+rest” system must be described in a
basis-independent way.

The last remark indicates that in order to describe systems with “isolated” nonlin-
earities, that is with the “rest” linear, one has to describe subsystems in a way di [erknt
from Weinberg’s. The following modification was proposed by Polchinski [18].

Consider an observable A(y, Y) corresponding to some isolated physical system, and
assume that the observable can be expressed as a function of the density matrix p =
|wmm, ie. A(,P) = A(p). For example, the observable from the previous example
could be written in either of the forms

(TI:I_F;0p3)2 , (3.27)
Tr (f_)rC;:sppGS) ' (3.28)
2 2
(Irg0) e 629
> (Tr (pospos))"
r (pospos))”
Trp(Tr pas)?” (3:30)

and so on. For p = |Qi| all of them, and all their convex combinations, reduce to
(3.21). Polchinski’s idea was to start with definitions in terms p where p is the density
matrix of the subsystem. For |y [tlescribing the whole system the observables of the
subsystem would be functions of pgubsystem = TT vest P L]

Example 3.2 Let |¢ 5= Yy |1G]161+ e 2201 The reduced density matrix repre-
senting the subsystem is

P = W11 [P[1GIT, + [Wool* 2612, (3.31)
The subsystem’s observables are now

(Trpos)? _ (IW11]® — [Wa2?)?
— 32
Trp (W11 ]? + |@o2? (3:32)
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Tr (pospos) _ [Pua]* + [Pao]?

Trp IR R T ¢33
(Trpas)’Tr(p?) _ (IWurl* = [Woal*) (W |* + [Woo|*) (3.34)
(Trp)? (111? + |W22?)? '
and
(Tr (paspos))" ! _ (W11 |* + [Woo| )" ! (3.35)

Trp(Trpos)2® (Wil + [Wae ) (i1 |2 — [Wae[?)2n

As we can see the observables are completely dilerent. If |¢11] = |P22| (like in the spin-
1/2 singlet state) the average of the first and third observables vanishes, is non-vanishing
but finite in the second case, and infinite in the last one.

Expression (3.32) seems, at first glance, the most natural one since can be rewritten
as
|II]|O'3 stll“[zl
|Vl

Kibble in [2] did not explicitly define his way of describing subsystems, but the exam-
ples he discussed suggest this type of description. In the next chapter we will discuss
problems with nonlocality of nonlinear QM and see that all the descriptions by means
of reduced density matrices are more safe than the proposal of Weinberg. However, if
some correlations between subsystems actually exist we indeed can “collapse” a state of
a remote individual. We may expect that an average value of this “remote” observable
should be composed of the discussed averages of subensembles. The description by means
of (3.32) does not seem to possess this property: It is the “average spin” that contributes
to the observable (3.32). So we first calculate the “average” of s and then square it. In
the Weinberg description we first square the “spin” and then take the “average”. (The
quotation marks are necessary because we have not defined yet what we mean by eigen-
values, or values of single measurements; there exists also another subtle point that has
been ignored in the definition of (3.20) — in nonlinear QM % may not have an
interpretation in terms of probability.)

It is interesting that the “collapse”-like property of the average can be seen also in
(3.33) where both values of “spin” are averaged separately. Finally, let us notice that
the last observable (3.35) is unbounded, so that the values of single measurement cannot
be identified with eigenvalues of 3.0

(3.36)

3.3 Dynamics

Both Kibble and Weinberg assumed that the dynamics of pure states is given by Hamilton
equations with Hamiltonian functions belonging to the algebra of generalized observables
discussed in Section 3.2. More generally, all one parameter flows of canonical transfor-
mations are assumed to be integral curves of the Hamilton equations of motion

ixw=dH (3.37)

which in the Hilbertian formulation can be written as

dya(@ _, _8H
dt AV Swa (@)

i (3.38)
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and
qu a(@) —5 oH
dt A SYA(a)”
Since the evolution is, in general, nonlinear no dynamical separation of states and
observables is possible (the ordinary Heisenberg and Schrodinger pictures can be formu-
lated only if the dynamics is linear). Instead, the evolution of observables is governed by

the Poisson bracket resulting from the Hamilton equations (the summation convention)
oF 0H  dH oF )
dWA(C) S (0)  dWa(a) BY A () /"

In more general case, where observables are functionals of a density matrix, the evolution
can be postulated in a form of the “generalized Nambu mechanics” discussed in detail in
Chapter 7

(3.39)

—F ={F,H} = |6AA,( (3.40)

EF ={F,H} =[F,H,S] = Qu.(&, {, y)ép @) 5;:?[3) 6p6?\/)

where S = %Tr (p)? is called, in the Bialynicki-Birula-Morrison [39] terminology the
entropy. The entropy is not an observable in linear QM (observables are linear in
p); in Weinberg’s nonlinear QM S can be related to the observable S/Trp which is
1-homogeneous in p.

The formulation of nonlinear QM in terms of the bracket (3.41) has several advan-
tages, as shown by Jordan in [19] (see also Chapter 7).

The Hamilton equations (3.38) in Kibble-Weinberg (KW) theory can be written in a
Schridinger-like form

(3.41)

d = _
i W= AW WD (3.42)

where I:|(L|J, Llj) is Hermitian. All such equations conserve [i|y Cbecause

d . - _ - —
Gt WV W W, ) — HW, Y)Y (3.43)

(The Hamiltonians arising from the KW equations are (0,0)-homogeneous, but the above
statement concerns also equations with non-homogeneous nonlinearities.) There exists
also a larger class of nonlinear equations [40] with non-Hermitian Hamiltonians but also
conserving |y LInamely

_ 1w |
i

where U does not commute with |QIi]. The term containing U does not occur in
averages:

%N@: (Aw.w+ (1 U)lwC= A'lyO (3.44)

[H (W, W)W = WH W, v)wd (3.45)
This, by the way, indicates that El]|l:|’(qJ,qJ)|L|J [Ctannot be regarded as a Hamiltonian
function for (3.44). Another class of nonlinear Schrodinger equations which, for analo-
gous reasons, are not equivalent to KW equations although the Hamiltonians are (0,0)-
homogeneous is given by equations of the form

d S |Aly B |y ~
'aNJE:(Ho [IIJNJD% [II]NJD%)NJEJ:HNJD (3.46)
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In such a case all the nonlinear terms involving A and B cancel out in [M|H|yC=
Wi[Ho W L]

Example 3.3 Consider a two-level atom irradiated by an external classical light and
assume that the Hamiltonian function of the atom takes the Weinberg form

WH, + FAn |y (3.47)
where the nonlinear 2 x 2 matrix is
aQHNL

ﬁNL'mn = m = (hO + hNL°)mn- (348)
Let s(y, §) = mijo|y OWe find
s = {s,H}=—imlfo,F +Hy]ly0
= 2(hp+hyp)*xs=(wp +WnL) XS. (3.49)

Defining

(O f coswt sinwt 0 WNL1
W | = —sinwt coswt 0 wnL2 |
03 0 0 1 WNL3

with w being the frequency of light, we obtain after RWA the following nonlinear Bloch
equations

e

u = —Av—03V+ 0w
v = Au+Qw+ @dsu—H;w (3.50)
W = —Qv—@®u+ V.

Choosing (@1, @2, B3) = (—(A/2)v, (A/2)u,2 w) we get

. A
u = —Av—2wv+ EUW
. A
vV = Au+Qw+2 wu-— va (3.51)
A A
W = —Qv——u?-—=2Vv2
2 2

Egs. (3.51) are identical to Jaynes’s neoclassical Bloch equations [41] where is the
neoclassical Lamb shift and A is equal to Einstein’s coe [cieht of spontaneous emission.
So let us check what kind of the KW-Schrodinger equation can lead to the neoclassical
description.

Returning to the non-rotated reference frame we obtain

(WnL1, ONL2, ONL3) = (—(A/2)Ss, (A/2)s1,2 S3) (3.52)
and the nonlinear Schrddinger equation we are looking for is

s (B gy ATIOT] A Woy e | Wlos¢]
g0 = (A - = mr s+ e+ s e

H W, Wy (3.53)
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If H is some (0,0)-homogeneous function then the Hamiltonian is also (0,0)-homogeneous.

However B B 0
WA v wl(Fe.ot+ el vo (354)

cannot play the role of the Hamiltonian function for (3.53) with A & 0. For A = 0 the
relevant KW Hamiltonian function is

1 &
EmIyE 5 Llﬁgﬂfm (3.55)
and . 2
H,p)=E — 5 LEEZJNJE : (3.56)
O

3.4 Results of Single Measurements
and Probabilities

Let H be a finite dimensional Hilbert space and H a Hermitian operator. If H = [Mi|H |y
is the associated observable, the values of single measurements of H can be defined in at
least three equivalent ways. Since in nonlinear QM the three options will lead to di [erknt
results we will use here di[erent names for each of them.

a) Eigenvalue E of H = [mi|H|yCls the number satisfying for some eigenstate the
equation

HwE ElpO (3.57)
or, in the “classical style”,
oH _ E (3.58)
oy, |
b) Diagonal values are solutions of
det(H —E1) =0 (3.59)
or 52
H
det{ ———— —Eb,,, ) =0. 3.60
e (aLIJmaLIJn ) ( )

¢) Since eigenstates form a complete orthogonal set of vectors in H any solution of the
Schrodinger equation i%NJE: H|p[C¢an be expressed as

Q) Y1 (0)e 1t
: = : (3.61)
Wy (1) Y (0)eon?

and the frequencies w,, can be termed the eigenfrequencies. The three possibilities can
be used for definitions of the results of single measurements also in nonlinear QM.

In nonlinear QM observables are not represented by linear operators so that we have
to use the partial derivatives forms of the definitions. Let us begin the comparison of the
various properties of the definitions with the following example.
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Example 3.4 The so-called “simplest nonlinearity” considered in experiments designed
as tests of Weinberg’s nonlinear QM corresponds to the following Hamiltonian function

Wijos|y 2
Wiy

o VAl V. _ N
where Hy = (7'};). Denote §; = ~Aje’™, §, = Age®2. The eigenvalue condition
reads ’

| Ho |y (3.62)

{E1+ [2A1_A2—(A1_A2)2}}\/A_1 = AA, (3.63)

AL+ A AL+ A
O R (=) W W Rt

For A; =0wefind Ay =E;+ ,for Ay =0A_ =E;+ . If A; B0 and A; B 0 we get,
for 80,
Ai—Ay _ BEx—E

A +A, 4
which implies (A and B are positive)

|[Ex —Eq| < 4] | (3.65)

and L L
)\() = E (E1 +E; — 8—(E1 - E2)2)

with the eigenvector

1—E2 —-1/2 (1o %1
M=t < (1+2g=2) e ) (3.66)

(1 — E1—FEs ) _1/2eia2

4e
We find three eigenvalues although the dimension of the Hilbert space is two. The third
eigenstate exists only for satisfying the condition (3.65).

Of course, all the eigenstates are stationary. The eigenstate corresponding to A is
not orthogonal to the remaining two eigenstates, which excludes the ordinary probability
interpretation in terms of projectors.

Let us now calculate the diagonal values of this Hamiltonian function. The nonlinear
Hamiltonian is

3= ( Ei+ (8p>—20p*+16p—3) 8 Wi [2|W2 W1 s
H= ( R VY R TP BB Ey+ (—pd+4p2+ 1) ) (3.67)

where the state is assumed normalized and p = |(1|?>. The matrix is Hermitian and its
eigenvalues (=diagonal values of H) are

E: = %(E1+E2—2 (8p% —8p + 1)

*[(E1 ~ E2)* ~ 8 {(E1 ~ Ex)(4p’ — 6p% +4p— 1)

+2 (20p* — 40p® + 28p? — 8p + 1)}} 1/2). (3.68)
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The diagonal values are in the nonlinear case functions as opposed to eigenvalues which
are numbers and the number of them is always equal to the dimension of the suitable
Hilbert space.

The solution of the respective nonlinear Schrodinger equation is

Pr(t) \ _ [ P1(0)e—i(Brt2elos)—elos))t
( llJ;(t) ) B < Lp;(o)efi(Ez—zqag)76<03>2)t (3.69)

where the averages are integrals of motion. It follows that the eigenfrequencies are also
state dependent functions but di [er from the diagonal values.
Fig. 3.1 illustrates the mutual relations between the three definitions.

In linear QM mechanics observables correspond to averages and, at experimental level,
to random variables. With any random variable one can associate its higher moments.
The higher moments, on the other hand, can be used to deduce a probability interpre-
tation of the theory. Therefore, one of the essential points of any generalized algebra of
observables is the question of the representability of higher moments corresponding to
some given observable. In linear QM the problem is solved by the spectral theorem.

The first interesting result concerning the nonlinear eigenvalues, noticed by Weinberg
in [10], is the following

Lemma 3.1 Let F and G be two (1,1)-homogeneous observables possessing a common
eigenstate |Q[CJi.e.

6AA/$ =fys(a) andc.c, (3.70)
6AA/5[]JA/(G) =gys(a) andc.c., (3.71)
and Iet F |:G = 6,4,4/ 7&: 5G (3 72)
S A(0) 3P4 (0) '
Then
6AA/% =fgya(a) andc.c. (3.73)
Proof :
5 O(F [G) 5 5 (5 OF 3G )
B8 S0 (B) BB s (B) Y Swa(a) sya (o)
O2F 0G
= 6 /6 ’
AATEE (wB/(B)awA(a) WA (0)
N OF 302G )
3P4 (0) 3Y 5 (B)SY A/ (01)
= 6 62—':[“ ((x)
OB s B)oWA@)
+5 llj (a)62—G
BB A W (B)oWA (a)
= fgus(B)
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where in the last step we have applied the (1,0)-homogeneity Euler condition for the
derivatives over (.0

The homogeneity implies that an average of F in an eigenstate is equal to the re-
spective eigenvalue. For finite dimensional Hilbert spaces we know also that a number of
eigenvalues is not smaller than the dimension of the space (a result from the Morse the-
ory). Moreover, the eigenvalues are critical points of averages. For averages defined on
the whole Hilbert/projective space their maxima and minima must be found at critical
points (averages defined on a finite dimensional projective space are smooth functions
defined on a compact set). These facts suggest that the eigenvalues are correct candi-
dates for the results of single measurements of the generalized observables. However, the
following examples show that the problem is not that simple.

Example 3.5 The observable
_ My
Wifos|w
satisfies the KW requirements. Its eigenvalues are 1 so do not bound the averages. It
follows that such singular observables must be excluded if we want to have the probability
interpretation in terms of the eigenvalues. The algebra of observables would have to be
restricted to (1,1)-homogeneous smooth functions defined of the whole Hilbert/projective
space. This requirement is not very restrictive. Notice that no di [culties will appear if
we will apply to A the interpretation in terms of diagonal values or eigenfrequencies.O

(3.74)

Example 3.6 In QM we often encounter observables whose eigenstates are degenerate.
Consider now o[y
03

H=Ey= TTIERR (3.75)
Its eigenvalues are E = and E. The number of them is hence greater than the di-
mension of the Hilbert space no matter how small is. Again, no problems appear if
we apply the diagonal values or eigenfrequencies interpretation. Had we substituted the
first term with some (flEg) where E; 8 E,, we would have obtained the third eigenvalue
provided |E; — E5| < 6] | so that the eigenvalue will not appear for su [ciehtly small
This phenomenon seems to be related to the Kolmogorov-Arnold-Moser theorem where
a dimension of an invariant torus may not change with nonlinear perturbation if a non-
perturbed Hamiltonian system is nondegenerate and the perturbation is not too large
[30]. O

Example 3.7 Let

~ o |y Y
H=0|HyW&F =———— 3.76
m]l ()ILIJ L—lullp[—z—{\[_l ( )
where ﬁo = ((’flEg) Two eigenvalues corresponding to the eigenstates |+=[bf o; are

E, =E;+ and E_ = E,; + so are shifted by the same amount. The third eigenstate

occurs if IE, — Ey|
17 E2
>—— 3.77
1> = (3.77)
The third eigenvalue

Eg—El)%

1
Eo=z(E;1 +E2)+ (1—2N)(———
0= SE+E)+ (1 —2N) (S

(3.78)
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tends to E; with N - oo. Although such nonlinearities are not “simplest”, they are
su [ciehtly simple to be borne in mind in experiments whose ambition is to eliminate all
nonlinear corrections to QM. O

Example 3.8 Consider
o3|y 2]

H=Emy3 TR (3.79)
The eigenvalues are E and E + . Probabilities calculated by means of
[HE (E+ )ppie + Epp (3.80)
and the normalization of probability are
Pete = [BE  pp=1-[0s* (3.81)

We know that H [H has eigenvalues (E+ )? and E2, so we can calculate the probabilities
by means of [H [H & (E + )?pg.. + E%pg and the normalization condition. Since

H[HFE?+ (4 2+ 2E ), 21-3 a4 (3.82)
we obtain
_ (42+2E)GE-3 2@ M

pEJre_ E + p)

(3.83)

which is, of course, inconsistent with the previous result. The troubles arise because of the
nonassociativity of LJAn analogous result was derived by Jordan [20], who showed that
propositions cannot be defined consistently within the [=algebraic approach to Weinberg’s
observables. We conclude that [“dannot be applied for a definition of higher moments
and the above lemma is useless from the viewpoint of the probability interpretation. O

Next candidate for a single result of a measurement of some H is the diagonal value.
We have already seen that the diagonal values are state dependent functions. There is
no general guarantee that a diagonal value of an integral of motion is itself an integral
of motion. In fact, as the KW equations are not necessarily integrable for dimH > 2,
whereas the number of the diagonal values is equal to the dimension of H, the diagonal
values, for N > 2, can be time independent only for integrable systems. In addition, as
diagonal values are roots of algebraic equations, they even do not have to be di [erkntiable
functions of states. Therefore, we cannot find for them any general equation of motion.

In spite of these disadvantages the diagonal values are in some respects superior to
eigenvalues. If for two observables A and B the commutator AB —BA =0, then A and
B can be diagonalized simultaneously and the product AB has eigenvalues values being
products of the eigenvalues of A and B. This leads to the following unique probability
interpretation. Let U (Y, Y) be the unitary transformation diagonalizing H. Then

H =" E.(,0)I(U).> (3.84)

The functions p,, = [(U),.|?/ |y Care probabilities resulting from the higher moments
procedure.
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Let us recall that for two observables F G = FTG. The nonassociativity of Cib
reflected in the T=dlgebra of observables in the following non-uniqueness of T_lAlthough
always R

MQEHCO. )YEFEMH ... Hjp[O (3.85)

but for non-bilinear observables
HTI. M EH[-... A (3.86)

The eigenfrequencies approach can be applied only to systems that are close to integrable
[30]. For finite dimensional Hamiltonian systems some general KAM theorems are known.
It is known that components of state vectors exhibit in such a case, unless some resonant
initial conditions occur, a quasi periodicity described by [10]

Pe® =3 culni...ny)e i 2 et (3.87)

ny..nN

where both the amplitudes and the frequencies are dependent on initial conditions, as
shown in our first example in this subsection, and the sums run over all positive and
negative integers. The form (3.87) of the solution is valid only if the frequencies are
nonresonant, which means that > n,w, 8 0. Now, following Weinberg, we note that
both

mpE> Y S ck(nl...nN)Ek(n’l...n&)exp(—iZ(nV—n;)wl,t) (3.88)

! ’7
k mi.nN il

and
- 0H _ o d
H = ;wka—%—lzk:%dt%

ST > ekl np)e(n) ...nYy)

kE ni..nynf..n’;
x (Z nywl,)exp (—i >, - n’y)wl,t)
v 14

are, on general grounds, time independent. The condition of nonresonance means that
the only time independent terms that can contribute to [i| Cand H are those with
n, =n). Thus

MWD > fe(n .. )P (3.89)
k ni...
and
H=3"Seem . )P > no,. (3.90)
k ni... v

These formulas lead to the natural interpretation of the eigenfrequencies > n,w, as the
results of single measurements and the respective normalized coe Lciehts as probabilities.
The interpretation can be naturally extended to other observables by assuming that all
observables generate one parameter groups of canonical transformations via the Hamilton
equations of motion. The same result would be also obtained by means of the “standard”
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theory of measurements where we assume that the so-called pre-measurement is described
by an interaction Hamiltonian function which is proportional to the observable measured,
and that all the measuring procedures are based on measurements of observables that
are bilinear like in linear QM. To be precise, we must remark that this procedure (chosen
finally by Weinberg) is not unique either because there is no unique description of the
composite “object+observer” system even if the observer is assumed to be linear (see
remarks in the section devoted to observables).

To better understand the mutual relations between eigenvalues and eigenfrequencies
it is interesting to compare the two notions in situations where a number of eigenvalues
is di [erent from this of eigenfrequencies.

Example 3.9 We know that

[os|p ]
L e (3.91)
has three eigenvalues E = and E. The eigenfrequencies are
EiW.¢) = E+ (3M05(- 2005 (3.92)
Ex(,¥) = E+ (=31 2[as) (3.93)

The three eigenvalues correspond to eigenvectors satisfying

0 for y°
oy = 1 for y!
-1 for Y-t

In this notation

E.(v%,9%) = E with probability p; (y°, $°) = 1/2
E2(0°,9%) = E with probability p»(y°, ¢°) = 1/2
E.yhy)= E+ with probability p; (!, p!) =1
E»(W!,¢')= E—5  with probability po(¢*, y1) =0
E.(@~',0 )= E+5 with probability p;(¢~*,u~*) =0
Eo(why )= E-—- with probability po(@—1, 1) = 1.

As expected even in an eigenstate there are two eigenfrequencies. The ones which are
not equal to the eigenvalues occur with probabilities 0.0

A reader of the main Weinberg’s paper may be a little bit confused with what he
finally understands as a result of a single measurement. A half of the paper suggests
that this role will be played by eigenvalues, then he defines probabilities in terms of
eigenfrequencies and, finally, in his analysis of a two-level atom he treats dilerknce of
eigenvalues as the energy di [erknce while the di [erknce of the eigenfrequencies is treated
as the frequency of the emitted photon. It seems that from the viewpoint of the analysis
above the eigenfrequency di Lerknce should be treated as the energy di[lerkence of atomic
levels.

I think that each of the three possibilities lacks elegance and generality. Therefore in
the last chapter of this work we will attempt to develop a version of nonlinear QM where
observables will remain like in ordinary QM.
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Finally, to close the variations on probability interpretation, let us outline some other
general possibilities of the relations between averages, probabilities and values of single
measurements.

We have stressed several times that in the Hilbertian formulation of QM the Hamil-
tonian function is not equal to the energy because the states are not asumed normalized.
This freedom may be useful. Notice that observables in physics in general are identified
by means of their algebraic properties or the way they change under an action of some
symmetry group. It is reasonable to expect that a modification H of some bilinear

Hr = mHoly O

will have the same transformation properties as Hy,. If we add some nonlinear term to
Hy we will generally change its transformation properties. Therefore it seems we should
consider the generalized observables of the form

H = 1(W, $) M[Ho |y O (3.94)

where 1 is (0,0)-homogeneous and depends on ¢ and Y only via averages of Casimirs
of the symmetry group and/or, perhaps, superselection operators like charge. It can be
proved easily that | is in such a case an integral of motion, and we can define average
values by _
_H@.w (3.95)
(W, )My

The evolution in each eigensubspace (“superselection sector”) of the Casimirs and the
superselection operators would be linear, but with dilerent “fundamental constants”.
The linearity of the evolution would be violated only for states that are initially superpo-
sitions of states belonging to di [erknt sectors. It is obvious that the definition of averages
would eliminate any di Cculties with probabilities and eigenvalues.

Another general line of extentions would be to consider observables whose nonlin-
ear parts vanish on normalized states. For instance the following modification of the
Bialynicki-Birula—Mycielski equation

i%wmc (Ho + b Infi|y jy I (3.96)
leads to two inequivalent definitions of averages. One is

W|Ho + binm@w R T HW, W) _ m[H|w]

= = bl ] 3.97
= oy o (3.97)
and the other is _ R
RTIRN [ Y
(T~ ~mo (3.98)

The distinction between the generator of evolution and the observable energy may be one
of the ways of introducing nonlinearities without a [edting the linearity of averages. Such
a distinction between Hamiltonian and energy appears, for example, in some versions of
symplectic formulation of field theories [29], and the dynamics so derived would have to
be treated as a dynamics with constraints [38].
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Figure 3.1: Eigenvalues, eigenfregencies and diagonal values are in the nonlinear case
completely di[erent concepts.
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Chapter 4

COMPOSITE SYSTEMS
AND NONLOCALITY

One of the most often quoted “impossibility theorems” about nonlinear QM is that any
such theory must imply faster than light communications. We will argue in this and last
chapters that this statement is too strong. In fact, we will show that there exists a rich
class of theories where the mentioned phenomenon does not occur. As we shall see the
theories must satisfy two conditions.

1. Their interpretation must not be based on the “collapse of a state vector” postulate.
It means that any reasoning based on this postulate has to be regarded as unphys-
ical. (In linear QM there exist such limitations. For example, all “counterfactual”
problems like EPR paradox or Bell theorem can be eliminated trivially by reject-
ing reasonings involving alternative measurements.) Interpretations of QM that do
not introduce the collapse (projection) postulate exist, to mention the many worlds
interpretation [42].

2. Observables corresponding to subsystems must be functionals depending on density
matrices of those subsystems.

In the last chapter we shall prove some general, quite strong theorems related to the latter
condition. Here, we shall limit ourselves to several simple examples showing di [erent ways
of making quantum mechanical nonlocality “malignant”, to use the marvelous phrase of
Bogdan Mielnik.

It seems it was Nicolas Gisin who noted for the first time that a nonlinear evolution can
lead to a faster-than-light communication between two separated systems. His argument
was the following [43]. Let H be a finite dimensional Hilbert space, |y;[J[¢; CICH,
i=1....n,j=1,...,m, I;|y; =F [@|e,;=F &;. Then the following lemma holds.

Lemma 4.1 If for some nonvanishing probabilities x;, y;

>l ;| = y;lo; 09| (4.1
i J
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then there exist two orthonormal bases {|o; 1 {|B; 3 in some Hilbert space H’ and the
state

Vv_ _
xS VR a3 Vyile, Cop o (4.2)
i J
0O

The proof can be found in [43]. The meaning of the lemma is that the two decompositions
of the density matrix can be obtained by means of the EPR correlations. Indeed, we can
take the density matrix |x[I}| and trace out H’'. The resulting density matrices are these
appearing in the lemma. Assume now that we have a nonlinear evolution of pure states

[W; O | B gq (JW; [ ]). (4.3)

Then, in general,

D %0 (10 ML) 8> y;0:(lo; T8 ) (4.4)
i J

even if initially the two decompositions were equal. The important assumption leading to
the faster-than-light communication is that each of the pure state sub-ensembles evolves
according to (4.3), even if the whole state is given by their convex combination. This
seems reasonable if we assume that the ensemble consists of the collapsed sub-ensembles.
If we apply some “no-collapse” interpretation then the argument cannot be consistently
formulated. However, it has to be stressed that the form of the evolution appearing in
(4.4) can be derived from quite general assumptions. It has been shown in a rigorous
way in the language of the theory of cathegories by Posiewnik [44] that this form is
implied by Mielnik’s definition of mixed states as probability measures on the set of pure
states. This remark has quite nontrivial consequences: The description of mixed states
in terms of probability measures (Mielnik’s “convex approach’) combined with putative
nonlinearity of the Schridinger equation leads to faster that light communication. If one
wants to get rid of such di [culties one cannot keep the figure of states convex.

Returning to Gisin, in his second paper [45] he considered an example of a nonlinear
evolution taken from the Weinberg paper [10]. Consider an ensemble of pairs of spin-1/2
particles in the singlet state and assume that in one arm of the experiment the evolution
is given by the Hamiltonian function

[W|os w2
Myo”

An experimenter in the other arm chooses between two settings of his Stern-Gerlach
device and decomposes, by means of the EPR correlations, the ensemble in the other
arm into subensembles corresponding to, say, spins up or down in the z direction, or
spins up or down in some u direction tilted at 45° with respect to the z-axis. The
evolution equation, up to an overall phase, is given by

(4.5)

.d
i1 G 200, G|y (4.6)
If the initial state is either up or down in the z direction the evolution is stationary and

the average of o5 is always zero. If the state is either up or down in the u direction the
spin is precessing around the z axis but the sense of the rotation is opposite for the up

34



and down states. After a time of a quarter of the “Larmor period” the spin will have the
same positive value of [a, LJANd this result can be detected by an observer in the arm
with the nonlinearity.

As we can see Gisin in both of his proofs has completely ignored details of the de-
scription and the evolution of the “large” system. To be precise he should rather define
a Hamiltonian function of the two arms, then solve the nonlinear Schrodinger equation
for the whole system or calculate the evolution of the average of o5 in one arm. This
is the crucial point. We know already that the description of composite systems is not
unique as long as we know only the evolution of pure states of subsystems. It will be
shown below that the Gisin’s telegraph will never work if we describe the whole system
in a correct way. It will be shown also that his proof is valid for the specific choice of
the description proposed by Weinberg.

But before we shall pass on to the details of the calculations let us consider another
“general proof” which was formulated by myself independently and simultaneously with
this of Gisin [46]. Consider the situation depicted in Fig. 4.1 (for a detailed description
of the polarizing Mach-Zechnder interferometer (PMZI) see Appendix 8.4.3). Kets rep-
resenting, respectively, right- or left-hand polarized photons travelling to right along the
horizontal “x” axis, evolve in the interferometer in the following way (the index y means
that the photon travels along the vertical “y” axis):

[+, x00 25 i,y 3D i+, x 3 e+, xO

B i:%em(i|+,y9|+,xm (4.7)
|- x00 25 = x32 |+, x3FE |+,yO

2% (il X [+ y) 8)

Here a denotes a phase shifter which introduces a phase shift a, A/2 is a half-wave plate,
BS; is a polarizing beam splitter, BS, a non-polarizing one, and M; and M, are mirrors.
A transmitted beam is always phase-shifted by m/2 with respect to the reflected one [47].
Let us consider now the following two cases:

(1) A source produces a linear polarization state, say
= a%(|+,x|3— |—, xD1 (4.9)
The M-Z interferometer acts by means of (4.8) thus the whole state transforms into
[UgEES %(i(ei‘Y + 1)+, X3 (1 — e")|+,y[d (4.10)

We observe an interference between the two outgoing channels. In particular, for a =0
the whole beam goes through the x channel.

(2) A source produces a singlet state [47]

o 3%(|+,—X[]3-,XI3- |—, —x034, x0)J (4.11)
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where the photons in a pair travel along the x axis but in opposite directions. Now the
whole system consists of two separated subsystems, I and II, where in I the photons
enter the M-Z interferometer. This subsystem is described by a reduced density matrix

1 1
P = Tro|@| = 5|+, X[, x| + |- x[H, x| (4.12)

and is therefore in a mixed state. No interference should be observed, as there is no co-
herence between the incoming right- or left-handed photons. Indeed, the transformation
(4.8) transforms the density matrix into

1 1
Py = §|+'XDE,X| + §|+,VDE,V|, (4.13)

hence the intensities of beams in the outgoing channels are equal and independent of the
optical retarder. .

This property of the singlet state was considered by Pykacz and Zukowski [47] as the
proof that a superluminal signalisation is impossible in this experiment. This is obviously
true in linear quantum mechanics.

Let us, however, recalculate the problem in a di [erent way.

We must obtain an identical result if we first transform the whole singlet state ac-
cording to (4.8) then form a density matrix of the whole system, and, finally, take the
trace over II.

The whole state transforms as follows:

lo' = L(ie’™ |+, —xOF, xO —e' |+, —x[F,y
i = —xOF, xO + | =, —x03F, y )l

Now we can explicitly see why there cannot appear interference in I. The linear de-
pendence of the states which interfered in the linear polarization case is destroyed by
orthogonality of their singlet state partners. The lack of the interference in I is therefore
a nonlocal phenomenon. The two explanations of the lack of interference are, unfortu-
nately, experimentally indistinguishable. As long as ordinary linear devices are applied
to the subsystem II no possibility of a signalisation between I and II is possible, be-
cause the kets will always evolve according to some unitary transformation and remain
orthogonal.

We know that nonlinear evolutions in a Hilbert space do not conserve scalar products
(the “mobility phenomenon” [16]) and states that are initially orthogonal may loose their
orthogonality during the course of the evolution. It is clear that if we will violate in IT the
orthogonality of |+, —x[and |—, —x[because of some nonlinearity then the photons in I
will start to interfere and the interference will be the stronger the more violation of the
orthogonality has been obtained. Putting it di[erently, tracing over a space where the
evolution does not conserve scalar products may result in some “remains” of the traced
out system in the reduced density matrix describing the remote, separated system.

This argument looks general but a careful reader has probably noticed that one ad-
ditional assumption has been smuggled here: It is implicitly assumed that a nonlinear
evolution in H can be extended to H [CHI in such a way that a solution describing the
composite system is of the form

(4.14)

oA |’ (T30 (4.15)
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where [@[and |’ Care solutions of the subsystem’s nonlinear evolution equation that are
“in mobility”, that is whose scalar product is not conserved. This assumption is a strong
limitation. In fact, it never occurs if separated systems are described in a correct way.
However, the proposal of Weinberg does allow for such pathological solutions.

In what follows we shall formulate the arguments of Gisin and myself in a precise way
within the framework of Weinberg’s approach.

Let us assume that we have two separated systems, I and IT, described by Hamiltonian

functions 031X 2
_ o
H6.5) = E@IOL  Ha(x, ) = B RIX > XslXD) (4.16)
XIxd
According to Weinberg, the Hamiltonian function of the whole I+II system is given by
HW, W) = Hidaw. $u) + D Ha(Xewy Xw)- (4.17)
l k
where ¢y = Xk = Y-
A general solution of
.dy, _ oH
—r = 4.18
"ot~ au, (4.18)

with H given by (4.17), in a basis diagonalizing o3, is

V= ( ti $;§ ) - ( :;((' gs,l/ ) = |8 @I |&, CIJqIc] (4.19)
where IEI EES (3)! IEQE: (2), o= EXp(—lElt) and |(p|3: ( )' NJE: ( :) are some solutions

T x
Yy Yy

Ae—{E2+e(A-B)(A+B) *(A+3B)}t—is
WO (O s s ) (420
: d ol @ _ Mo
R 03l.|J 0'3qJ
—|WEF Ep + (2 - O 4.21
gV (25 S S 9 (4.21)
resulting, via the Hamilton equations, from the Hamiltonian function
Ha(0,§) = By oD (4.22)

Myo

Like in ordinary quantum mechanics, the state evolves here by means of separate evolu-
tions of the “collapsed states”.

Now, if [P [k a solution of (4.21), then |@ == io2|Y Cis another solution corresponding
to the same mean value of the energy, and we get

MileE= ZiVEsin@ (A—B)(A+B) 't+3). (4.23)

For 20, AB 80,5 =0, and A & B the states are orthogonal for t = 0, but later loose
their orthogonality, although the norm of each of them is conserved. This is an explicit
example of the mobility phenomenon.
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The Hamiltonian functions

Hi, ) =Y Hiw. §p) and  Ha@W, 1) = Ha(X(: X)) (4.24)
l k

commute because Hi (Y, ) = E; I, Y1 Keeping in mind that there is no interaction
part in H, we conclude that there is no flow of energy between I and II.

Let us now calculate the reduced density matrix of the linear subsystem I. With the
notation of (4.19), we find (we take normalized states)

pr = (& [IE| + &8 (4.25)
+ Wl T + (@0 0 (L. (4.25)

The o[=diagonal elements vanish in the linear theory ( = 0) if initially the states are
orthogonal, and we get a “fully mixed” state. For £ 0 these coherences oscillate with
the mobility frequency given by (4.23). There therefore exist observables whose average
values oscillate in this way. For example, the components of spin satisfy [a} (3= [ak 3= 0,
but v

[0, G Im@YEF=2 ABsin(4 (A—B)(A+B) 't+3). 4.27)

The result that has been derived is in agreement with our general analysis. Let us return
to the example with the interference and assume that we introduce in IT an optical device
that induces the nonlinear evolution discussed above.

According to the superposition principle, the source emits pairs which are superpo-
sitions of the states corresponding to results (+,+) or (—,—). Once the “left” photon
enters the non-linearity region, the superposition starts to evolve like the state (4.19).
The right- and left-handed states start to rotate around each other because of the mo-
bility phenomenon. Their partners do not interfere as long as the states are orthogonal,
but the “less orthogonal” they are, the stronger the interference of their partners. It
follows that the intensities in both of the outgoing channels of the M-Z interferometer
in I start to change. In the beginning of the process the intensities were equal. At
the moment of time in which the orthogonality is broken in the strongest way (let us
accept, for inessential simplicity, that the two states are then proportional to each other;
for reversible evolutions, the states can be arbitrarily close, but never proportional) the
interference is strongest and, for a = 0, the intensity in the y channel is 0, while in the
X one it is maximal. After this extreme point, the mobility starts to make the states
“more and more orthogonal”, and the interference becomes weaker and weaker. At the
moment when the states are again orthogonal the intensities are again equal. And so on.
The outgoing intensities must oscillate with the mobility frequency which agrees with the
result of the calculation.

Another way of viewing this phenomenon can be the following. We know that the
interference does not take place if one knows a path of a particle (say, a photon) in an
interferometer. This observation inclined many people to propose the so-called delayed-
choice experiments. It is sometimes believed that this interpretation means that the
photons in one arm of the interferometer can interfere until a remote observer in the
other arm makes an experiment which determines their paths in the interferometer.
Such an indirect measurement could be possible if there were a one-to-one relationship
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between a trajectory in the interferometer and the results of the remote measurements.
This, on the other hand, means that the state of the whole system takes the form

Y = |yesone route[ 3 |nolJanother routel] (4.28)

where the kets |[yes[and |noCinust be orthogonal since correspond to di [erknt results of
measurements made by the remote observer. But our earlier analysis proves that there is
no interference in such a case. Therefore the question whether the experiment is delayed
or not, is inessential. It is important that in principle one can make such an experiment.

Now, what happens if the photons traverse some non-linear device which intro-
duces the mobility of initially orthogonal states |yes[Cand |no[Cbefore they reach the
remote observer? The stronger the violation of their orthogonality, the less information
one gets about the trajectories in question. In the extreme case of the mobility, say
lyesL |yesC]noCh |yes[dthe result “yes” tells us nothing about the trajectories in the
other arm, and then one obtains the strongest interference. Again, the “more orthogo-
nal” the states are, the greater the probability of a correct prediction of the route of the
photons in the interferometer and the weaker should be the interference. By the way, this
analysis helps to unify the well known “Feynman rules” for calculation of probabilities in
QM: We add amplitudes in case we do not know trajectories, and probabilities in case we
know them. The above analysis shows that we always add amplitudes, but the knowledge
(in principle or actual) of trajectories is possible if and only if the states corresponding
to dilerkent trajectories are correlated with mutually orthogonal states and then there
is no interference terms in the probabilities because of the same reasons as there is no
interference in our Mach-Zehnder interferometer.

Let us complete the analysis of this part with two comments.

1. The telegraph is based on the fact that an average of an observable in the lin-
ear system I depends on parameters of the Hamiltonian function of the nonlinear
system II. Recalling the form of the Poisson bracket equation for observables A,
related to I .

A; ={A;,H; + Ha} (4.29)

we can see that such a dependence is possible if and only if
{A;,H:} B O. (4.30)

It is an easy exercise to check that this condition is met indeed in the case of
A = [l|os|@Cand Hy from (4.17). It follows that the necessary an su [cieht con-
dition for elimination of telegraphs based on the mobility phenomenon is that any
observables corresponding to separated systems must be in involution with respect
to the Poisson bracket generating the evolution of observables. The observation
that such observables are not necessarily in involution in the Weinberg approach is
due to J. Polchinski [18].

2. If one of the systems is linear, then the telegraph based on the mobility phenomenon
can be used for sending information only from the nonlinear system to the linear
one. In Gisin’s telegraph one utilizes the remote preparation of mixtures entering
the nonlinear system. Accordingly, this kind of telegraph works in the opposite
direction hence cannot be equivalent to this based on the mobility phenomenon.
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Let us describe now the Gisin’s telegraph [48]. Consider again the same Hamiltonian
functions of the subsystems and the Weinberg’s description of the whole one (Eqgs. (4.16)
and (4.17)).

The sender is free to choose a basis in his Hilbert space by a rotation of his Stern-
Gerlach device. Let the unitary matrix with unit determinant

( _“E g ) (4.31)

describe the freedom in the choice of bases in the linear subsystem and the relation
between the components of the whole state in the chosen basis and in the spin up-down

one is given by
Pii P2 Y\ _ [ o B Wiy Uy
(wm ¢22>_<—l3 a><w_+ w) (4.32)

The state is initially the singlet, which means that

(%1(0) ¢12(O)):%(0 B)(O 1):3,L_(—§ 0‘-)_ (4.33)

W21(0)  Y22(0) -8B a -1 0 2\ —a —B

Finally the solution for the whole system is

i —ex? _ e—iQEXt aeiQeXt
W+ "%e (ErtEp—eX )t< _Bc_xeiQEXt —Be—izeXt ) (4.34)

where X = |B|?> — |a|?. The reduced density matrix of the nonlinear system II reads
pll = %1 + Re(ap)sin(4 (Ja* — [B|*)t)os + Im(aB)sin(4 (Jal* — [B|*)t)o;.  (4.35)
The average of g, in the nonlinear system is
(@, (3 2Re(ap)sin(4 (la]* — [BI*)t) (4.36)

hence depends on the choice of basis made in the linear one.
Notice that since the Hamiltonian function of the linear subsystem is proportional to
[Wi|w it is in involution with any observable. In particular

{@LH} =0 (4.37)

which means that the commutability of observables corresponding to separated systems
is not a su [cieht condition for the nonexistence of faster-than-light telegraphs. The
dependence of [, Con o and B follows from the dependence of Hy on these parameters.
We have remarked already in the chapter dealing with observables that the Weinberg’s
choice is basis dependent: By a change of basis in I we can change a value of energy in
II.

It becomes clear now under what conditions this kind of pathology can be eliminated.
Consider a density matrix p describing a “large” system. A change of basis in a subsystem
I is represented by the unitary transformation

p B Uy CI4pu;* 1. (4.38)
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Any function of p that can be written in a form of a series

f(p) =) sip" (4.39)
k

transforms in the same way. It follows that all expressions like
Tr (f(p)1; CAL) (4.40)

are Us-independent. Also all functionals depending on reduced density matrices of sub-
systems are independent of changes of bases outside of those subsystems. In the last
chapter we shall prove a general theorem stating that if two observables depend on re-
duced density matrices of di [erent subsystems then they are in involution with respect
to a large class of brackets. In such a case both kinds of telegraphs will be eliminated.

The last point that has to be explained is the question of uniqueness of the description
of subsystems. We have shown already that a knowledge of observables on pure states of
subsystems does not determine their form if the subsystems are correlated with something
else. Here we will show that observables that di[ed only on mixed states will, in general,
generate di Lerknt evolutions of subsystems.

Consider our “canonical” example (4.16) but rewritten in a form including density
matrices. For the sake of clarity let us also substitute a more general matrix

=(4 %)

V-
for os.
We have now an infinite number of possibilities. The simplest nontrivial ones are
Trps")?
Hi(p1) = E1Trpy, Ha(p2) = ExTrps + % (4.41)
2

and

(Trp2")* Tr(p3)
Trpy (Trpg)?’

Let pry = >, mekqjml denote the components of the reduced density matrix ps. The

Hamiltonian function of the whole system is

Hi(p1) = E1Trpy, Ha(p2) = ExTrpy + (4.42)

H(p) = Hi(p1) + Hz2(p2). (4.43)
The two forms of Hy lead, respectively, to the following two evolution equations
d .Trps”
qiPH = —2i TrprQ Pri( & — 1) (4.44)
and d Trpy”™ Tr(p3)
a 5 1TPp2 TT(P3 _
el 2A— 0y (TT00)? Prt( k= 1) (4.45)

where the expressions involving traces are integrals of motion. The equations are di [ert
ent.

There is only one way out of the above dilemma: The description must from the
outset be given in terms of density matrices. This remark will be the departure point for
the new version of nonlinear QM proposed in the last chapter.
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Chapter 5

A TWO-LEVEL ATOM
IN NONLINEAR QM

Since the present-day ion trap experimental techniques enable unprecedently precise mea-
surements of quantum optical properties of atoms, the question of a correct description
of a two-level system in nonlinear QM has accuired particular importance. The aim
of the analysis below is to clarify some elementary features of the nonlinear formalism
involved in calculations of such problems. Therefore, the content of this chapter should
not be understood as a complete, unique solution or systematization of all the questions
encountered. Still, I hope that | have managed to point out some elements essential for
correct calculations in practical, experimental situations.

5.1 A Fully Quantum Approach

In linear QM a two-level system is mathematically equivalent to a spin-1/2 nonrelativistic
particle. All the examples discussed in this work were based on a two-dimensional Hilbert
space and the reader may have a feeling that they could be applied equally well to both
spin-1/2 particles and two-level atoms. This kind of conviction has been shared by
all the authors (including Weinberg himself) dealing with theoretical and experimental
aspects of nonlinear QM. The main result of this chapter, as we shall see later, is that,
paraphrasing G. Orwell’s words, in nonlinear QM all two-level systems are two-level but
some of them are more two-level than others.

We shall assume that the supposed nonlinearity is of purely atomic origin. This means
that we shall consider the atom as a nonlinear subsystem of the larger “atom-+field”
system where both the field and interaction Hamiltonian functions are linear in density
matrix. (The papers discussing the problem can be divided into two groups: Either
the authors do not care about the description of the “atom+field” composite system or
treat it in the way proposed by Weinberg. We know that none of them can be correct
unless the atom and the field are in a product state, which is typical for semiclassical
treatments. It follows that no really quantum description of the problem has been given
as yet.) We shall assume also the dipole and rotating wave approximations. To clarify
the role of the latter we shall treat both Am = 0 and Am = 1 cases.
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We begin with the form of the atomic Hamiltonian function. The simplest one (at
lest from the point of view of simplicity of calculations) is
(Trp?)?

Har[p] = TrpHL + Trp (5.1)

where I:IL is the linear Hamiltonian of the atom and ~ is an operator commuting with
Hz. Assuming that we consider the atom in a pure state p = |Q[i] we find that a
general solution of the resulting nonlinear Schrodinger equation is (in this chapter we
shall use the ordinary units with h & 1)

() = W(0) exp [~ (B + 2003 — T, (5.2)

The averages of ~ are integrals of motion and, of course, depend on all nonvanishing
components of Y[ This is an important point. In the analysis of a coupling between
the atom and an external electromagnetic field we meet two di [culties. First of all
we have to decide which states will be involved in the absorbtion-emission process. In
linear QM the situation is simple: We take two stationary states of the noninteracting
atom. In nonlinear QM the atomic nonlinearity may lead to stationary states that
are not orthogonal between one another. Atomic creation and annihilation operators
corresponding to such levels cannot satisfy ordinary anticommutation relations.

To avoid such complications the interaction term we shall choose will be defined in
the ordinary way, that is, in terms of creation and annihilation operators corresponding
to the levels of the linear Hamiltonian.

Second, we cannot a priori restrict the atomic Hilbert space to two dimensions be-
cause a k-th eigenfrequency depends on amplitudes of all other components of | Cand
the evolution cannot be naturally “cut into N-dimensional pieces”. Of course, we cannot
also assume that only these j are nonvanishing which we are interested in (a probability
that in a given case we will find just those only nonvanishing ones is 0). Therefore, to be
perfectly consistent we should resign from the two level approximation in the interaction
term. We shall not, however, consider such complications although this approximation
will further restrict the physical validity of the calculations presented below.

Let by, bL be the k-th level atomic annihilation and creation operators satisfying the
fermionic algebra [bg, bj]+ = 9y, and a, af be the annihilation and creation operators of a
monochromatic photon field whose frequency is w. The choice of the creation-annihilation
operators language leads naturally to the following Hamiltonian function of the whole
“atom-+field” composite system

- ih
Har@.8) = 01> Fopblb, +Foala-+ 23 bbia - afbiby) w0
k
LTI, cbibsw )
=

The state in the Fock basis is [[= >, Wk, |kOhLI The nonlinear term is therefore
equivalent to

(5.3)

W CTHYE  (Trpar)?
@Yo Trpar 5-4)
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which seems natural but, as we have seen before, is only one out of the whole variety of
inequivalent possibilities. Such a description is consistent with the definition of the atomic
Hamiltonian function (5.1) (in this sense it is unique) and free from any “malignant”
nonlocalities. On the other hand it is in a mean-field style; we have remarked in the
section on observables that R
Trparpar

Trpar

would look more “fundamental”. Anyway, although the conclusions drawn on a basis
of such an analysis are limited in their generality, some choice has to be made and
calculations with (5.5) would be more complicated.

(5.5)

The Hamiltonian resulting from (5.3) is

Harp = > Rogblby +Foata+ "%q(b;bla —a'biby)
k
[T Y, kbEbxlw fr_ TS, kbfbely
+2 T ? kbLby, T (5.6)
and the nonlinear Schrodinger equation is
i le lNJlm|2 Zz lqulm|2 2
inp;,, = <hw; +2&2 - m + nhw Y1,
. {Ron >t Wi ? <2Mwm) o
i V_
—Eﬁq nYs 1
= Zl llLIJl'rnl2 Zl ll¢lm|2 2
ihys, = <Jhog+2=2 - m + nhw ¢ Psp,
LIJ2 { ? Zlm |qum|2 ? ( Zlm |qum|2 ) }LIJ2
+%ﬁq n+ 1l“1,n+1
= Zl lll-IJl'rnl2 Zl lll-IJl'rnl2 2
inp,, = Jhw,+25&=m - m + nhw -
qu { ¥ Zlm |l~|Jl'rrL|2 i ( Zlm NJlmP ) }qu
fork > 2. (6.7

Writing Yr, = Ak, exp(—iag,/h) we find that for k > 2 Ay, = const for all n. Since
also Qs time independent (hereafter we put [C== 1) it follows that for k > 2 the
exponents depend on time also via M| 12|W = Y, (1|Winl? + 2|W2,]|?) whose explicit
form has to be determined. Decomposing

@l W0 = S+ 200 + bW SWIC — )b — bib) ]
= (1+ 2)MRYEE (2 — 1)WIRs|WL] (5.8)

where the first expression is an integral of motion, we see that the problem reduces to
calculating [I|Rs|yCWhich is one half the atomic inversion. Denoting € = = [T}, the
total Hamiltonian can be decomposed now into two parts

Hi = R(w—w1)Rs+2(2— 1)Tile|yRs +Foa'a
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ifg
2
Hy = h(w; +w2)Ro + Zﬁwkbzbk + 2[Milelw [ 1 + 2)Ro

k>2

+> " xbiby) — Mle|y (5.9)

k>2

+—(bib;a — a'blhy),

Operators, R3, Ri = (bjb; + biby), Ry = Z(—bib; + b{b,), a and al commute with H,
so that the evolution of the atomic operators R; is generated by the following nonlinear
generalization of the Jaynes-Cummings Hamiltonian

H, = hwgRs + 2 o Mie|y [R5 + hwata + 'ﬁTq(R+a —a'R.), (5.10)

where 0y = w2 —w; and ¢ = o — 1. To explicitly distinguish between initial conditions
and dynamical objects we shall decompose [i|e|y Cas follows

MW D klWrnl® + (1 + 2)MIR|YE oMIRs|W = A+ (MRs|y O (5.11)

k>2n
where A is a constant depending on initial conditions. Denoting further
hwg +2 )A=hw), 2 2=Hh (5.12)

we finally obtain
H, = hw)Rs + h [MI|R3|Y[R; + hwa'a + IﬁTq(RJra —a'R_). (5.13)

Itis clear now what is the actual meaning of the two-level approximation in nonlinear QM.
The evolution of the atomic operators R; is generated by a two-dimensional Hamiltonian
in analogy to the linear case, but the parameters of H, depend on components of the wave
function corresponding to the levels being outside of the two-dimensional Hilbert space.
On the other hand, the phases of the remaining components depend on the average of
the atomic inversion of the two levels.

(It has to be stressed here that one can consider a quantum system whose Hamilto-
nian function is a sum of a linear term and some nonlinearity which involves only spinor
components of the wave function. Formally, such a case would be equivalent to a com-
posite system whose constituents are a scalar particle that evolves according to the laws
of the linear QM and some nonlinear two-level system noninteracting with the parti-
cle. We know that various solutions of the nonlinear Schrodinger equation, including the
product one, will exist and no components other than the spinor ones will be involved
in the nonlinear part of the evolution. Systems with nonlinearities of this kind would be
“truely two-level” as opposed to the systems which are two-level in the sense specified
above.)

Our next task is to find and solve an equation for the atomic inversion. The Poisson
bracket evolution equation reads

i S IR0 = IRy, il = SR a+a'R_ Y0 (5.14)
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so is just like in linear QM [49]. Following the notation of [49] the second derivative is
found equal

d? 1q
WENR:sNJD: ﬁ§ﬁﬂ|[R+a+aTRﬂH1]NJD
~ 1
= —QWIR,(N + 3)ly0
+§(A’ + [Rs[WOTGIR  a— afR_[y] (5.15)
where N = R3 +afa and A’ = o}, — w. Define

B= ) Ruildpnl’ +h(wr +02) WIRo YL (5.16)

k>2,n

Eﬂ|N|w CJlike in the linear case, is constant. In order to get rid of the average in the last
row of (5.15) we rewrite the whole Hamiltonian function as follows

Harp = hwayr =A?+B+hoMN|yO
ih
+RAWIRs | 3 3WIRsIWE+ SIMIR a— 'R WL (5.17)

Denoting w = 2[[I|R3|¢[Iws = A%/R, wp = B/R, Wpwa = Wayrr — 0p We finally get
W= 20 (0rwa — 0N F04)
J ~ 1
+( @rwa — oW EF0,) = A)w =g TIRs (N + 3) [

_§ A/WQ _ —2W3
4 8
We have met here the characteristic inconvenience of the Poisson bracket formalism of
nonlinear QM: The nonexistence of the Heisenberg picture. In the linear case we can
solve the Jaynes-Cummings problem completely, independently of any particular initial
conditions for states. Here the term II]]|R3(N + %)NJ Cinvolves correlations between the
atom and the field and | have not managed to express it solely in terms of constants and
w unless the state is an eigenstate of N, or a semiclassical decorelation is assumed. So let
initially the state of the system be a common eigenstate of R; and a‘a with respective
eigenvalues n’ and n. The atomic inversion satisfies then the general elliptic equation
[50]

(5.18)

.. 1 1 q° 1 3 2
— / 1! - 1A/ - _ A - _ > a2 3
W = 2A'(A'n +8)+((An +2)-n —2(N+2))W 7 AW —wt (5.19)
The general method of solving equations of the form
¥ = A+ By + Cy? + Dy? (5.20)

is the following. After multiplying (5.20) by y, integrating over t, and simplifying the
resulting expression we obtain

y? =a+2Ay + By? + %Cy3 + %Dy4 (5.21)
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where a is an arbitrary constant, which has to be determined from initial conditions. We
rewrite the equation in the more convenient form

y2 = a+ by + cy? +dy® + ey? (5.22)

and seek a transformation z = z(y) by means of which the equation reduces to the
standard elliptic form

2= (1 -2 —-Kk?*2?) = F%(2). (5.23)
Writing
y? =h*(y —a)(y = B)(y — Y)(y — 3) := G*(y) (5.24)
and defining
s _ (B-9)y—o
* T @au-B 629
s _ (B-y)(a—-3)
< T @nE-o) 29
M2 = B 5):01 —-Y) (5.27)
we obtain 1 dz M dy
FOq e (5.28)
hence
z =sn(hM(t — t;), k). (5.29)

The applicability of the method is up to problems with vanishing of denominators in the
above fractions. In such a case there exist other transformations analogous to these given
above [50].

Although we could try to find a general expression for the atomic inversion following
from (5.19) it seems more instructive to make here some simplifying assumptions. First
of all we can take the “two-level initial conditions”, that is, assume that the initial state
of the system is such that the only nonvanishing components of the wave function are
these with k = 1,2. Then hA’ = hA+ 2 — 2 where A = wy — w. (Let me remark
here that in most of the papers dealing with two-level systems (cf. [41, 8]) their authors
assumed that for the “simplest” nonlinearities 5 = 0 which seemed to suggest that the
nonlinearity must shift the resonant frequency. As we can see, the more symmetric “o3”
choice does not change the detuning.) Further, choosing the “detuning” A’ = 0 and
denoting 2/8 = 2¢2 we get

W= (2¢2 — QH)w — 2¢2wA. (5.30)
This equation can be solved immediately. For example, with the initial condition w(0) =

—1 we find
—cn(Qt,¢/Q) for Q>¢
w(t) = ¢ —sech(Qt) for Q=g (5.31)
—dn(ct, Q/¢) for Q<¢

The result is analogous to this of Wodkiewicz and Scully [41] who chose the Bloch
equations approach.
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It is an appropriate point for a brief comparison of our results with those of Weinberg
who chose his own, basis dependent description of the “atom+field” system. Consider
the same form of the atomic nonlinearity. The Hamiltonian function of the composite
system in the Fock basis (this basis was chosen by Weinberg) is

= ih
Har@.8) = @1 Ropblb, +Foala-+ S bbia - afbiby) w0

k
Py WX, £bbkP Y )
[

(5.32)

where P,, project on n-photon states. Assume now that initially the state of the whole
system has only one nonvanishing component {;; (one photon and the atom in the
ground state). It follows that only y;; and Yy, will appear in the nonlinear Schrodinger
equation. Our “nonmalignant” choice leads to the Schrodinger equation of the form

2+ 9Pl W11 ]? + 2] Pao)? 2
Fioor 4+ 2 1|W11] 2|W20 _ +Fw
{ ! Wi+ [Wool2 ( [Wi1]? + |Woo? ) }l“n

i“@n
——iﬁ 0]
> qW20

S 2+ 9Pl Pi1]? + 2|Wao|?y 2
iR — (R, + o t¥ul”+ ofxl”
qJQO { 2 NJIII2 + NJQ()|2 2 ( NJ11|2 + |l.IJ2()|2 ) }qJQO

i
"'EﬁqllJn, (5.33)

while the Weinberg’s one leads to

. 2 2,2
o
i
—Eﬁqll-bo
g _ 2|Wao|? 2|W20]? 2
ihpsy = {ﬁm2+2 TIE 2—( [Waol? ) }L|J20

Simplifying the fractions we obtain

Ay = (e + Dy — %ﬁqwzo
Ml = (Ao + 2)Wg + %ﬁqwn (5.35)

which are linear and the only modification with respect to ordinary QM is that the
energy levels of the atom are the nonlinear eigenvalues corresponding to the atom in
the absence of radiation. In addition, the “o3” nonlinearity satisfies ? = 2 so that for
this choice of the “simplest” nonlinearity neither the energy di[erknce nor the shape of
the inversion’s oscillation would be aledted, whereas we know already that the correct
description leads to elliptic oscillations even for w(0) = —1and N + 1 = 1.
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In the calculations in this section we have not needed any assumption about the
“smallness” of the nonlinearity. Moreover, as we have shown before, it is not evident what
is actually meant by a small nonlinearity. This lack of uniqueness is related to the fact
that there exist singular nonlinearities that are negligible in the lack of correlations, but
can become dominant if the nonlinear system in question correlates with something else.
Anyway, disregarding these subtle points it seems reasonable to expect that a physical
nonlinearity, if any, should be in ordinary situations small in some sense. Therefore, it
becomes interesting to understand in what respect the solutions we have found depend
on approximations. In particular the role of RWA should be clarified.

The easiest way of doing that is to consider transitions with the selection rules Am =
+1 involving circularly polarized light. It can be shown easily that the only dilerknce
with respect to the Am = 0 transitions discussed above is the necessity of substituting
qq for g2 in the equations for w, so that no qualitative change in the time dependence of
w will appear.

5.2 A Semiclassical Approach

The derivation of the nonlinear Bloch equations has been given shortly in the example
with the neoclassical Jaynes theory. We have seen there that Weinberg’s theory cannot,
in general, give predictions equivalent to those based on the neoclassical approach. Here
we will briefly follow the Wodkiewicz and Scully paper to compare their semiclassical
results with these given in the previous subsection.
The nonlineagjty chosen by Wodkiewicz and Scully corresponds in our notation to
o=0and ; = 2h¢. We know that this choice leads to the “detuning” A’ = A — 2¢.
If no spontaneous emission is introduced phenomenologically into the Bloch equations,
they take the form

u = —A'v—2qwv
v = ANu+Qw+2cwu (5.36)
W o= —Qu. (5.37)
Let now A’ =0. Then
u = —2cwv
v = Qw-+2cwu (5.38)
w o= —Qv. (5.39)

These equations have an additional conserved guantity
Q
u+v2+ Su (5.40)

which we shall put equal 0. Dilerkntiating the last Bloch equation we get

W o= —2¢Qwu— Q%*w
(2¢2 — Q%)w — 2¢2w? (5.41)

which is identical to our result (here, of course, Q is the semiclassical Rabi frequency).
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Chapter 6

REMARKS ON THE
MIND-BODY QUESTION
IN NONLINEAR QM

The present writer has no other qualification to o [en
his views than has any other physicist and he believes
that most of his colleagues would present similar op-

pinions on the subject, if pressed.

E. P. Wigner in Remarks on the Mind-Body Question

The problem of measurement seems to be the most profound di [culity of quantum me-
chanics. A very clear and concise presentation of the problem was given by Wigner in
his philosophical paper [51], a fragment of which has been chosen as the motto to this

chapter. The essential part of his argumentation goes as follows.

Let us consider (...) an initial state of the object which is a linear combi-
nation ay; + By, of the two states Y; and . It then follows from the linear
nature of the quantum mechanical equations of motion that the state of the
object plus observer is, after the interaction, ay, T+ pBWs xal If 1 now ask
the observer whether he saw a flash, he will with a probability |a|? say that
he did, and in this case the object will also give me the responses as if it were
in the state ;. If the observer answers “No” — the probability for this is
|B|?> — the object’s responses from then on will correspond to a wave function
W2. The probability is zero that the observer will say “Yes”, but the object
gives the response which Y, would give because the wave function (...) of the
joint system has no Ys [{d component. (...) All this is quite satisfactory:
the theory of measurement, direct or indirect, is logically consistent so long
as | maintain my priviliged position as ultimate observer.

However, if after having completed the whole experiment | ask my friend,
“What did you feel about the flash before | asked you?” he will answer, “I told
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you already, | did [did not] see a flash”, as the case may be. In other words,
the question whether he did or did not see the flash was already decided
in his mind, before | asked him. If we accept this, we are driven to the
conclusion that the proper wave function immediately after the interaction
of friend and object was already either y; [ or Y2 [xXd and not the linear
combination ayy, @+ By, [xd. This is a contradiction, because the state
described by the wave function ay; [ + By, [xd describes a state which
has properties which neither y; [ nor Yo [¢d has. If we substitute for
“friend” some simple physical apparatus, such as an atom which may or may
not be excited by the light-flash, this dilerknce has observable e [edts and
there is no doubt that ay; @+ B2 [xd describes the properties of the joint
system correctly, the assumption that the wave function is either y; [ or
Yo [d does not. If the atom is replaced by a conscious being, the wave
function ay; [ + Bwe xd (which also follows from the linearity of the
equations) appears absurd because it implies that my friend was in a state of
suspended animation before he answered my question.

It follows that the being with consciousness must have a dilerkent role
in quantum mechanics than the inanimate measuring device: the atom con-
sidered above. In particular, the quantum mechanical equations of motion
cannot be linear if the preceding argument is accepted... ([51], p. 179-180)

The last sentence was the main motivation for the inclusion of the measurement problem
in the work on aspects of nonlinear QM.

It seems that an unquestionable element of all the known approaches to the mea-
surement problem is the so-called pre-measurement procedure. The pre-measurement is
the stage before the moment the friend of Wigner “starts to realize” that he has [has
not] seen the flash of light. The pre-measurement prepares the initial conditions for the
forthcoming “actualisation” of the result of the measurement and, assuming that the
supposed nonlinearity of the evolution is “localised in the observer”, we return to the
theme tune of our work — the description of composite systems.

I have argued several times that the “collapse-like” description proposed by Weinberg
cannot be correct in usual situations, first of all because it is basis dependent. Never-
theless, we must bear in mind that so long as we are dealing with observers the linear
superposition principle is no longer valid for the observers themselves. This di [culty,
outlined by Wigner in the above quotation, is known as the pointer basis problem [52].
Putting aside the various theoretical proposals of its solution, we remark that once some
way of inducing the “pointer superselection rules” is given, no freedom in the choice of
the observer’s basis is left, and the Weinberg approach may be motivated. The point is
that results of single measurements are evidently, at least operationally, precisely defined
for an observer who notices the flashes of light. A technical di Cculity in a nonlinear
description of the collapse (a projection of a solution is not necessarily a solution) is in-
telligently passed round by Weinberg who introduces the collapse implicitly at the level
of the Hamiltonian function and not by means of some additional discontinuous evolution
law.

A modification of the observed (linear) system can, of course, exert an influence on the
observer; the Gisin’s telegraph belongs to such a class of phenomena, so may not be very
pathological in the context of measurements. On the other hand, the telegraph based
on the mobility phenomenon would lead to “telekinetic phenomena”. Indeed, consider a
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pre-measurement that produces an entangled state of a system and an observer. Let the
observed system be a two-level atom and an electromagnetic field, initially in the state

|13 |200Z |1103 2000 (6.1)

where the notation is like in the previous chapter. Assume that a Hilbert space of the
observer is also spanned by two states |+[1After the pre-measurement the state of the
joint system is

11033 |200%+ [ (6.2)

If now the observer’s state space undergoes a nonlinear evolution with the “o3” nonlin-
earity like in (4.16) then two possibilities occur. First, if only the |£[$tart to rotate
with the mobility frequency then the atomic reduced density matrix is like in linear QM.
However, if the nonlinearity violates the orthogonality of the states |13 1= |1+ [and
|00+ = |0—[{i.e. when the observer makes both his own consciousness and the inter-
acting photons evolve in a nonlinear way) then the atom starts to “feel” it. It follows that,
at least in principle, a suitable form of his “own” nonlinearity can enable the observer
influence in a statistically observable way (compare (4.27)) a behaviour of a random gen-
erator just by watching it! Notice that there is also some limitation on the possibility
of the influence. For consider a situation where there is a number of intermediate states
between the random generator and the observer, so that the entangled state takes the
form
(RIE SIESYMY L IE JIE S VAIESHIE S I L IE g

The random generator will “feel” the mobility only provided the mobility will involve
the underbraced states

(10 O3 L. |+, O3 0|20 32 0. | =5 03-L

In case the nonlinearity is more localized, say
|l[l3‘1 El}|_2 L. |+n[l3_|3_|2[ﬁ_1 EB_Q L. |_7L[I3_D
— —

then the generator’s density matrix does not contain the “malignant” terms (one cannot
influence the generator by watching it on TV; or, it is much easier to influence with my
thoughts my own finger than someone else’s).

The above phenomenon is present only if we assume the kind of description a la
Weinberg which is neither very elegant nor easy in practical applications. One may hope
that at least in the “correct” description no ways of exerting observer’s influence on
external world by “thoughts” or “intentions” exist. The following surprising example is
due to J. Polchinski [18] (the version presented here is slightly modified with respect to
the original one).

Consider a process involving four steps.

1. A spin-1/2 ion enters a Stern-Gerlach device, which couples to the linear spin o3
component and the beam splits into two, “+1” and “—1” sub-beams.

2. The “+1” beam evolves freely; in the path of the “—1” beam a macroscopic observer
(or a random generator) takes one of two actions: (a) nothing (say, with probability
A1), or (b) rotates the spin into the “1” direction with a magnetic field coupled to
02 (with probability A.).
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3. The two beams are rejoined and the ion enters a region of field coupled to the

nonlinear observable
f (Tr poy)?

Trp (6.3)
4. The observer again measures the spin with a Stern-Gerlach device coupled to os.

The steps 1 and 2 prepare the initial condition for the nonlinear evolution, and the
reduced density matrix of the ion after step 2 is

_ 172 0 3/4 1/4
Po=N ( 0 172 ) A < 174 1/4 ) : ©4)
The ion’s nonlinear Hamiltonian for the step 3 is

~ e 1Tpoy
H =2f Tro o1 (6.5)

where we have assumed the “correct” form of the evolution, i.e. that it is generated by
the Hamiltonian function depending only on the reduced density matrix of the ion. The
reduced density matrix satisfies

.. _ e Trpoy
ip=2f Tro [01,p] (6.6)
whose solution is
p(t) = e*2if<01>01tp(0)e2if(al)alt
= %1 + % (21 + 01 + 03 C0s 2N Ft + 03 sin 2}\2ft)_ 6.7)

In the analogous manner we can calculate the evolution of the projector Py = (1 +03).
We find in the “Heisenberg picture” (i.e. we solve the Heisenberg equations of motion
with the nonlinear Hamiltonian)

1
PL() = (1 + g5 c0s 2\, Ft [GFsin 2)\2ft). (6.8)
The linear case, where in step three the ion couples to the linear a;, would yield
1 .
PL(0) =5 (1 + g5 cos 2Ft [GIsin 2ft). (6.9)

Assuming that the time of the interaction during the third step satisfies 2ft = m we get,
in the linear case,
1
P+(t) = 5(1 [@) = P=(0), (6.10)
which means that the spin changes its sign during the evolution. In the nonlinear case,
however,
1 .
PL(t) = 5 (1 =+ 03 cos A, [Cadsin )\Qn) (6.11)

hence, in particular, the evolution of P depends on A, — the probability of one of the
two actions taken by the observer or the random generator in case the spin turned out
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to be —1. The result means that the evolution of the ion depends on “intentions” of the
observer concerning his possible actions he would have undertaken had the spin of the ion
turned out to be —1 — even in case the spin is +1 and the observer is passive! The point
is that we assume that the ion evolves linearly after having left the nonlinearity region,
so that we can apply the ordinary interpretation of results of single measurements. For
example, for A, = 0, that is when the observer is decided not to take any actions, the
spin state of the ion would remain unchanged. In the opposite case, A, = 1, the evolution
would be like in linear QM.

I cannot find any mistake in this reasoning. Notice also that since the interpreta-
tional background must be some “no collapse” interpretation of QM, the e [edt means
that diCerent (Everett) branches of the Universe can somehow influence results of sin-
gle measurements, which is not so bizarre if one accepts the spirit of the many-worlds
interpretation.

It seems that the essential point of this argumentation is the assumption that a single
member of a beam of ions is described by the same density matrix as the whole ensemble.
This is exactly opposite to the reasoning leading to Gisin’s telegraph. And 1 think this
example indicates one of the most fundamental conceptual, or practical, di Cculties of
nonlinear QM: The fact that we do not really know how to treat beams of sigle objects.
Intuitively, weak beams should be “linear” while strong ones could be, perhaps, “non-
linear” in some mean-field sense. The second hint for futher generalizations of linear
QM is a possibility, suggested by Wigner, that the only domain of fundamental nonlin-
earities could be the consciousness of observer. Then the density matrix representing
the consciousness could evolve nonlinearly and no decompositions of the observer into
sub-ensembles would make any sense. Still, the Polchinski’s phenomenon can describe
something like intuition: A perception of a single event depends on the overall property
of an ensemble of such events since the whole density matrix is involved.

A question that arises immediately is how can we distinguish between systems that
are “conscious” (observers) and “non-conscious”. The only natural characterisation that
comes to my mind is the way they behave from the point of view of information gain —
the notion defined in theory of information.

This viewpoint will become the starting point for my own proposal of nonlinear QM
presented in the next chapter. It seems it is the first version of the theory free of all the
main di Ccubties presented until now.
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Chapter 7

ENTROPIC FRAMEWORK
FOR NONLINEAR QM

This chapter is devoted to a new proposal of a general framework for nonlinear QM.
A fundamental drawback of the Hamiltonian generalizations a la Kibble or Weinberg
is, as we have seen, the fact that one has to modify observables in order to modify
dynamics. A modification of observables will, in general, lead to the known problems
with results of single measurements and probabilities. These, on the other hand, form
the fundamental physical and mathematical body of the theory. Physically, averages are
inherently linear concepts and higher order moments of observable quantities (random
variables) are related to the associativity of the algebra of observables. Mathematically,
the spectral theory of self-adjoint linear operators leads to the required structures in a
very natural way and, last but not least, is a beautiful and elaborated theory.

The Hamiltonian form of the quantum mechanical equations of motion, with the
averages playing e [edtively the role of generators of canonical transformations, indicates
that quantum dynamics is deeply rooted in probability. In fact, not only the probabilities
— via average values of energy — generate the evolution of quantum systems, but the
evolving being is again... the probability, since the canonical coordinates for a quantum
system are the real and imaginary parts of probability amplitudes. Let me stress it again:
The evolution of states is generated by objects that describe statistical regularities of
quantum ensembles.

Another important, or even essential, physical characterization of a statistical physical
theory is provided by the notion of entropy. Now, is the entropy of quantum systems an
observable quantity or not? Can we take a single member of an ensemble and measure
its entropy in analogy to the measurement of energy? No, we cannot. Why? Because,
logically, the entropy is not a linear sum of contributions from the constituents of the
ensemble, but — rather — describes an overall property of the ensemble. It follows that
there does not exist a linear operator of entropy whose average value could describe the
(average) entropy of the ensemble while its eigenvalues would be the elementary entropies
of single systems. This property of entropy can be seen in its standard definition (the
von Neumann entropy)

S[p]=—Tr(plnp) (7.1)
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or, in a form of averages,
S[p] = —n pL] (7.2)

Sometimes another, similar expression is considered [55, 56]
S[p] = — In[@= — InTr (p?) (7.3)

which we shall term the Stueckelberg entropy , as it seems it was he who discussed it for
the first time in his nowadays almost forgotten papers [57].

Now, what is the role of entropy for quantum evolution? A first look at general
structures of quantum mechanics suggests that there is no role whatever. What we can
say generally is that both entropies are conserved by unitary evolutions, because unitarity
implies conservation of Tr (p™) for any n, a property apparently typical only for linear
evolutions.

Although it seems there is no physical principle relating evolution and entropy (with
the notable exeption of the second law of thermodynamics, but this concerns a di [erent
level of discussion), one of the main purposes of this chapter is an attempt to propose
such a principle. A dynamics resulting from the principle is rather the Nambu [39] than
the Hamilton or Poisson dynamics, although it contains the Hamiltonian and Poissonian
frameworks as particular cases. It is surprising, as we shall see, that most of the properties
of QM that are usually attributed to the linearity are typical for a large class of theories
(which are not necessarily linear!) resulting from the generalized formalism.

A departure point of the new construction will be a generalization of the ordinary
Poisson bracket to a triple bracket involving an additional functional S which, following
Bialynicki-Birula and Morrison (BBM) [39], will be interpreted as a measure of entropy.
Since the generalized framework will be based on di[erent measures of entropy (or in-
formation), it is best to begin the discussion with an introduction of some elementary
concepts from information theory.

7.1 Elements of Information Theory
— from Hartley to Rényi

A logarithmic measure of information was introduced by R. V. Hartley in 1928 [58].
According to him, to characterize an element of a set of size N we need log, N units of
information. It follows that a unit of information (1 bit) is the amount of information
necessary for a characterization of a pair. Of course, one can choose also other units
such that the unit is the amount of information necessary for a characterization of a set
with 0 < k [CN elements, or even with 0 < r [CR elements in average. The respective
measures of information in arbitrary units a are log, N. The most important feature
of the logarithmic information measure is its additivity: If a set E is a disjoint union
of M N-tuples Eq,...,Es, then we can specify an element of this MN-element set E
in two steps: First we need log, M units of information to describe which Ej of the
sets E;,...,Ey contains the element, then we need log, N further units to tell which
element of this Ey, is the considered one. The information necessary for a characterization
of an element of E is the sum of the partial informations: log, MN = log, M + log, N.
Next step in the developement of the measures of information was done independently
by C. E. Shannon [59] and N. Wiener [60] in 1948 who derived a formula analogous
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to Boltzman’s entropy. Their formula has the following heuristic motivation. Let E
be the disjoint union of the sets Eq,...,E, having Ni,...,N, elements respectively
( woy N = N). Let us suppose that we are interested only in knowing the subset
Ex. (This is typical for classical statistical problems in physics: Statistical quantities
depend on classes of microscopic conditions and not on single microscopic properties.)
The information characterizing an element of E consists of two parts: The first specifies
the subset Ej containing this particular element and the second locates it within E;. The
amount of the second piece of information is, by Hartley formula, log, N thus depends
on the index k. On the other hand, to specify an element of E we need log, N units of
information. The amount necessary for the specification of the set E; is therefore

I, =log, N —log, N = log, N = log, i (7.4)

N P

It follows that the amount of information received by learning that a single event of
probability p took place equals

I1(p) = log, % (7.5)

In statistical situations measured quantities correspond to averages of random variables.
Therefore the average information is

1
I => pilog, —. (7.6)

- Pk
This is the Shannon’s formula and 1 is called the entropy of the probability distribution
{p1,...,pn}. Ifall the probabilities are equal 1/N then the Shannon’s formula is equal to

the Hartley’s one. The mean we have applied is the so-called linear mean. Rényi observed
that there exist information theoretic problems where the measures of information are
those obtained by more general ways of averaging — the Kolmogorov-Nagumo function
approach [61]. Let ¢ be a monotonic function on real numbers. The Kolmogorov—-
Nagumo average information can be defined by means of ¢ as

| = ¢! (Z pkq)(Ioga p_lk)> (7.7)
k

If the generalized information measure is to satisfy the postulate of additivity, the func-
tion ¢ cannot be arbitrary. Indeed, let a chance experiment be a union of two independent
experiments. Let us suppose that we obtain I, units of information with probability py,
in the first experiment and J; units of information with probability g; in the second one.
Thus we receive I, +J; units of information with probability pxq;. If the average amount
of information obtained from the joint experiment is the sum of the average amounts of
information obtained from both experiments, then

o (D Pad(e +30) =07 (Y ped(10) + 67 (D a0@)) (79
K, k l

must hold for any probability distributions {p.} and {q;}. If 3; = J for all | then

o7 (o prad(te +30) = 07 (3 ped(1)) +9 (7.9)
k,l k
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which can hold if and only if ¢ is linear or exponential function. The linear function
corresponds to Shannon’s information. The exponential functions provide a large class
of new measures of information. Consider a function ¢(x) = a!~**. We can always
choose the units of information in such a way that

I = ¢‘1<Z ped(log, %)) = lfa log, (>_p) = Ioga<(z p%)l/(l_a)) (7.10)
k k k

For pr = 1/N we obtain again the Hartley formula. Formula (7.10) describes Rényi’s
a-entropy which, from now on, will be denoted 1,(P), where P denotes the probability
distribution. We see that the essential part of the definition is played by

Py =) = (3 pg)”“_‘” (7.11)

k

which is independent of the choice of the unit a. (The power 1/(1 — a) could be also
replaced by K/(1 — o), where K is a positive constant. The entropy would be then
multiplied by K; we shall need this freedom later.) To distinguish between a-entropy
and 1:(P) we shall call the latter a*-entropy (CWill remind us that this quantity is
multiplicative in opposition to the additivity of 1,(P)). (The observation that what
is in fact informationally fundamental in 1,(P) is 1}(P) is strenghtened by Darbczy’s
definition of entropy of order a [62] defined as

@'- — 1)1 (Z pe — 1). (7.12)
k

This expression possesses many ordinary properties of the entropy and in the limita - 1
becomes, the so-called Shannon’s information function.)

The limit a - 1 is interesting also for a-entropies. It can be shown that I, =
lim,_1 1, equals Shannon’s entropy.

1,(P) is a monotonic, decreasing function of a. For negative a 1,(P) tends to in-
finity if one of p; tends to zero. This property excludes a < 0 because adding a new
event of probability 0 to a probability distribution, what does not change the probability
distribution, turns 1, (P) into infinity.

A fundamental notion in information theory is the gain of information. Consider
an experiment whose results are Ay, ..., A, having probabilities p, = P (A = Ag). We
observe an event B related to the experiment and obtain a result B = B;. Now the
conditional probabilities are py; = P(A = Ag|B = B;). Consider now a system (an
“observer’”) whose information is measured by some a-entropy. How much information
about the random variable A has he received by observation of B = B;? The amount of
information he would have obtained by observing A = A; would be equal to

log,, L (7.13)
Px

if he had not measured B. After having observed B = B; the amount of information he
would have obtained by observing A = A, would be

log, i (7.14)
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It follows that the measurement of B = B; has given him already

1 1
log, — —log, — =log, — 7.15

Ja Px Ja Pri Ja Pri (7.15)
units of information about A. The expression (7.15) is called the decrease of uncertainty
about A = A, by observing B = B,;. We define the gain of information about A, obtained
when the probability distribution {ps} is replaced by {px:}, by

B pk _ 1 p2—a
o 1<zk:pkl¢<loga @)> =1q Ioga<zk: plllz%a) (7.16)

If we define the increase of the uncertainty by minus decrease of uncertainty we can
calculate the average “loss of information” defined by

0! (zk: pr (1o, %)) = |oga(zk: pz:’:ll). (7.17)

For Shannon’s entropy the gain is minus the loss. For a-entropies the two concepts are
inequivalent.

The gain of information defined by (7.16) for a > 2 has the same pathological prop-
erties as I, for a < 0 so, it seems, cannot be consistently applied. This is the reason
why Rényi defined the gain of information as minus the loss. From the viewpoint of our
quantum mechanical applications the situation is not so clear, however.

It should be emphasized that when we speak about information, what we have in
mind is not the subjective “information” possessed by a particular, animate observer.
In reality the information contained in an observation is a quantity independent of the
fact whether it does or does not reach the perception of the observer (be it a man, some
registering device, a computer, or some other physical system). On the other hand,
di [erent kinds of entropies introduced above may be characteristic for di [erknt systems.
The entropy (information) is objective in the same sense as probability, and in the same
sense it is reasonable to expect that there are classical and quantum informations, as
there are classical and quantum probabilities.

A fundamental fact about physical interpretation of the statistical nature of QM is
that the probabilities do not result from our lack of knowledge about some deeper level
of quantum systems but are, in certain sense, fundamental. It means that there does
not exist (in principle!) any deeper level of description. When we think about a classical
statistical system we can imagine that its internal order, or disorder, can change due to
interactions with the rest of the world. Putting it more formally, we can say that an
information characterizing a classical system should allow di[erent gains of information
in dilerknt situations. A contemplation of the quantum case suggests that a quantum
information might be of such a kind that its corresponding gain of information is zero
under all circumstances. It is tempting to develop this hypothesis a little and find whether
a measure of information possessing this property exists.

The Shannon’s information gain is given by

~5 pulog, % (7.18)
k
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and vanishes only if A and B are independent. So this case can be excluded because we
want the gain of information to be 0 for all probability distributions. For a-entropies we
find that the vanishing of (7.16) implies

P Pii Zpk (7 =1 (7.19)
el T

which can hold for all p; and py; if and only if a = 2. It follows that the correct candidate
for the quantum entropy is the Rényi’s 2-entropy which reads

— log, (Z pﬁ). (7.20)
k

Expressing the probabilities by means of a density matrix and choosing the unit of
information with a = e we obtain

I5[p] = — InTr (p?) (7.21)

hence the entropy of Stueckelberg! A possible interpretation of this result is that a-
entropies for 1 < a < 2 represent a continuous transition between classical and quantum
entropies.

7.2 Poissonian Formulation of
Quantum Mechanics
Let H be a Hilbert space. Consider the Hamilton equations

dys(a) _ dH
dt dpa(a)

w044 (0, o) (7.22)

and _
dya(a) _  dH

dt  dya(a)

where the bars denote complex conjugations and the conventions concerning primed
and unprimed indices are assumed like in the spinor abstract index calculus [36]. The
summation convention is like in Chapter 2: We sum over repeated Roman indices and
integrate over repeated Greek ones. In QM the “symplectic form” is given by the delta
distribution

O_JAA,((X, cx/)

(7.23)

04 (0, o) = 13243 (a — o) = 024 3(a — ') (7.24)
348" =5, =1if A=B’and 0 for A £ B’. The inverse of 4 (a, o) is

laa(a,d)=—idg40(0—a) =1448(c—a) (7.25)
where by the inverse we understand that

0 (o, o) par (B, ') 538(c —B) (7.26)
044 (o, ) lap (0, B) = 34.3(a —B). (7.27)
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Accordingly, the form of the Hamilton equations we shall use is

dia(a) _ oH
g A 54 (ar) (7.28)
and dW 4/ (0) SH
A\a) _
G =l A" (7.29)

(7.28) and (7.29) describe a quantum evolution of pure states. Assume now that all
observables of the theory depend on |¢ [And [i| by the density matrix p = | [If|. Let F
and G be two such observables, that is F[y, ] = F[p] and G[y, ¢] = G[p]. The Poisson
bracket resulting from the Hamilton equations is

OF 0G G OF

F,G}=laa - . 7.30
{F.Gr=laa (wA(a) dPa (o) SWa(a) 5¢A,(a)) (7.30)

Applying the chain rule to the components of the pure state density matrix
paa (0, o) = Wa(a)a (@) (7.31)

we find that
OF 3G

F,.Gy=lsua(———pcn (Y, )——— — (F & G)). 7.32
{F.6} = v (55— raanPer 0 B e — (F = ©)) (7.32)

So long as the density matrix in (7.32) is given by (7.31) the bracket is equivalent to the
Poisson bracket (7.30). Jordan, in a context of the Weinberg’s theory [19] and for a finite
dimensional Hilbert space, investigated properties of the bracket (7.32) with p being an
arbitrary density matrix. For reasons that will be explained below I will term such a
general bracket the Bialynicki-Birula—Morrison-Jordan (BBMJ) bracket.

We will now show that (7.32), for a general p, can be written in a form of a generalized
Nambu bracket. Let p be arbitrary. The BBMJ bracket can be rewritten as

OF dG

— nNOAA’ / / /
(R CF= pan O o oc (@ o BB Y gy @ ) Bhec 0y

(7.33)
with

QYoo (0, d, BB, Y. Y) = 8283 15080 —y)8(a —BSB —Y)
—88¢ 1o 8(a — B)3(a’ —y)3(y — B')
= 0%.(a,B.,9) (7.34)
where, in analogy to the spinor calculus, we have clumped together the respective pairs
of indices into composite indices (a = AA’, (a,a’) = G, etc.).

The “structure kernels” Q% (&, B, ¥) satisfy conditions characteristic for Lie-algebraic
structure constants:

Q°,(@,¥,B) = —Q%.(&,8,7) (7.35)
and

Q% (@, B, )0, (7.3, + Q% (&, 3, )% (7, B, 8) + Q. (d, 3, $)Q°,, (¥, B) = 0. (7.36)
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These two conditions imply the Jacobi identity. The composite index form of the BBMJ
bracket
OF 0G

5ps(R) 3Pc(Y)
shows that it takes the same form as the generalized BBM-Nambu bracket written in
terms of the Wigner function for a scalar field [39]. As a matter of fact, the BBMJ
bracket is simply a dilerknt representation of the BBM bracket. The formula (7.37)
looks much the same as the Poisson bracket related to the Kiryllow form on coadjoint
representations of Lie groups [30]. In fact, such brackets for general structure constants
are called the Lie-Poisson brackets (cf. [63]). As shown in [39], the structure kernels
appearing in the BBMJ bracket correspond to the Weyl-Heisenberg Lie algebra.

It remains to find out how to formulate the explicit triple bracket equivalent to (7.37).

In order to do this we first have to define a “metric tensor” to lower the upper index
in the structure kernels. The apparently natural guess

gab(av ﬁ) = Qcad(vv av S)dec(gl 61 V) (738)

is incorrect as (7.38) involves expressions like 8(0) which are not distributions in the
Schwartz sense.
The correct definitions are

0@ B) = —laplpad(a—p)SE—d) (7.39)
9”@, B) = —0tP 05— p)E — o). (7.40)

{F, G} = p.(8)Q%,.(8, B, V) (7.37)

The metric tensor is symmetric

9ar (@, B) = gua (B, &) (7.41)
and satisfies the invertibility conditions
9”@, B0 B. V) = 0@, B)g" (B, V) (7.42)
3434,8(a — y)d(a’ —y') (7.43)
= 3238 — ). (7.44)

The metric tensor is a useful tool. Consider for example a p-independent Fb(ﬁ) =
Fep (B,B'). Then
Flol = 9@ RB)pa(@F:(B)
= 3787 8(a—B)8(B — a)paa (0, &' )Fpp (B, B)
= pPL(B, d)F 5 (o, B) = TrpF (7.45)
and we see that bilinear observables can be naturally expressed with the help of (7.40).

This example is important also as an illustration of the convention concerning lowering
and raising of indices (following from the use of the metric tensor). For notice that

O
p”,, (B, o)

although the staggering of indices like FB,A'(B’, a’) might seem more natural.

=F4, (o, B) (7.46)

62



Example 7.1 To show explicitly how the “kernel formalism” works consider the non-
relativistic kinetic Hamiltonian function

-\,
>m p(X,y)

H[p] = TrHf= / d>xd’yd(x — y)

2
/ dExdya(x —y) / &*p/2n)* e~ 770(p,y)
— 3 3 dp_2 —ip-T
/ Px / d°p/@n)* 2e 7 7p(p, X)
2
/ d*x / di‘p/(zn)‘gzp_meiiﬁ'gz / d*ye”7p(y, x)

2
/ d3xd3y / d3p/(2n)3;—me”7'“7‘f’p(y,X)

2
/ dxdy / d3p/(2n)32p—meiﬁ'<f—ﬁ>p(x,y)

_ 3. 3. OH[p]
= / iy Bp0y)

/ d>xd3yH (y, X)p(X, y). (7.47)

The latter two equations are consistent with the definition of the functional derivative in
terms of the directional derivative:

_ o HIp+Af]=HIp] _ [ 5 5 OHIp]
C:H[p] —All_>mO ~ =: /d“xddyép(x,y)f(x,y). (7.48)

Eq. (7.47) can be also written as
[ Exdyr,0p6,y)

= / d’xd’yd’x'd’y"3(x — y")3(y — x")H (x, x)p(y,y")
= 9X NHE)P) = 9"Hspy.0 (7.49)
The fully covariant form of the structure kernels is
Qube(@B.V) = 0aa(@ 8)Q%.(.B.9)
= —lap |DA16(G - 5’)5(5 - CX’)
x (5885 15038 — v)3(3' — B)3(B — V)
—8588 1cp3(8 — B)SE —y))3(y — B))
= —(laploalped(a—Bo(y —ao)3(B —Y")
—lac/lpalepd(@—y)3(B —a)3(y —B)).  (7.50)

One easily verifies that Q..(&, E ¥) is totally antisymmetric (where the permutation of
indices is understood in the sense of (7.35)).
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Following Bialynicki-Birula and Morrison let us introduce the functional

S, = 20°(@ B @pu(B) = 557 57V paw (@, Bos (B, 0) = S Tr (). (7.51)

We can see that S, is one half of the inverse of Rényi’s 2*-entropy and for this reason it
will be termed just entropy.
The BBMJ bracket is now equal to the following triple bracket
OF 3G  3S,
8pa (8) 5p, () OP(Y)

The antisymmetry of the triple bracket means that S, is the Casimir for the BBMJ
bracket Lie algebra of observables. Another Casimir is

{F,G} =[F, G, Ss] = Qupc(@,B.¥) (7.52)

Trp =8448(a — a)paa(a, o) (7.53)
because
(0.6} = —iba (34750 — BIpcs (v, B) o
' " dpcar(y, o)
__ %G BNSCA sy —
55 (@ )P (B8l — )
. 3G
= I (pCA/(V, o) 750014'(% )
3G N
_mpAB'(Ya B )) =0. (7.54)

Notice that until now we have not made any specific assumptions about the form of the

observables (including the Hamiltonian function in (7.28), (7.29)) like, say, linearity or

1-homogeneity in p. The results are therefore general. The wave functions have been

eliminated from the dynamical equations, but the Hilbert space background is implicitly

present in the structure kernels and the metric tensor which are defined in terms of w

and I, and in the very notion of the density matrix which acts in the Hilbert space.
Components of the pure state density matrix satisfy

%pAA/(CX, o) ={paa(a,a), H} (7.55)

which holds also for general density matrices as can be seen from the familiar, operator
version of the Liouville-von Neumann equation. It follows that the density matrices form
a Poisson manifold, as opposed to state vectors that form a phase space.

7.3 Nambu-like Generalization of
Quantum Mechanics

At a first glance it is rather surprising that in linear QM the triple bracket [F, G, S2],
whose antisymmetric form does not favour any of the three functions, involves observables
F and G which are necessarily linear in p, and S, which is not linear in p. A closer look
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shows, however, that the bracket with S; makes [F, G, So] linear in p, so that a time
derivative of an observable is also an observable. It is clear that this property holds only
for entropies quadratic in p, which suggests that although S. itself is not an observable,
generalizations of S, to some more general S make no sense for physical reasons. If
we replace the linearity with the weaker homogeneity requirement, like in the Kibble-
Weinberg approach, the triple bracket will map the set of observables into itself provided
the entropy will have the same homogeneity as S,.

From the viewpoint of nonlinear generalizations of QM it is important to understand
whether it is indeed physically necessary to have a bracket which maps observables into
themselves. To fix our attention let us consider the nonrelativistic position operator. An
average velocity of an ensemble of particles can be calculated either by first calculating
an average position and then taking its time derivative, or by first measuring the velocity
of each single particle and then taking the average. We can say that the first procedure is
a calculation of the time derivative of an average, whereas the latter is taking the average
of the time derivative. The situation can be described symbolically by the equation

d
priClE l%j{qu (7.56)

Still, it is an important property of the QM formalism that we cannot realize the two
procedures simultaneously, as v = p/m and ¢ are complementary. It follows that in a
concrete experiment we have to decide which way of measuring to choose. In this meaning
if we can measure g, we cannot measure %q, and vice versa. To express it di[erkntly, if
q is observable (not an observable!) then %q is not. This restriction is very important
in QM because it can be used to eliminate the paradoxes of the Einstein-Podolsky-Rosen
variety.

In the version of nonlinear QM discussed below we will meet the following problem.
The observables will be defined as quantities that are in one-to-one relationship to some
experimentally measured random variables. Two observables will be said to be comple-
mentary if there does not exist a physical situation where the two respective random
variables can be measured simultaneously, that is in a single run of an experiment. We
will therefore define observables as functionals linear in p but the nonlinearity will be
introduced through the entropy by means of the triple bracket evolution equation. We
will see that in this formulation a derivative of an observable will not be linear in p hence
will not be considered as an observable, unless the derivative is 0, of course. For example,
if a position of some system is given by q[p] = Trqgp, where g is a linear operator, then
there will not exist, in general, any linear %a such that

d_ -~ d-~
aTrqp =Tr aqp. (7.57)

It will be assumed, however, that there does exist an operator %a with the interpreta-
tion of velocity, which can be measured in some (complementary) experiment and whose
average will correspond to Tr %ap but which will not have to satisfy (7.57). To put it
di Lerently, each observable can be measured in a standard frequency-like way but deriva-
tives of observables cannot be considered simultaneously with the observables themselves.
And vice versa, if we measure an observable which is the time derivative of some other
observable then the latter cannot be considered simultaneously with its derivative. This
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is a somewhat stronger version of the complementarity principle which has to be accepted
in the nonlinear framework.

After these remarks | can begin with my own proposal.
Let us replace S, with some arbitrary S and introduce the “S-bracket”

where now for dilerent S we will have di[erknt brackets.

The main postulate of the generalized framework is that the evolution equation for
density matrices is the triple bracket analogue of the Liouville-von Neumann equation,
i.e.

d
apAA’(a' o) ={paa(a,a’),H}s (7.59)

where S has the same homogeneity as S,. This implies that, like in ordinary QM, the
scaling by a constant p — Ap is a symmetry of the dynamics. We will assume that
observables are linear in p, so can maintain the associative structure of random variables
just like in the linear theory.

The first step in this new program is to understand to what degree the structure of
ordinary QM depends on the form of S,.

We have explained already that only for S = S, the set of linear observables is
closed with respect to {-, -}s. Next question concerns the Jacobi identity, or under what
conditions the manifold of states can be regarded as a Poisson manifold. We shall see
that the identity holds for all S that are di[erentiable functions of f5[p] = Tr(p?), i.e.
S[p] = S(f2[p]). It seems that in more general cases the Jacobi identity will not have to
hold (I am working on this point presently but there still exist some unclear elements in
the proof of a more general theorem). However, even if the manifold of states will no
longer be a Poisson manifold and the dynamics will not be Poissonian, the dynamical
system will have many properties characteristic for ordinary QM. We will find a large
class of conserved quantities (including energy) and show that, at least for a large class
of initial conditions, the solution of the evolution equation is a density matrix with time
independent eigenvalues.

7.3.1 The Jacobi Identity
Let F, G, H and S be arbitrary twice functionally di [erkntiable functionals. Let

-~ ’F 3G &S
F| G : Qa C al |~ i~ ~. i~
{F.Gls w8 V)5 @ 505 (B) 3p-(¥)
5E 5G 5S
abe 6pa 6pb 6pc (760)

where in the second line the discrete and continuous indices have been clumped into single
ones. (We could do this in majority of calculations. The fact that | have decided to use
normally the more complicated form involving both Roman and Greek letters follows
from fear of loosing control over the convention; here the mathematical operations are
reduced mainly to permutations of indices.) We consider the expression

J = {{F.G}s,H} +{{H,F}s,G},+ {{G H}s,F},
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5 S5F 5G 5S \ 6H S
= Qa Ccy . Q efyv. v-. . Jv-. %
’ 5pa( S 804 5p. 5pf)6pb 3p.
5 5H 5F 58S \ 3G 58S
fou 8 )

+Qabc$ —_— | — —

0pa dpe Ops / 35 3P,
d dG 8H &S \ dF 3S
0. (2o, 50 ) . 50
3?F &G 8S 8H &S

= —  — — — _— (Q ‘Qe+QCQac
6pa6pd Ope 6pf dpy 0P, ( abc>édef def$2b )

3F 382G 3S 8H 3S
o —— (QabcQues + QedrQase
0pq 0p.0p. 5pf Opy épc( beédef df b)

52H 8F 3S 3G 8S
————— — — (QubeQder + Qe r Qvac
6pa6pd Ope 5pf Opy épc( abc>édef def$2b )

6F 3G 34%S JH 3S
A A S~ XA (Qachdef + Qfechda + Qachebf) (762)

+ Qabc

" 304 5. 50,30, 501 5.
OF 3G 32S &H 3S
= 5550w 5 5 (QaefQave + QuafQace + Qevg Qade 7.63
35 39, 5paBpy py Sp, | 11es P+ oy Qi) (163)
5550; = g%/ for S = S, and (7.63) vanishes in virtue of (7.36). For more general

S = S(f2[p]) we find
S 0S

. 2of,° (7.64)
32S 623 39S
Soup; . ‘oraf “p/ +Zaf g/, (7.65)

Inserting these expressions into (7.63) we obtain

5F 3G 82S _ ,8H 9S
—5P"p —==p
5pa Op. OF3 3py, 0T,

“(QaefQave + QparQaee + QevyQaac) =0 (7.66)
since Qupcp®p¢ = 0. With this choice of S we obtain the dynamics given by

%pAA/(a,a’) = {paa(a,a),H}s,Clp] (7.67)

where C[p] = 222 85 = C(f[p]) is an integral of motion, as we shall see later. The only
di [erence with respect to ordinary QM would be in a p-dependent rescaling of time.

For general S the work on Jacobi identity is in progress but, as of now, we have
to accept the possibility that the (mixed) states in the generalized QM do not form a
Poisson manifold. Accordingly, the observables will not form a Lie algebra which may
suggest that the generalized framework cannot be formulated in a Poincaré covariant
way. In Appendix 8.1 | present a formulation of the Dirac equation & la Tomonaga-
Schwinger [53, 54] which can be used for a generalization of the Dirac equation along the
lines proposed in this work.
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7.3.2 Composite Systems in the New Framework

Let the Hilbert space in question and the density matrix of some composite system be
H=H; H} and

Pa(@) = paar(0,a') = pa, a,4,4,(Q1, 02, A, O3). (7.68)
The same doubling of indices concerns
Laar(0,0") = =84, 4184, 4,8(a1 — })3(a2 — a). (7.69)
Reduced density matrices of the two subsystems are
Phoay (@, 00) = 8%48(qs — b)pa, a, 474, (01, Oa, O, ) (7.70)

I
P, a; (02, 05)

6A1A’15((x1 — cxll)pA1A2A'1A/2 (aq, Oz, alla GIQ) (7.71)
and satisfy

8p, 4 (0, @)
0P, B, 5; B, (B1, B2, B, B3)

= 85802225151 8(B1 — an)3(B> — B3O(B] — o)) (7.72)

and
5p%2,4/2 (a2, 05)
9P, B, B; B, (B1, B2, B, B3)

The structure kernels for the composite system are

= 85257115125 (B, — )3(B1 — BA(B; — o). (7.73)

Qubc@ B.9) = Qayastabacsen (A1, G2, Br, B2, Vi, V)
= —i(5,4113;501A'15Blc;5A2B;502A'25320; x
8(ar — B1A(yr — a)d(B1 — y1)d(az — B3)d(Y2 — a3)3(B2 — V)
— 04,0708, 4,0¢, B;04,050B,4,0¢, B, %
8(ar —y1)8(B1 — a1)d(y1 — B1)d(a2 — y5)8(B2 — a5)d(y2 — Bé))-
(7.74)

The following two results solve generally the question of faster-than-light telegraphs in
both Hamiltonian and triple bracket frameworks.

Lemma 7.1 - -
505, 61 8041 B2) _
8P4 (@) 3py(B)

Proof : It is su [cieht to contract (7.74) with (7.72) and (7.73).0

Qupe(@, B, ) (7.75)

Theorem 7.2 Let F = F[p/] and G = G[p!/], that is depend on p via (7.70) and (7.71),
then for any S
{F,G}s = 0. (7.76)
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Proof : By virtue of the lemma one has

dpl (31) 3pL(8)  BF 5G5S

0= Qupe(@, B, V) 2~ = = = 30.(7
OBV T0@ o) 30, 6 50G2) )

= {F,G}s. (7.77)

a

Notice that we have not assumed anything but di Cerentiability not only about S but
also about F and G. So, in particular, for arbitrary (nonlinear) observables and S = S,
we obtain the Polchinski-Jordan result for Weinberg’s nonlinear QM.

7.3.3 Density Matrix Interpretation of Solutions
of the Evolution Equation

One of the essential questions we have to clarify concerns the density matrix interpreta-
tion of the solutions of (7.59). In fact, it seems there is no general a priori guarantee
that the generalized dynamics will conserve the positivity of p. The next theorems will
give a partial answer to this problem.

In order to attack the question we have to make the language of the S-brackets more
readable. Consider the triple bracket [F, G, H] of arbitrary functionals F, G and H. We
find that

o0F 0G oH
Op” 4 (B, ) 8p (', B") 8p“ i (0, ¥')
_ OF 0G oH
3pY (v, o) 3pAg (o, B) 3pP L (B Y)
Applying the notation of (7.46) (where now the “operator” kernels are in general p-
dependent) we transform (7.78) into

FA5 (o, BGE L (B Y H (v, o)
—FAL (o, y)GP L (B, a)H, (v, B) = Tr ([F,GIH).  (7.79)

i[F,G,H] =

(7.78)

In the last line we have introduced an abbreviated convention based on the assignment
to any functional F an operator

~ 0OF
F=_—"L_ 7.80
5 (7.80)
which is defined by the kernel form used in (7.79). For example
0S,
=" 7.81
P35 (7.81)
and 57 (07)
Tr (p™ 1
=np"~ 7.82
5 np", (7.82)
the latter being the shortened form of
8Tr (p") —  noBuA§A'B2§BiBs  §Bh_1Bn

6pAA’(ai (X/)
x 8(B,, — a)d(a’ — B2)3(B; — B3)...0(B,,_1 — Bn)
xpp,5; (B2, B2) - - - P5,. B, (Brs Br)- (7.83)
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The first of these implies the known result
[F,G,S] = —iTr (p[F, G]). (7.84)
Consider now a functional S (di [erentiable in )

S[p]l = S(fulpl,.... Falpl, .. .) (7.85)
where f;[p] = Tr (p¥).
Theorem 7.3 For any m [N, and any G, if S satisfies (7.85) then
[f. G, S]=0. (7.86)
Proof :

, s . 1 A1, 0S

[Tr (™). G, S = [Tr(p™), G, Fulge- = —im > nTr([p" "}, Glp" ') o=
_ A0S

=—im>» nTr(G[p™',p IDaf”

n

n

=0. (7.87)

O
This remarkable result covers many interesting and nontrivial generalizations of S,. As a
by-product it shows also that the same property holds for the Polchinski-Jordan version of
Weinberg’s nonlinear QM because we have not assumed that G is linear in p (moreover, it
includes other theories where observables do not satisfy any homogeneity condition). The
particular case m = 1 implies that Trp is conserved by all evolutions, a fact important
for a definition of averages. For pure states Tr (p™) = (Trp)™ so that the integrals
f,. are not necessarily independent, but for all m,n f,, and f,, are in involution with
respect to {-, -}s. Jordan proved in [19] by an explicit calculation that in his formulation
of Weinberg’s nonlinear QM Trp and Trp? are conserved — our theorem considerably
generalizes this result.

Theorem 7.4 Let S satisfy (7.85) and p; be a self-adjoint solution of (7.59). If pg is
positive and has a finite number of nonvanishing eigenvalues p;(0), 0 < px(0) < 1, then
the eigenvalues of p, are integrals of motion, and the evolution conserves positivity of p;.

Proof : Since the nonvanishing eigenvalues of py satisfy 0 < px(0) < 1 < 2, it follows
that for any a px(0)¢ can be written in a form of a convergent Taylor series. By virtue
of the spectral theorem the same holds for p§ and Tr (pg). Each element of the Taylor
expansion of Tr (pg) is proportional to f,[po], for some n. But f,[po] = f.[p:] hence

Tr(pg) = Tr(ef) =Y _ps(0)* =D pe(®)® (7.88)
k k

for all real a. Since all p;(0) are known (the initial condition), we know also >, px(0)* =
>k Pe(D)* for any a. We can now use the known result used in the information theory
[61] stating that the knowledge of >, p,(t)* for all a uniquely determines p(t). The
continuity in t implies that px(t) = px(0). O
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The spectral decomposition of the density matrix

pe =Y prlk, tIK 1], (7.89)
k

where t 3 |k, tCdlefines a one-parameter continuous family of orthonormal vectors, leads
to the unitary (although p-dependent) transformation |k, t[3= U (ps, po)|K, 0LIThe density
matrix evolves then as follows

Pt = U (s, Po)poU (Pt Po) . (7.90)

Example 7.2 Let us consider the simplest nontrivial case of a two dimensional Hilbert
space. For S = S, discussed below (cf. (7.97)) the evolution equation (up to constant
factors) is given by

.d ~
—p=1[H,p"] 7.91
P =1H.p"] (7.91)
Take, for simplicity, a natural even n = 2m. Let
p = u(1 +vo), (7.92)
then )
p" = u”(z S EEY v%“no). (7.93)
2k=0 2k+1=1
Finally, for H = Ho1 + Ho,
po= 0,
v = 0,
. n—1
v o= 2ut ) vFH X, (7.94)
2k+1=1

hence we get Bloch equations with the frequencies depending on constant functions of
initial conditions. Traces of all powers of p depend only on p and v so are integrals of
motion. It follows that in such a case the nonlinearity of the equation of motion does not
lead us too far from the linear evolution of ordinary QM. The Bloch vector is rotating
but the angles of rotation depend nonlinearly on initial conditions. O

The question whether the same holds good for py having an infinite number of nonva-
nishing eigenvalues will be left open here. In any case, it seems that the above theorem
is su [cieht at least “for all practical purposes”.

The fact that for any S the evolution conserves Tr (p©) suggests that the generalization
of S, to (7.85) may be in a sense trivial. To see that this is not the case we have to make
our proposal a little bit more concrete — we have to choose some explicit “physical”
class of S — and here the information theoretic introduction may be helpful.

We have noted that the functional Tr (p?) is a natural measure of quantum entropy —
it describes a system that cannot “learn” or, more formally, whose gain of information
is 0 under all circumstances. Let us assume that the appearance of S, in the BBMJ
bracket is not just a coincidence but reflects the fact that the linear theory is described
by the 2-entropy of Rényi. We formulate therefore the following
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Hypothesis 7.1 The fundamental law of quantum physics is that the evolution of den-
sity matrices is governed by

o (e @) = fpan(o @), HYs (7.95)

where S is a measure of entropy and H = Tr pﬁ is a measure of average energy. Averages
of observables are defined by R
TrpF
Trp
which implies that p — Ap, for any constant A [CQ, must be a symmetry of (7.95).

(7.96)

The suggestion of Wigner that a natural area for nonlinear generalizations of the linear
formalism of QM is the domain of observations leads to investigation of systems that
can gain information hence are described by a & 2 entropies. A homogeneity preserving
generalization of S, for other a-entropies can be, for instance,

1 ()

a W . (7.97)

Salpl = (1~
The choice of the denominator is important only from the point of view of the homogene-
ity of the evolution equation. The multiplier 1 — 1/a guarantees that the evolution of
pure states is the same, hence linear, for all a ( this is reasonable as pure states have the
same, vanishing a-entropies). The generalized Liouville-von Neumann equation following
from (7.97) is

J(a=1)—1
Ao (Tre) o
Iap - (Tr p)l/(a71)71 [H!p 1]' (7'98)

For pure states and Trp = 1, p” = p and the equation reduces to the ordinary, linear
one; for mixed states the evolution is nonlinear unless the states are “so mixed” that p
is proportional to the unit operator (which makes sense in finite dimensional cases, of
course) and all a-entropies reduce to the Hartley formula.

The evolution of (now linear) observables is governed by

A (1)
dt. = (Trp)/(e—D-1

Tr (p*~1[F, H]) (7.99)

which shows that for the generalized S the time derivative of an observable is not linear
in the density matrix. For a = 2 the equations reduce again to the ordinary linear
equations.

It seems that the following choice of S, is also interesting:

. 1/(a—1)
s.fp1 = 1T EY)

= 3 e /DT (7.100)

For pure states the expression reduces to the linear form % mjy A= %Tr (p?). The density
matrix would satisfy then the equation

41 a (T
at" T 2a—-1 (Trp/e 1

H,p* '] (7.101)
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which for pure states and normalized p would become
a—1.d ~
—p=1[H, 7.102
S igP=1H.pl (7.102)
and the “Boltzmann-Shannon classical limit” a - 1 of the Rényi entropy is analogous
to the h - 0 classical limit of QM.

2

7.3.4 Composition Problem for Subsystems
with Different Entropies

Of course, even assuming that the ideology advocated here is meaningful we should
bear in mind that the regions of our real world where some nonlinearities reside may be
rather few and far between. So one of the first things we have to understand is again
the composition problem: What is the form of the equations of motion of a composite
system whose parts are described by di [erknt entropies?

I think it is best to approach the question again in an information theoretic way. To
begin with, let us consider a system whose entropy is |I,, and whose subsystems have
entropies of the same kind: for all k a k-th system’s entropy satisfies 1,, = I,. Let the
k-th subsystem be described by a reduced density matrix p;. The entropy of the “large”
system should be defined, as usual in information theory, as the average entropy of the
subsystems. The overall entropy of the large systems should not depend on the way we
decompose it into subsystems. Therefore the average cannot have the apparently natural
form

Lol =D pelalpsl, (7.103)
k

where p; are some weights, because the LHS is sensitive to correlations between the
subsystems whereas the RHS is not, so that the entropy would be sensitive to the de-
compositions which are arbitrary. It seems we have to assume that in such a case the
composition takes the trivial form

L] =) pilapl = D pilalp] = lalpl: (7.104)
k k

Consider now a situation where the dilerent subsystems have di [erknt entropies, say,
l,,.. The average entropy of the composite system is now defined in analogy to (7.104)
as

laranP] =Y Prla,lP] (7.105)

where the probabilities p;, are weights describing the “percentage” of each of the entropies
in the overall entropy of the system. We do not know how to determine the weights —
they can play a role of parameters characterizing the system.

The above definitions imply that the a*-entropy of the large system is

15, o I0] =[] 1, [o1, (7.106)
ap
so it is natural to define
Sar...an [0] = [ [ Sav [ (7.107)
(677
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Denoting the latter expression by S, we obtain the evolution of the density matrix of the
whole system governed by

[Ps(B), H, S]
— Z[pb(ﬁ),H Sl)k]s'  QPk-1GPRt1 | _ng

aed Q1" Q41

d ~
apb(B)

= Zpk[pb(ﬁ),H,saklsgl- .Spr-1SpETIgPreL | Shn

g

= > pulos(@). H sak] (7.108)

g

Consider again a system which consists of subsystems equipped with the entropy of the
same kind. Then S,, =S,, =S for all k and | and the system evolves according to

S 00(® = (B, H, 5] (7.109)

as expected.

Next possibility is that the entropies that sum to the overall entropy are again sums
of some other entropies. The description of the whole system should not depend on the
order in which the partial entropies are summed up. So consider two entropies S’ and
ST with appropriate weights A’ and A7, and let the entropies S’ and S’/ consist of some
other entropies S/ and S}/ appearing with weights {p/}}"_, and {p//},, respectively.
Then

So® = 0 Hys =N {0uB) Hhsr o + N {0u(B), Hsrr g
II
= S Nplm(B), H}SIS[ o+ ARl ). H}SH;ISSH
k l

> Npideo®). HY sy o7 +ZA” oo HYsii 77 (7.110)
k

SII

which shows that the evolution can be indeed consistently composed of “sub-entropies”.

If all S,, [p] depend on p only via f,,[p], like in our definitions (7.97) and (7.101),
we know that on general grounds they are integrals of motion. Consider a subsystem
described by px and which is noninteracting with the subsystem “where the nonlinearity
resides”. In such a case the overall Hamiltonian function is

Hlpl = > Hulpx] (7.111)
k

and

Coro® = S pipe®, IEHES (7112)

A system described by p; and S,,, can be totally isolated from the “rest of the Universe”,
if fork 81,

[P 5 (B), Hulpxl, Sa, 1 =0 (7.113)
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and
Say,

S
However, even in such a case the global properties of the large system leave their mark
on the local properties of all the subsystems as

S
Say

pr = (7.114)

Pk (7.115)

is at most an integral of motion hence depends on initial conditions. Let, for example,

S[P] = Say..a, [Pl = [ Sarlprl™. (7.116)

where the di [erent subsystems have di [erent entropies. Each of the sub-entropies satisfies

CSulpid = [Suulpil H.S)

3 BlSa 4] H, S, (0] =0 (7417)

oy

in virtue of the theorem 7.2 (we have used here the fact that {F,H}s = —{F,S}x), and
the antisymmetry of the triple bracket. Therefore not only the overall entropy, but also
the sub-entropies are integrals of motion even if the Hamiltonian function H contains
interaction terms.

Consider now the reduced density matrix py of one of the subsystems. Using the
same theorem we find that

d ~ ~
apkb(B) = prlpr s (B), H,Sak]si. (7.118)

7]

where S/S,, is an integral of motion but its value depends on initial conditions. If the
change of the initial conditions does not a[edt the reduced density matrices in (7.116),
the integral of motion is also unchanged. Therefore in order to change this quantity we
have to change correlations between the subsystems. In particular, a time dependence of
a linear system which is noninteracting with the nonlinear one is insensitive to changes
of initial conditions within the linear system if the particular form (7.116) holds. For
global entropies dilerkent from (7.116) some kind of sensitivity appears but the influ-
ences between the subsystems cannot propagate faster than light unless we introduce the
projection postulate.

Such a trace of nonlinearity observed in some linear system might be used to detect
the nonlinearity. Following Santilli [64] we can expect that an evolution of an inside part
of a hadron may be nonliner (like in hadronic mechanics). In such a case correlations
between a hadron (say, a proton) and some linear system (say, an electron) could be
observed in a form of a p-dependent rescalig of time in the electron’s evolution.
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Chapter 8

APPENDICES

8.1 Elements of Relativistic Formulation
— Hamiltonian Formulation
of the Dirac Equation

Consider the Dirac equation

(iy* L m)y =0 (8.1)
where [, = d,+ied, and ®,, is an electromagnetic potential world-vector. We are going
to rewrite the equation in a form of the “proper-time” covariant Hamilton equations of
motion. The “proper time” will be defined in terms of spacelike hyperplanes constructed
as follows. Let o,.(x(t)) = 0 be an equation defining a family of spacelike hyperplanes.
The field of timelike, future-pointing, normalized vectors n%(x) [Cd90.(x), satisfying the
continuity equation d,n%(x) = 0, defines the field of “proper time” directions. Integral
curves T B x*(t) of n%(x), where T is the parameter of the family {o.}, play the role
of the world-lines. We shall need the continuity equation to guarantee the reality of the
Hamiltonian function. Notice that this condition eliminates some physically meaningful
hyperplanes, like the proper-time hyperboloid o,(x) = x%x, — 12 = 0, but admits si-
multaneity hyperplanes 0.(X) = n*X, —1 = 0. The “proper time” following from the
construction should not, for this reason, be identified with the ordinary proper time of
the electron. The “proper time” derivative at x is defined as
d _ 0 8.2
dt _nT(X) a- ( . )
Let @ 4(x) and X' (x) be the spinor components of a bispinor. Our aim is to rewrite the
Dirac equation in the Hamiltonian form

~d oH
aa @ — o7
0 94(Xx) 00 )’ (8.3)
d _ oH
WAA GT X' x) = XA (8.4)
—aa d - oH
aar 9o — _on
Ol (x) 50109’ (8.5)

76



oH

W. (8.6)

— d_4 _
U)AA/EX > =

We cannot do this directly in terms of (8.1) because the derivatives are already contracted
over the world-vector idices. So let us transform (8.1) into new, rather unusual form.
Multiplying (8.1) from left by the Dirac matrices we obtain

(iy?y” LA my“)y

= (%[v“,vbh = %[v“,v”] LAmy")y

= (i o I my*)y. 8.7)
Writing the four-potential explicitly in

0

109y = (—0°%9, + ed” + iea® P, + my) Y (8.8)

and contracting with nZ(x) we get

i%UJ(X) = (—Gabn?(x)ab + en%(X) P (X) + ie0,,N%(X)P(X)
+ MN209Y. ) ¥ ©.9)
= HYX. (8.10)

The Hamiltonian operator is here a four-scalar, as opposed to the ordinary Dirac Hamil-
tonian which transforms as py. The Dirac equation (8.8) can be written in a more familiar
form if, for ®* = 0, we introduce the Pauli-Lubanski vector

i 1
10‘“’pb = —Z0%g, = y®S“. (8.11)
2 2
The equation
1 5 m
SP=YSt+ oy (8.12)

expresses the relationship between the four-velocity operator y¢ and the four-momentum
p¢. For m = 0 it shows that spin is helicity x momentum. It can be shown also that
spinor equations for any spin and m = 0 (including the source-free Maxwell equations)
always take this form.

In what follows we will need the spinor version of (8.9). The Dirac equation will be
written as

i, = px? =ig, ' @l (8.13)
it = —pea = igean OOV (8.14)

v_ ,
where u=m/ 2 and g, 44 are the Infeld-van der Waerden symbols [36]. We will need
the identities [65]

gaXA/ngAI +g° XA’gaYA/ = gabSXY (8.15)
gaXA/ngA —g° XA’gaYA = 40abXY (8.16)
gaAX'QbAY —-g° AX’gaAY = 46abxlf/ (8.17)

77



where ¢, and 6, are generators of (3,0) and (0, 3) representations of SL(2, C).
The generators written in a purely spinorial way are

1
O4A’'BB'XY = ZEA/B’<€AX€BY+EBXEAY) (8.18)

OAABB/X'Y' = ZEAB(EA/X’SB/Y’+EB’X’EA/Y/)- (8.19)

Repeating essentially the same calculations as those leading from (8.1) to (8.8) we obtain
i L@k = —4io,, " Q) + 2Udaxx X~ (8.20)
LA = 40, OX —2ug, ox (8.21)

and the equations obtained by their complex conjugation. These equations are especially
simple if we express generators and Infeld-van der Waerden symbols in purely spinorial
terms. Remembering that n¢n,, = 1 implies N4/, nEA' = %aAB we get after some
calculations

i%(p x() = inY (%) Gal oy (X) + un.xx ()XY (%)
+en?(X)P, (X)0x (X) (8.22)
i%XX/(X) = iNyy 00 P2 X7 (00 = XX 090x ()
+en?(x)0, ()X () (8.23)
—i%@«(x) = =in?Y () G 9y () + un-xx (09X (%)
+en?(x)P,(X)0x (X) (8.24)
—i%)_(X(X) = =Ny () EEXY () = unf ¥ ()ox (%)
+en?(x)0, ()X~ (%) (8.25)

Let do,(x) be some invariant measure on the hyperplane o.. The equations can be
derived from the Hamiltonian function

Hp, 4] = mAWO
= / T {10x:69nX 09X (0 Csh gy ()
— i XX (ONxx Ny () O XY (%) (8.26)
21 (00 09% 09 + XX (90 (9
+en2()0,09nY Y (0 (9x (9P (6 + Xx (X () ) }do-(x)
provided

0¥ N xx () =05 N, xy () =0 (8.27)
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and the wave functions vanish at boundaries of the hyperplane o,. Reality of H is
guaranteed by the same conditions. The Hamiltonian function is not positive definite,
which is correct since we are working here in first quantized formalism. Contraction of
(8.27) over the remaining indices implies the continuity equation discussed above.

The explicit form of the Hamilton equations is

Y gne0 = g (8.28)
i 0gX Y00 = s (8.29)
S e = gt (8.30)
SN (E X 0 = s, (8.31)

or, in the Poissonian way,

i Tox00 = 2nxx005 (pi',*(x), (8.32)
i%xxl(x) = 2n§X'(x)5X_6X%, (8.33)
_i%(ﬁx'(x) = 2nTXX’(X)%1 (8.34)
—i%)_(x(x) = an?X’(x)éXi%. (8.35)

We can see that in,xx/(X) = w-xx/(X) are the components of the symplectic (since
derivable from a Kahler potential) form on o, at point x [a}, and the Poissonian form
- xx/(X) = =2in; x x/(X).

Now, we can repeat the whole reasoning that has led us to the BBMJ bracket, its
triple bracket generalization and the entropic framework. It seems there is no general
obstacle for such a generalization. Note that now we can do that in a manifestly covariant
way, so that the possible non-Poissonian structure of the manifold of states is unrelated
to the relativistic covariance of the theory.

It is clear, on the other hand, that the representation of the covering of the Poincaré
group we are dealing with acts in the Hilbert space of the bispinor (%, 0) C %) repre-
sentation of SL(2, C). The operators of the “space-time translations” which determine
the origin of a Minkowski space coordinate system are, of course, linear operators in op-
position to the generator of evolution which will not be a linear operator. This is a very
interesting problem. A hint for its clarification is, perhaps, our observation that an evo-
lution of the desity matrix may be determined by a unitary p-dependent transformation
acting in the Hilbert space.
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8.2 Schrodinger Form of the Harmonic
Oscillator Equations

Consider an arbitrary number of independent harmonic oscillators. Their Hamiltonian

function is ) -
— Pe , M@0k
H(@.p) ;(ka Stk ). (8:36)
Let us now introduce the complex coordinates
Pk .My
k T 5 Ok (8.37)

. L 1 v_ . . .
whose dimension is [energy]z, and let "€ be a constant with t_\l7e same dimension. It
is natural to introduce the dimensionless coordinates Y, = zp/ €;. The Hamiltonian
function is

HWW =Y 2z =& Y il (8.38)
k k

Let w, be a constant with the dimension of frequency. The Hamilton equations of motion
read

. & d W oH
—— = —— 8.39
I().)Q dtwk Wo APy, ( )
.& d — w; OH
—i—— = ——. 8.40
Wo dtLIJk Wo ank ( )
The same equations can be obtained from the Hamiltonian function
_ £ B
H'(p,p) = — . 8.41
W, y) zk: ™ AUATIS (8.41)
Introducing another constant j—‘; :=h we get the Schrodinger equation
d oH’
ih— = =h 8.42
e I WPk (8.42)
d - oH’ -
—ih— = =h 8.43
e FITH WPk (8.43)

which is nothing but a di Lerknt representation of the ordinary harmonic oscillator equa-
tion for independent oscillators. It is surprising, however, that the Hamiltonian H’ is
not equal to energy. The energy H is, on the other hand, proportional to the “squared
norm” >, Wi Ps.

Consider now a three-dimensional harmonic oscillator oscillating with the frequency
w. There exists a conserved quantity J = q < p. In the dimensionless coordinates
%LIJ <. (8.44)

J=ih
A k-th component of J is

\]k(LIJI @) = _iﬁ%eklmlﬂlw'rn (845)
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hence an observable bilinear like in QM. Analogously to H’ we can introduce the con-
served quantity J’ = (w/wp)J. Both J’ and J can be represented in terms of matrices

(J’lc)lm = —ihegm (846)

satisfying
[‘]Ilca ‘]ll] =ih ekl'rn‘];n' (847)

The same Lie-algebraic property follows from the Poisson bracket resulting from the H’
version of the Hamilton equation. The bracket following from the H version is analogous
but involves a modified, w dependent “h”.

8.3 On Certain Associative Product
of Nonlinear Observables

What is the role of Weinberg’s multiplication rule?...
Can it be used like that for algebraic relations of ob-
servable quantities? Or is its role only to express the
Lie bracket as a commutator? Is there another mul-
tiplication rule to be used for algebraic relations of
physical quantities? None has been proposed so far.

T. F. Jordan in [20]

In linear QM the associativity of observables follows from their bilinearity in ¢ and .
We know that this property makes possible two equivalent formulations of the algebra of
observables: The operator and Weinberg’s [=product ones. The [=product appears nat-
urally because the Poisson bracket (which is equivalent to the commutator of operators)
can be written as

{F,.G}=F [G—G [H. (8.48)

In what follows | will present another product having this property, but in addition
being associative for any infinite di[erentiable functions defined on a Hilbert space (I
must admit that initially |1 hoped that such products will play an important role for the
probability interpretation of Weinberg’s nonlinear QM, but this program has finally led
nowhere). The product is analogous (although not equivalent) to the Moyal product, and
the proof of its associativity is identical to this for general CJdproducts investigated by
Flato et al. [66]. The amount of typographical errors in [66] makes the proof practically
unreadable, so let me repeat it. |1 am using the finite dimensional conventions but its
extension to functional derivatives is straightforward.
The Weinberg product is denoted here by

oF 090G

FLG=04a-— ‘= 04F 0,4G. 8.49
AA anA anA/ A ( )
We shall consider the product
AP aF "G
F G >t daa

kaLIJAl ---aLIJAk anA/l anAL

k=0
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3 ix_k oFF kG
Kl OWa, ... 004, OPAL ... OPA:

k=0
et k _
= Z %aAl”‘Ak'F aAlmAkG
k=0
o0 Ak
= WP’“(F, G) (8.50)
k=0

which, for bilinear observables, reduces only to the first two terms
F G=FG+\F [G, (8.51)
and the commutator
FIG-GOHE=A'(F G-G F). (8.52)

For A = —1, and normalized states (8.51) is a correlation. Accordingly, can be regarded
as an associative generalization of correlations and standard deviations for generalized
observables.

Theorem 8.1 -product is formally associative.

Proof : Since
= 1
— t r S
(F G H=> A > " (P*(F,G),H) (8.53)
=0 r+s=t
r,s=0
and
> 1
— t T s
F G H)=> N > el (F,P*(G,H)), (8.54)
=0 r+s=t
rs=0

the two expressions will be equal if

T:(F,G,H) = U, (F,G,H) (8.55)
where
T(F,GH) = ) %P%PS(F,G),H) (8.56)
r+s=t
r,s=0
U(FGH) = Y —PT(F.PIGH)). (857)
r+s=t
rs=0
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Taking into account that

T r _ _
P"(F,P*(G,H)) =0 AF Z ( y )aAlm 0P PGy, am,..BH (858)

r’=0
we obtain
1
U.(F,G,H — 0 A1 A Ay A = 8.59
8 ) 2. FEIE= =) (8.59)
r'+s<t t—s
x 5,41... LoBBg 5A,,./+1...A,,,5B1...BS H
r'+s t—r’/
1
T.(F,G,H) = - 9Av+1-AsBiBs 8.60
8 ) D (s L N (8.60)
r’'+s<t t—r’
%0 p, . p,0%4 A G 5A1...AT,AT,+1...At,S H.  (8.61)
—_—
r'+s t—s

The proof is completed by the exchange between r’ an s.O

8.4 Polarizing Mach-Zehnder Interferometer
and Other Analyzers of Polarizarion

In Chapter 4 we have ilustrated the physical meaning of the “malignant” nonlocal behav-
ior of separated systems in Weinberg’s nonlinear QM with the help of a specific polarizing
Mach-Zehnder interferometer. A detailed description of the interferometer and other an-
alyzers of polarizations is given below. The results presented in this section are a part of
[67].

From a quantum field theoretic viewpoint an optical device is a scattering area and,
as such, has to be treated in a quantum manner. Any scattering process is described
by means of a unitary transformation, the S-matrix, which maps a system’s “in” Fock
space at time t = —oo into the “out” Fock space at t = co. The limits t = *oo0 play a
role of a mathematical idealisation expressing the fact that at such times the “in” and
“out” fields can be assumed free. It must be stressed that, even in the most elaborated
axiomatic approaches, like the Haag-Ruelle scattering theory [68], one does not develop
any physical interpretation of what is going on at the very scattering region and, instead,
concentrates on relations between the asymptotic fields.

In practical applications in quantum optics the situation considerably simplifies with
respect to the general scattering theory. All the scattering areas are localized within
small regions of space and the free field “+oco0” asymptotics is achieved in a trivial way
by simply assuming that the evolution is free outside of the device. Like in the more
general case, one does not attempt to describe all the physical phenomena occuring
during, say, a photon’s transmission through a half-wave plate.

In the Heisenberg picture the S-matrix transforms the creation operators according
to

Sfaouts = gin (8.62)
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The S-matrix at the LHS of Eqg. (8.62) maps an input state |W;, Cinto |W,, (3= S|W;, [
In the majority of practical applications the linear mapping (8.62) can be written in a
form of a unitary, finite dimensional matrix U acting in some subspace af the whole “in
CCR algebra. Such a situation occurs, for example, if the whole linear transformation
decomposes into irreducible parts corresponding to some given frequency, direction of
propagation or polarization. The form of this matrix depends on the choice of the “in
and “out” bases in the Fock space. Therefore, in order to describe a given optical device
it is often easier to find the form of U than this of S, and once such a matrix is given
the optical device is defined.

One of the simplest optical systems, a lossless, symmetric half-silvered mirror, is
described by a 2 %< 2 unitary matrix corresponding to two “in” and two “out” modes of
the electromagnetic field.

Inclusion of polarizations generally increases the number of the required modes to
four.

8.4.1 Analyzer of circular polarizations

A lossless analyzer of circular polarizations (ACP) can be described by a 4 < 4 unitary
matrix corresponding to two “in” ports with two polarization modes for each of them;
operators with subscripts “+” and “—" correspond to, respectively, the right- and left-
handed modes. The “in” and “out” annihilation operators must, by definition of ACP,
satisfy the following relations

@|sla)Tasu’'sc|w = [@a)al, WO
@|slas™agitsc Wil = @|afal (WO
aSc|Wl = agt'So|WEF 0 (8.63)

for any |W 3atisfying aln |WEF alr [WEFO.

Conditions (8.63) are mlnlmal in the sense that we assume the analyzer to analyze at
least one input channel’s circular polarizations. We do not make here any assumptions
about the possible output state of light had some photons been introduced also through
the second input port.

In what follows we shall use the annihilation operators ordered in vectors of the
following form (the superscript T denotes a transpose of a vector)

= (a1,a2,a3,a4) = (Q14,a1—, @24, a2_). (8.64)

Let us fix now the circular polarization “in” and “out” annihilation operators according
to the ordering given by (8.64). The action of ACP can be characterized by the matrices
S¢ and Ue defined by STCag“tSc = U¢ kla}“. The relations (4) supplemented with the
unitarity condition lead to

e 0 0 0
_ O O Ugg U24
W=l o o v U (8.65)

0 ex 0 0

where the matrix U’ = (U“ U24) is unitary. The nonsymmetric form of (8.65) follows only
from our conventions concerning the numbering of the annihilation operators; (8.65) is
evidently unitarily equivalent to a block diagonal unitary matrix.
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The dilerknce ¢ — X corresponds to a phase shift between the reflected and the
transmitted beams and the freedom in the choice of U’ reflects the freedom of the choice
of the possible behavior of the ACP with respect to the second input port. One can
consider, for example, either symmetric or non-symmetric ACP. For the purposes of this
paper the choice of ¢ and X is irrelevant and remains a question of convention as we will
use the ACP only in the context of the polarizing Mach-Zehnder interferometer and, of
course, all the phase shifts can be collected into an overall phase of the interferometer’s
phase shifter. Therefore, in no way restricting the generality of the solution, we will later
put X = 0. We shall also put € =i in order to obtain an agreement with conventions
appearing in other papers (cf. [46]).

One can check now that (8.65) represents indeed an analyzer of circular polarizations
for the “1-in” port by explicitly writing the “out” circular polarization modes annihilation
operators in terms of the “in” ones:

agtt = Sce'as}

af"t = Sc(Ugzall, + Ugsall )S]

a3y = Sc(Ussay, + U3 )St

a3t = Scexal Sf. (8.66)

(8.66) means that the lefthanded photons in the “1-out” port can arrive only from the
“2-in” port. The same concerns the righthanded photons in “2-out”. On the other
hand, all the righthanded photons coming from “1-in” are reflected into “1-out” and all
the lefthanded ones entering through “1-in” are transmitted into “2-out”. By the way,
we see from (8.66) that the device acts also as an analyzer of the orthogonal modes
Ussaly, + Uggal and Uszal, + Ussal™ of the second input port.

To complete this part of the discussion let us note that although the two inputs
evolve independently of each other, we cannot use 2 <2 matrices to describe the analyzer.
This follows from the fact that the outputs do not actually correspond to 1-dimensional
subspaces of the Fock space. We can always place another analyzer in one of the output
ports of our analyzer and this device will analyze again some two orthogonal polarizations.
Therefore the “vacuum input port” “2” must be introduced in order to make us capable
of considering problems of the Malus law variety.

8.4.2 Analyzers of linear polarizations

The Wollaston quartz or calcite prisms, nicol, or Glan-Thomson and Glan-Foucault po-
larizers are analyzers of linear polarizations (ALP).
Let us introduce the following linear polarization “in” annihilation operators

all, = (eal val)
al, = (el +al)
a, = “s(-etal +al)

x%(ema;‘; +al ). (8.67)

in
aQLa
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The linear polarizations are parametrized by the relative phase between some fixed cir-
cular polarizations. Such a parametrization is “spinorial” in the sense that a change of
o by 1 rotates the polarization plane by m/2. Let now the “out” linear polarization
modes be constructed from a$}* and ag4' in the same way. The ALP is defined in the
way analogous to (8.63), i.e. by

@S] atTagy's WO = M@falfal WO

@|s] a5 asi 'S oW =  [@afifal} WOl

afl'Sro WO = a3y", Sra|W[FO0 (8.68)

llo

for any |W3atisfying alf, | |W&F ag‘l‘aWE: 0.
Repeating the calculations leading to (8.65) we will obtain the following general for-
mula for the ALP

afll, = Spae™al,s|,

alt = Spa(Ugsal, +Unall )S],

agt', = Spa(Ussal, +Usal,)s],

aglt = Sp.e™al) Sl (8.69)

8.4.3 Polarizing Mach-Zehnder Interferometer

Let us consider PMZI depicted in Fig. 4.1 S is a source of light, BS; analyzer of circular
polarizations (one may think about some other orthogonal polarizations — the algebraic
relations will in general remain the same), M are fully reflecting mirrors, a an optical
retarder, A/2 a half-wave plate and BS, an ordinary symmetric beam splitter.

The description of BS; has been given in the subsection 8.4.1. In the rest of this
paper we will always assume that a state of the electromagnetic input field is annihilated
by the annihilation operators of the “2-in” port of BS;. Therefore we can further simplify
our calculations by putting U’ = I and this will not a [edt the physical results and their
interpretations.

The remaining parts of PMZI are given by

1 0 0O

01 00

0 01O

gl 00

_ 0 e~ 0 0
U, = 0 0 1 0 (8.71)

0 0 0 1

i 010

_ 0 i 0 1
Uy = %% 100 0 (8.72)

01 0 i



The whole interferometer acts therefore as

—e> 1 0 0
0 0 ie@ 1
Ura = UaUU,y U = 3}—5 ieic i 0 0 (8.73)
0 0 e i
and the annihilation operators at the detector positions are given by
agt = s M:q%(—ei‘*aifir +alr )sh
at = Swa%(iei“ag“ +al* )sh
agtt = Sfax%(iei“aifir +iaj" )s!,
ag"t = sma%(emai;+ +ial")s] . (8.74)

Recalling our conclusions from Sec. 8.4.2 we understand that the interferometer acts as
an analyzer of two orthogonal linear polarizations incoming through “1-in”” and also of
some two linear polarizations arriving from “2-in”. Indeed, rewriting (8.74) with the help
of (8.67) we obtain

agtt = Spa,sl,

8™ = SradY(a1n/2)S)a

agit = Sp.ial" .Sh,

as" = Spaial) i, 2Sha- (8.75)

Let us note that this ALP belongs to the class of analyzers mentioned in the second
remark after Eq. (8.68). We have here the required 1-1 relationship between the input
polarization state and the relevant output channel, but no matter what the polarization
of the input beam is, any light arriving from “1-in” leaves the PMZI in the righthanded
state (and also any light arriving from “2-in”” will leave the PMZI in the lefthanded state).

This property of the PMZI is easy to understand. Any state arriving from “1-in” is
split into circular polarization components at BS;. The righthanded part goes through
the “upper” path, is scattered on BS, and does not change the polarization, whereas the
lefthhanded component changes its polarization in the half-wave plate and also reaches
BS; in the righthanded polarization state.

The unitarity of the transformation implies that any lefthanded “out” photon must
arrive from “2-in”.

The linear polarization annihilation operators (8.67) satisfy the following formulas

i 1 . : 1 , )
in — i(a—p in _ pila—p in
al, = §(1+e(‘* >)a1Hﬁ+§(1 eile ))alm
in 1 i(a— in 1 i(a— in
Ala = 3 (1 el 6))a1HB *3 (1 el B))alLﬁ (8.76)
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(the Malus law). With the help of (14) one finds that

i 1 L (oe— ou ! i(a— ou
Sigaln St, = §(1+el(0‘ f@))alj— 5(1—e( ﬁ>)a2+t
; 1 i i )
Sppall.Sly = 3 (1 —~ e‘("“ﬁ))a‘ff = (1 + e’(“_ﬁ))agf. (8.77)

The particular case B = o + 1 reads

SI(@"’T")ailInaS}(aer) = _iagit
Si(atm @l LaST(ain = ATt (8.78)

A comparison of (8.78) with (8.75) shows that a change of the phase shift from o to a+n
is analogous to a rotation of a polarizer (say, the Wollaston prism) by 1/2, or a rotation

of the Stern-Gerlach device by .
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